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Abstract

In this article, some algebraic characterisations of generalised middle
Bol loop (GMBL) using its parastrophes and holomorph were studied. In
particular, it was shown that if the generalised map « is bijective such
a : e — e, then the (12)— parastrophe of GMBL is a GMBL. The conditions
for (13)— and (123)—parastrophes of a GMBL to be GMBL of exponent
two were unveiled. We further established that a commutative (13)— and

! All correspondence to be addressed to this author.
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2 B. OsoBA, A. O. ABDULKAREEM, Y.T. OYEBO AND A. OYEM

(123)—parastrophes of GMBL has an inverse properties. (23)— parastrophe
of @ was shown to be super a—elastic property if it has a middle symmet-
ric while (132)—parastrophe of @ satisfies left a—symmetric. It is further
shown that a commutative (13)— and (123)— parastrophes of @) are gen-
eralised Moufang loops of exponent two. Also, commutative (132)— and
(23)— parastophes of @ are shown to be Steiner loops. A necessary and suf-
ficient condition for holomorph of generalised middle Bol loop to be GMBL
was presented. The holomorph of a commutative loop was shown to be a
commutative generalised middle Bol loop if and only if the loop is a GMBL.

Keywords: loop, parastrophe, Holomorph, Generalised middle Bol loop.

2020 Mathematics Subject Classification: Primary 20N05; Secondary
08AO05.

1 INTRODUCTION

1.1 Quasigroups and Loops

Let @ be a non -empty set. Define a binary operation”-” on Q. If -y € @ for
all x,y € @, then the pair (@, -) is called a groupoid or magma. If the equations
a-x =band y-a = >b have unique solutions z,y € @ for all a,b € @ then (Q,-)
is called a quasigroup. Let (@Q,-) be a quasigroup and let there exist a unique
element e € @) called the identity element such that for allx € Q,x-e =e-x = x,
then (Q, ) is called a loop. At times, we shall write zy instead of z-y and stipulate
that 7 -7 has lower priority than juxtaposition among factors to be multiplied.
Let (Q,-) be a groupoid and a be a fixed element in @, then the left and right
translations L, and R, of a are respectively defined by xL, = a-x and xR, = z-a
for all x € Q. It can now be seen that a groupoid

(Q,-) is a quasigroup if its left and right translation mappings are permuta-
tions. Since the left and right translation mappings of a quasigroup are bijective,
then the inverse mappings L, ! and R, exist.

Let

a\b=bL; ! = alM, and a/b=aR,' =bM,!

and note that
a\b=c<=a-c=b and a/b=c<=c-b=a.

Thus, for any quasigroup (@, -), we have two new binary operations; right division
(/) and left division (\). M, is the middle translation for any fixed a € Q.
Consequently, (Q,\) and (Q, /) are also quasigroups. Using the operations (\)
and (/), the definition of a loop can be restated as follows.
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Definition 1.1. A loop (Q,-,/,\,€) is a set @ together with three binary oper-
ations (), (/), (\) and one nullary operation e such that

(i) a-(a\b) =b, (b/a)-a=>for all a,b e Q,
(ii) a\a=b/bore-a=a-e=a for all a,b € Q.

We also stipulate that (/) and (\) have higher priority than (-) among factors
to be multiplied. For instance, a - b/c and a - b\c stand for a(b/c) and a(b\c)
respectively.

In a loop (Q,-) with identity element e, the left inverse element of x € Q is
the element z.Jy = 2* € Q such that

xx=e
while the right inverse element of x € G is the element xJ, = 2 € G such that
x-zf =e.

It is well known that every quasigroup (Q-) belongs to a set of six quasigroups,
called adjugates by (Fisher, Yates [5] 1934), conjugates by (Stein , 1957) and
parastrophes by (Belousov [4], 1967)

A binary groupoid (@, A) with a binary operation “A” such that in the
equality A(x1,x2) = x3 knowledge of any 2 elements of x1, z2, z3 uniquely spec-
ifies remaining one is called a binary quasigroup. It follows that any quasi-
group (@, A), associate (3! — 1) quasigroups called parastrophes of quasigroup
( ) (131,:E2) = I3 <— A(12)(x2,1:1) = I3 <— A(13)(.’E3,$2) = T <

B (21, 29) = 29 = AU (29, 23) = 21 == A3 (23, 21) = 29 .[see (Shcherba-

ov [32], 2008)]. For more on quasigroups and loops, check [31, 33].

1.2 Middle Bol Loop and its Generalisation
Definition 1.2. A loop (Q, ) is called a middle Bol loop if

(x/y)(\z) = (z/(zy))z or (z/y)(2\z) = z((2y)\z) (1)
for all z,y € Q.

Middle Bol loop were first studied in the work of V. D. Belousov [4], where he
gave identity (1) characterizing loops that satisfy the universal anti-automorphic
inverse property. After this beautiful characterisation by Belousov and the lay-
ing of foundations for a classical study of this structure, Gwaramija in [6] gave
isostrophic connection between right(left) with middle Bol loop.

Grecu [16] showed that the right multiplication group of a middle Bol loop
coincides with the left multiplication group of the corresponding right Bol loop.
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After that, middle Bol loops resurfaced in literature in 1994 and 1996 when Syrbu
[20, 21] considered them in relation to the universality of the elasticity law. In
2003, Kuznetsov [15], while studying gyrogroups (a special class of Bol loops)
established some algebraic properties of middle Bol loop and designed a method
of constructing a middle Bol loop from a gyrogroup.

In 2010, Syrbu [22] studied the connections between structure and properties
of middle Bol loops and of the corresponding left Bol loops. It was noted that two
middle Bol loops are isomorphic if and only if the corresponding left (right) Bol
loops are isomorphic, and a general form of the autotopisms of middle Bol loops
was deduced. Relations between different sets of elements, such as nucleus, left
(right, middle) nuclei, the set of Moufang elements, the center of a middle Bol
loop and left Bol loop were established. In 2012, Grecu and Syrbu [17] proved
that two middle Bol loops are isotopic if and only if the corresponding right (left)
Bol loops are isotopic.

In 2012, Drapal and Shcherbacov [18] rediscovered the middle Bol identities in
a new way. In 2013, Syrbu and Grecu [19] established a necessary and sufficient
condition for the quotient loop of a middle Bol loop and of its corresponding
right Bol loop to be isomorphic. In 2014, Grecu and Syrbu [24] established that
the commutant (centrum) of a middle Bol loop is an AIP-subloop and gave a
necessary and sufficient condition when the commutant is an invariant under
the existing isostrophy between middle Bol loop and the corresponding right Bol
loop and the same authors presented a study of loops with invariant flexibility
law under the isostrophy of loop [23].

In 2017, Jaiyéola et al. [8] presented the holomorphic structure of middle Bol
loop and showed that the holomorph of a commutative loop is a commutative
middle Bol loop if and only if the loop is a middle Bol loop and its automorphism
group is abelian. Adeniran et al. [1], Jaiyéold and Popoola [13] studied gener-
alised Bol loops. It was revealed in [10] that isotopy-isomorphy is a necessary
and sufficient condition for any distinct quasigroups to be parastophic invariance
relative to the associative law.

(Osoba et al. [25] and [26]) investigate further the multiplication group of
middle Bol loop in relation to left Bol loop and the relationship of multiplication
groups and isostrophic quasigroups respectively while Jaiyéold [11, 12] studied
second Smarandache Bol loops. The Smarandache nuclei of second Smarandache
Bol loops was further studied by Osoba [27].

(Jaiyéola et al. [7], 2015) in furtherance to their exploit obtained new alge-
braic identities of middle Bol loop, where necessary and sufficient conditions for
a bi-variate mapping of a middle Bol loop to have RIP, LIP, RAIP, LAIP and
flexible property were presented. Additional algebraic properties of middle Bol
loop were announced in (Jaiyéold et al. [9], 2021).

The new algebraic connections between right and middle Bol loops and their
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cores were unveiled by (Osoba and Jaiyéold (2022),[28]). More results on the
algebraic properties of middle Bol loops using its parastrophes was presented by
(Oyebo and Osoba, [30]). The paper revealed some of the algebraic properties the
parastrophic structures of middle Bol loop shared with its underline structure.
The connections between middle Bol loop and right Bol loop with their crypto-
automorphism features were unveiled in [29] by Oyebo et.al. In [14], Bryant-
Schneider group of middle Bol loop with some of the isostrophy-group invariance
results was linked. It was further shown that some subgroups of the Bryant-
Schneider group of a middle Bol loop were isomorphic to the automorphism and
pseudo-aumorphism groups of its corresponding right (left) Bol loop.
A generalised middle Bol loop characterised by

(x/y)(z"\a®) = 2(2"y\z®) (2)

was first introduced in [2], as a consequence of a generalised Moufang loop with
universal a—elastic property where the map «a : @ — @ is a homomorphism.
Thus, if « : © — x, then identity of generalised middle Bol loop reduces to
the identity of middle Bol loop. The authors in [3], presented the basic algebraic
properties of generalised middle Bol loop, where it revealed the necessary and suf-
ficient conditions for the identity to satisfies left(right) inverse and a—alternative
property was also presented.

Furtherance to earlier studies, this paper investigates some structural char-
acterisation of generalised middle Bol loop using its parastrophes and holomorph.
The second section provides preliminaries for necessary background of the study.
Section 3 contains the main results where the parastrophic characterisation of
generalised middle Bol loop is presented. It is shown that a (12)—parastrophe of
a generalised middle Bol is also a generalised middle Bol loop and further estab-
lished the conditions for (13)— and (123)—parastrophes of @ to be GMBL. We
further investigate the algebraic properties of the parastrophes to obtain some of
the related properties and identities they share with the underline structure. In-
terestingly, some new identities are found. In the fourth section, the holomorphic
characterisations of generalised middle Bol loop is studied and the necessary and
sufficient condition is found.

2 PRELIMINARIES

Definition 2.1. A loop (Q,-,/,\) is called a generalised middle Bol loop if is
satisfies the identity

(x/y)(z"\z%) = (x/(="y))x" (3)

Definition 2.2. For any non-empty set (), the set of all permutations on () forms
a group SY M(Q) called the symmetric group of Q. Let (Q,-) be a loop and let
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A, B,C € SYM(Q). I

zA-yB=(z-y)CVzx,yeq

then the triple (A, B, C) is called an autotopism (ATP) and such triples form a
group AUT(Q,-) called the autotopism group of (@Q,-). Also, suppose that

zA-yB=(y-z)CVx,yeQ

then the triple (A, B, C) is called anti-autotopism (AATP). If A = B = C, then
A is called an automorphism of (Q,-) which form a group AUM (Q,-) called the
automorphism group of (Q,-).

Definition 2.3. A groupoid (quasigroup) (@, -) is said to have the

1.

left inverse property (LIP) if there exists a mapping Jy : « — z* such that
2 xy =y for all z,y € Q.

. right inverse property (RIP) if there exists a mapping J, : x — 2 such

that yx - 2? =y for all z,y € Q.

. inverse property (IP) if it has both the LIP and RIP. for all z,y € Q.

flexibility or elasticity if xy - = = - yx holds for all z,y € Q.

. a—elastic if zy - 2% = x - yz holds for all z,y € Q.

. super a—elastic if (z-y%) - 2% =z - (y* - %) holds for all z,y € Q.

cross inverse property (CIP) if there exist mapping Jy : x ~— z* or Jp
x — 2P such that zy-2° =y or x-yz? =y or 2 -yx =y or 2’y -z = y for
all z,y € Q.

Definition 2.4. A loop (Q, ) is said to be

1.

commutative loop if R, = L, and a commutative square loop if R? = L2
for all z,y € Q

. an automorphic inverse property loop (AIPL) if (zy)~' = 27 'y~! for all

T,y €Q

. an anti- automorphic inverse property loop (AAIPL) if (zy)~! = y~to~!

for all z,y € Q.

Definition 2.5. [31] Moufang loops are loops satisfying the identities (zy-2)y =
w(y - zy),yz - vy = y(za - y) and (yz - y)o = y(z - yz)
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Definition 2.6. A groupoid (quasigroup) (@, -) is

—_

right symmetric if yz -z =y for all z,y € Q

left symmetric if z - zy = y for all z,y € Q

middle symmetric if x -yx =y or zy - x =y for all x,y € Q
idempotent if - x =z for all x € Q)

right a—symmetric if y*x - x = y® for all x,y € @

left a—symmetric if x - zy® = y® for all z,y € Q

middle a—symmetric if x - y*x = y* or zy® - x =y for all z,y € Q

(67

® N ot ke W

super middle a—symmetric if x - (y® - %) = y® or (z - y*) - 2% = y* for all
T,y €Q

Definition 2.7. A quasigroup (@, -) is totally symmetric if any relation zy = 2
implies any other such relation can be obtained by permuting z, y and z.

Definition 2.8. [31] If a totally symmetric quasigroup (@, -) is a loop, then it is
called Steiner loop.

Theorem 2.1. [31] A quasigroup (Q,-) is totally symmetric if and only if it is
commutative (zy = yx) for all z,y € @) and is right or left symmetric

Theorem 2.2. [31] A loop (Q, ) is totally symmetric if and only if (Q, ) is an
IP loop of exponent 2.

Corollary 2.1. [31] Every T.S. quasigroup is a commutative I.M. quasigroup.
Definition 2.9. Let (Q,-) be a loop. The pair (H,o) = H(Q, ) given by

H = A(Q) x Q, where A(Q) < AUT(Q, ) such that (¢,) o (t,y) = (v, a0 - y)
for all (¢, ), (v,y) € H is called the A(H)— Holomorph of (Q,-)

Lemma 2.1. [8] Let (L,-,/,\) be a loop with holomorph G(L,-). Then, G(L, )
is a commutative if and only if A(L,-) is an abelian group and (v,¢ "', I.) €
AATP(L,-) for all ¢, € A(L)

Definition 2.10. [32] Let (Q,-) be quasigroup with ¢; and e, identity elemente.
(Q,) is called:

1. aleft loopife -z =2 VreQ
2. aright loopifz-e. =2 Vz € Q
3. aloopife-z=x-e,=xVreQ

A quasigroup (@,-), for which ¢; = e, is called a loop. In more general note
eg=e =€
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229 3 MAIN RESULTS

220 3.1 Some algebraic connections between identities (2) and (3)

231 Here, we uncovered some characterisations of the two identities of GBML:
2 (2) and (3), and further established that they are equivalent.

2

w

233 Lemma 3.1. Let (Q, ) be a loop. Let z,y, z be arbitrary elements in Q.
234 1. If (@, -) obeys identity (2) such that « : e — e, then

25 (a) (z/y) 2% =z (y\a*). 2 (0) Yt =P
me (b) P (290 = (=% )P,

238 2. If (Q,-) obeys identity (3) such that « : e — e, then

s (a) oo (M%) = (0/2) 2% (¢) (%) = (z°)".
wo (b) g (220 = (2 y).

242 3. If (Q,-) obeys identity (2) such that « is bijective and « : e — e, then

s (a) (z/y) a® =z (y\a*). 2w (c) Yt =yP.
244 (b) y>‘ < zP = (Z . y)p.

246 4. If (Q, ) obeys identity (3) such that « is bijective and « : e — e, then

a7 (a) x-(2\z%) = (x/2) -z uo () 20 = 2P
us (b)) Yyt 2P = (z-y).

250 5. Let a : e — e. Then, (Q,-) obeys identity (2) if and only if (@Q,-) obeys
251 identity (3) and (x/y) - z* = x - (y\z?).

252 6. Let a be bijective such that a : e — e. Then, (Q,-) obeys identity (2) if
253 and only if (@, -) obeys identity (3).

24 Proof. 1. Assume that (Q,-) obeys the identity (2) such that o : e — e.

255 (a) Put z =e i (2) to get (x/y) - (e*\z®) = x - ((e* - y)\z®) which gives
256 (x/y) - x® =z - (y\z*).
257 (b) In (2), put = = e to get (e/y) - (z*\e*) = e - ((2*-y)\e®) to get
25 yr (27 = ().

250 (c) In (b), put z = e to get y* = y”.
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. Assume that (Q, ) obeys the identity (3) such that « : e — e. Do similarly

step as 1 to prove (a), (b) and (c).

. Assume that (@, -) obeys identity (2) such that « is bijective and « : e — e.

. Assume that (@, -) obeys identity (3) such that « is bijective and « : e — e.

(

Then the proofs of (a), (b) and (c) follow up from 1.
(
)

Then the proofs of (a), (b) and (c) follow up from 2.

. Let a:e—e. If (Q,-) obeys identity (2), then it obeys identity (3) because

it satisfies (z/y) - = = - (y\x) by 1. The converse follows by reversing
the process.

. This follows from 5.

Henceforth, we shall assume that in a generalised middle Bol loop identity
(2) or (3), the map o : Q — Q, where i = (12),(13),(23), (123), (132), is a
bijective map such that o : e — e. Note that J : z + 271

3.2

Parastrophes of Generalised Middle Bol Loop

We now look at characterisation of the parastrophe of identity 2

Lemma 3.2. Let (Q, ) be a quasigroup with e; and e, be the identity elements:

(a)

1.
2.
3.

12)-parastrophe of a left loop is right loop
12)-parastrophe of a right loop is a left loop

12)-parastrophe of a loop is also loop

13)-parastrophe of a left loop is a not loop

13)-parastrophe of loop is a loop if and only if x| = 2 for all x € Q.

)
)
)
)
13)-parastrophe of right loop is a right loop
)
)
23)-parastrophe of right loop is not a loop
)

23)-parastrophe of loop is a loop if and only if |z| = 2 for all z € @Q

123)-parastrophe of a left loop is a not loop

(
(
(
(
(
(
1. (23)-parastrophe of a left loop is a left loop
(
(
(
(
(123)-parastrophe of loop is a loop if and only if |x| =2 for all x € Q
(

)

123)-parastrophe of right loop is a left loop
)
)

132)-parastrophe of a left loop is a right loop
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2. (132)-parastrophe of right loop is not a loop
3. (132)-parastrophe of loop is a loop if and only if |z| = 2 for all z € Q

Proof. (a) ” o(19)” denotes the operation of (12)-parastrophe of Q. If (Q,-)
is a left loop, then e; - x = x this implies that (12)—parastrophe of Q
is xog) e, = x for all z € Q. (Q,-) is right loop if ¥ o(j9) €, = ¥ =
(12)—parastrophe of @ is € o(19) ¥ = z for all z € Q. Therefore, (12)-
parastrophe of () is a loop.

(b) (13)—parastrophe of a left loop is given as xo(;3)z = ;. This is only possible
iff |x| = 2 for all z € Q. Conversely, suppose that (13)—parastrophe of a left
loop is of exponent 2, this implies that 2* = z, then 2* -z = ¢; Also, if (Q, -)
is right loop, then (13)—parastrophe of @ is also loop, that is x o(13) &r = T.
Thus, 2} = 2 = z Therefore, (13)—parastrophe of @ is a loop if and only
if |x| = 2. Similar results are obtained for (c), (d) and (e).

[

Theorem 3.1. Let (Q, -, /,\) be a generalised middle Bol loop. Then, (12)—parastrophe

of @ is also a generalised middle Bol loop

Proof. Let
a-b=a(z"y\z°) (4)
in equation (2) where a = z/y = x = ay = Yyouza =1z = a=
by (12)-permuation

y\(12)x. And b = z*\z® = 2% = 2° bo(g) 2% = 2% = b =

=
~—

take (12)-permuation

m,cu/(12)zoz'
Substitute for a and b into equation (4), give
W\ ) - (2/12)2%) = 2 (2y\a®) (5)
Applying (12)—permutation on equation (5), to get
(xa/(lz)za) ©(12) (y\(12)x) = ((y ©(12) Za)\$a) O(12) * (6)
Let
(y °(12) 2Nz* =c=(y °(12) z%)-c=a" = cony) (¥ o) 2%) = 2% =
—~

take (12)-permuation
€= 33@/(12) (y °(12) z%)

Put ¢ into equation (6) and make the substitution z <> z%, z% <> y, one obtains

(2/"y) o1z) (2"\"z%) = (/1) (2% o(12) ¥)) 0(12) 2°
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Lemma 3.3. Let (Q, -, /,\) be a generalised middle Bol loop. Then, the (13)—parastrophe
of () is given by

( 03y )/UD @\ 1D2%) = /U9 [2\ 1) (22 /1)) (7)

Proof. Let
a-b=x(z%y\z?) (8)

in equation (2), where

a=2x/y=1r=ay = a=2z0o(13) Yy (9)
taking (13)-permuation
and
b=2%\z%= 2% = z“ = 2% = 1%o(13) b= 2\ = (10)
take (13)-permuation
Let ¢ = 2%y in identity (2), this implies that :* =  co3y =c= 2 /(18)y,
———
(13)-permutation
Also, let d = c\z®* = ¢-d = x° = oz d=c=d=

~—
by taking (13)-permuation

:L'a\(13)c. Then, substituting c into d, we have

d =2\ (22 /Py) (11)
Let s=x-d=x=so0q3d=s=uxz/""d =
substitute d into s
s = :L'/(13) [xa\(IB)(za/(IS)y)] (12)
Now, according to identity (2), we have a-b =5 =  soq3b =a =
N——

(13)-permutaion

a/(13)b = 5. Substituting (9), (10) and (12) into the last equality, we have

(x 0(13) y)/(13)(xa\(13)za) _ x/(13) [:Ba\(13)(za/(13)y)]
which is the (13)—parastrophe of () as required. -

Theorem 3.2. Let (@Q,-,/,\) be a generalised middle Bol loop. Then, the fol-
lowing hold in (13)—parastrophe of @

1. (Ly, Ly, LMY € AATP(Q, /03))

T

2.t o13) (to(13) y) = y that is left inverse property for all t € Q
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8. LyRjayp = A Lya M !
4. LyM, = L d M

5. x/U9(2%)P = (z 13y )/ (2\Py) for all 2,y € Q
6. y=(yM) for all y € Q

—1 o —1
7o LoRihy = M Loy M;

Proof. 1. From equation (7) of Lemma 3.3, we have yL, /(1320 L1 = (2¢/W3)y) LI M1 =
(Lo, Lya, Lya M) € AATP(Q, /1Y)
2. Let z = e = e® — e the identity element in @), in equation (7), we have

ey/(l?))za _ 6/(13)(Zoz/(13)y) = y/(13)zcx _
(/M) =y = (2%/"Dy) oy 2 (13)
Let t = zo‘/(l?’)y = 2% =to(3)y, put 2% and ¢ in (13), give y = t* 0(13)
(t 0(13) y) for all ¢ S Q

3. Let z = e and e — e in equation (7), we have
(woquzyy)/ (%) = a/MD (@ \OIyY) = yLaR oo = yALpa My = LaR ) =
AL M

4. Let z = x in equation (7), we have z o(13) y = z/13) (:U"‘\(l?’)(xa/(l?’)y) =
yLy = yMy' Ld MY = LM, = Lod M

5. Let z = y and y® — y in equation (7), give /13 (z%)P = (mo(lg)y)/(l?’) (z\(P)y).

6. Let z = 2 = e in equation (7), we obtain (y*)* = .
(x

7. Apply 2 to equation (7), to get (zo(15)y) /" ((z*) o (13)2%) = /I3 (%) o013,
(22/1)y)). Let 2% = e to get x 0z y/"¥ (%) = 2/W) ((2*) 013 y*) =
nyR(—Ila)A = YA Lo Myt = LJCR(—I{%)A = AJ Loy M

|
Corollary 3.1. In (13)—parastrophe of a generalised middle Bol loop (Q,-, /,\),
the following hold:

1. (2% = (29 Vz € Q

2. a2 =P Vr € Q
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SOME ALGEBRAIC CHARACTERISATIONS OF GENERALISED MIDDLE BOL Loops13

Proof. From 7 of Theorem 3.2, we have L R( oy = =ANJL,. 11\4 L. Recall from 3 of

Theorem 3.2, L R(_a)p = AL, M 1 This implies that LxR(_za)p = LfcR(_ma)A =

R( 1) R( ap = (z®)? = (z*)*. Since a is bijective, we have 2# = 2* Vo € Q
|

Remark 3.1. The above Corollary shows that in (13)—parastrophe of a gener-
alised middle Bol loop (@, -, /, \), the right and the left inverse properties coincide.
So, the (13)—parastrophe satisfies IP if it is commutative. Also, if |Q(3)| = 2,
then 2” = 2* = x Vo € Q. Thus, (13)-parastrophe of @ is a loop.

Corollary 3.2. A commutative (13)—parastrophe of a generalised middle Bol
loop (@, -, /,\), satisfies AAIPL if [z| =2V 2z € Q

Proof. Based on the Remark (3. 1) the identity (7) become (z o(13) ¥) o(13)

(z%)7! 0(13) (z)7! = @ opy) [<xa> 5 (2 oz y)] 7 Let @ = e to get
« « _ —1

(eous) y) ous) (e “lo o3y (%)~ ! °(13) [( *)~lo 13) (2% o3y ¥ 1)} , then

yoas) (2 )_ = (z%opgyy H = (13)( )=l = ( o3 y) ! u

Corollary 3.3. A commutative (13)—parastrophe of a generalised middle Bol
loop (@,-,/,\) is a Steiner loop if it is a loop of exponent two.

Proof. This is a consequence of 2 of theorem 3.2 and the Corollary 3.1. [

Theorem 3.3. A commutative (13)—parastrophe, of exponent two, of a gener-
alised middle Bol loop (@, -, /,\) is a Moufang loop.

Proof. From Remark (3.1), we have the identity (7) to be (zo(13yy)o(13)(z*) o(13)
(9 =2 o(13) [(z) ! o(13) (2% o(13) y‘l)]_l. Since |Q(¥)| = 2, we have

(z o13) ¥) o13) (2 o13) 2%) = x oa1z) [2% o(1z) (2% 013y Y)] = 2%LyaLyy =
20RyLgaly = 2%Ryeley = 2%Lyleals = (2 oas) y) oas) (2% o) 2%) =

L 0(13) ((y ©(13) Za) °(13) xa) -
Corollary 3.4. In (13)—parastrophe, of exponent two, of a generalised middle
Bol loop (@,-,/,\) is a GMBL
Proof. Follow from Theorem 3.3, we have (x o(13) Y) o(13) [(moc)—l o13) (za)]—l _
a)—1 a —1y1—1 -1
T o13) [(95 )" oas) (2% o3y ¥ )] . Usey
_ NS N N 2 .
(IL‘O(IS)y 1)0(13) ((Z ) 1 0(13)1‘ ) = 1‘0(13) [(z 0(13) y)] 0(13)$ = ($/(13)y)o(13)
(Za\(l?))xa) =z o(13) (2~ o(13) y)\(13)$a]

= y and Corollary 3.2 to get

Lemma 3.4. Let (Q, -, /,\) be a generalised middle Bol loop. Then, the (23)—parastrophe

of @) is given by
(y/ D2\ (2 0(g3) 2%) = 2\ [(2*\®Vy) 0(93) 2°] (14)
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Proof. Let
a-b=z(z%\z%) (15)
in an identity (2), where
a=zx/ly=r=0a-y = y:ao(23)m:>a:y/(23)$ (16)
(23)-permutation
and
b= z%\z" = 2% 0(93) b= 1% = 2% 093y 2™ = b (17)
(23)-permutation
Let ¢ = 2% in identity (2), then 2%opzc =y = c = 2\)y . Let

—_——
(23)-permutation

d = c\z® = copz) d = 1% = copg) 2% = d, put ¢ into d to get
d = (2%\Py) o(23) . (18)

Also, let t =z -d = zopyt=d=1t= x\(23)d. Substitute d into
——

(23)-permutation

t = 2\ [(z°\®Vy) o55) 2°] (19)

Now, going by the identity (2), we have a-b =t = aopgt=">0=

(23)-permutation
a\®3)b = t. Then, substituting equations (16), (17) and (19) in the equality
a\@b = ¢, gives

(y/ 2\ (2% 0 (93) 2%) = 2\ [(2*\*Vy) 0(35) 2°] (20)
which is the (23)—parastrophe of Q. [

Theorem 3.4. Let (@Q,-,/,\) be a generalised middle Bol loop. Then, the fol-
lowing holds in (23)—parastrophe of @

1. (L3, Rya, Ry L;Y) € AATP(Q,\??) for all 2 € Q
2. (z0(23)t) 023yt = 2z for all 2,t € Q

3. if Q®) is middle symmetric then, = 0(23) (2% 0123y %) = (T 0(23) 2%) 0(23) T
that is, super a—elastic

4. R;'Myo = Ry L1

5. pJRya L' = Rya L)
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w 6. pJRa Mo = Rpal)

o Proof. 1. this follows from equation (14),

4

s

yR; N\ 2R = (2\®y)Rpa L' = (R, Rye, Rpa L) € AATP(Q,\)

a11 2. Put x = e such that e* — e is the identity map in (14), give y\(3) 2> =
a12 2\ By = Y 0(23) (20\@)y) = 2. Let t = 22\P)y = 2 o3yt =y. Puty
a13 into the last equality to get (2% o(a3) t) 023yt = 2* for any t € Q.

414 3. Put y =z in (14), we have

2% o(g3) 2% = CU\(Q?’)[(ZQ\(%)%) O(23) ] =

T% 0(23) (2% 0(23) T) = (za\(zzs)x) o(23) ¢ =

ZaRxaLx = ZaMmea = ZaRxaLz = ZaLxRxa
Use middle symmetric as L, = My to get
415 Or T 0(93) (2% 0(23) %) = (¥ 0(23) 2”) O(23) T*
416 4. Put z = e and e® — e, the identity element in (14), we have
ar (y/ @)\ Pz = 2\®) (yo(93)2%) = YRy Mye = yRpe L' = Ry My =
418 R« L;l

419 5. y = e in (14), we have
33/\\(23)('3& o(23) %) = x\(23)<(za)p o(23) %) =

2°pJ Ry L' = 2*Rpa L = pJRya L' = Rypa L

420 6. Use 4 and 5.
421 ||

> Corollary 3.5. A commutative (23)—parastrophe of a generalised middle Bol
loop (@, -, /,\) is totally symmetric.

4

N

4

]
w

424 Proof. This is a consequence of the right symmetric property 2 of Theorem 3.4.
425 W

26 Theorem 3.5. Let the (23)—parastrophe of a generalised middle Bol loop (@, -, /, \)
427 be commutative and of exponent two, then Lo L, = R, R, for all x € Q.

s Proof. Recall (6) in Theorem 3.4, we have pJ Ry ! Mo = RxaL;l. Since Q%)
420 is commutative, then it implies that it has a middle symmetric property as L, =

4

N
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M,.. Applying the middle symmetric identity gives pJ Ry Lo = Ry L;Al Then,
for all t € @), we have
PR, Lyo = tRya L)} = 2% o(a3) (1 /z) = 2™\ (£ 0(93) 2) =
a 0(23) [T 0(23) (/)] = t 0(93) 2
Let tp/(23):1: =S5 = tp == 80(23)58. Then, CCAO(23) (.’L’aO(23) S) == (80(23) x)0(23) .’L‘a.
Using the fact that |Q(*3)| = 2 for all x € Q, one obtains sLgaL, = sRyRye =
Lyal, = RyR,a for all z € Q [ |

Corollary 3.6. If (23)—parastrophe of a generalised middle Bol loop (@, -, /,\)
is commutative and 2% +— x, then L2 = R2 for all z € Q.

Proof. Consequence of Theorem 3.5. [ |

Lemma 3.5. Let (Q, -, /,\) be a generalised middle Bol. Then, the (123)—parastrophe

of @) is given by

(Za/(123)xa)\(123) (y o(123) lE) _ [(y\(123)za)/(123)$a] \(123)x (21)
Proof. Let a-b=x-(z%y\z®) in equation (2) where
a=z/y=a-y==x = Yo(123) T = a (22)
(123)-permutation
b=2"\z%= 2z%0b=2a" = bo(azy % = 2% = b= za/(123)$0‘ (23)
(123)-permutation
Let ¢ = 2% -y in equation (2), then, we have yo(j93) ¢ = 2 = c=

(123)-permutation
y\129) 20 Also, let d = c\a® = ¢-d = z® = d o(23) T = ¢c=>d = c/(123) e,
Substitute ¢ into d, give

d = (y\(123)2a)/(123)$a (24>
Next, let t =z -d = dopapyt =z =t = d\%)z. Substitute ( 24)
(123)-permutation
into t give
t = [(y\(IQS)Za)/(H?))ma]\(123)x (25>
Going by the identity (2), we have a -b = t = bopat = a =

(123)-permutation
b\(123)q = ¢. Substitute (22), (23) and (25) into the equality b\(23a = ¢ |
gives the (123)—parastrophe as

(Zoz/(l23)xo¢)\(123) (y o(123) l") _ [(y\(123)za)/(123)xa] \(123).r
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Theorem 3.6. Let (Q,-,/,\) be a generalised middle Bol loop. Then, the fol-
lowing hold in (123)—parastrophe of @

1. (L;Y Ry, RyIM,) € AATP(Q,\U%)
2. (yo(i23) t) o123) t¥ = y, i.e right inverse property
3. (za/(123)xa)[(xa)A\(123)$] e o(123) T
4. RxL(_xla)A = pJR4 M,
5. ReM;' = MR}
6. (7 0(123)t) 0(123) T = (\IZI)\ 23z for all z,t € Q
Proof. 1. From equation (21) , we have
P2RENByR, = W\ Y RIAM, =
(Rpa, Ry, Ryd M) € AATP(Q,\!%)
2. Let 2% — x and put x = e, the identity element in equation (21), we have
((za/(123)ea)\(123) (y o(123) 6) — ((y\(123)za)/(123)€) \(123)611 — Za\(123)y —
(2227 = 2% (195 (\ 2227 =
Let t = y\(129) 22 = 4 o(123) t = 2* for any ¢ € @, this implies that (y o(123)
t) o(123) t¥ = .
3. Set y = 2% in equation (21), we have (z®/(123)z)\(123)( O(123) T) =
(xa))\\(123)l. - (zo‘/(123)xa)[(:EO‘)/\\(mS)x] — o(123) T
4. Put z — e in equation (21), to get (xo‘)’\\(123)yo(123)93) = (yr/(128) po)\(123) g =
nyL(;{Y)A = ypJ R AM, = RxL(’mla)A = pJ R M,
5. Set z = z in equation (21), give y o(j3) T = ((y\(123)x0‘)/(123)x°‘)\(123)x =

YRy = yMyaRyd M, = Ry Mt = Mo R, o
|

Corollary 3.7. A commutative (123)—parastrophe of a generalised middle Bol
loop (@, -, /,\) has an inverse property.

Proof. This is a consequence of 2 of Theorem 3.6. [ |

Corollary 3.8. A commutative (123)—parastrophe of a generalised middle Bol
loop (@, -, /,\) has AAIP if |Q(12¥)] =2
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Proof. Applying Corollary 3.7 to (21) (2% og1a3) (*)™1) 7! o(123) (y 0(123) *) =
_ N ay—171-1 _ oy —
[(y o123y 2*) 0(123) (%) 1] 7 o123y 2. Put z = e and y =y~ to get (%) ! o(y23)

y ' = (y ' opag) 27! u

Corollary 3.9. A commutative (123)—parastrophe, of exponent 2, of a gener-
alised middle Bol loop (@, -, /,\) is Steiner loop.

Proof. Follows from Corollary 3.7. [ |

Theorem 3.7. Let Q1?3 be a commutative (123)—parastrophe of a generalised
middle Bol loop (Q, -, /,\) of exponent two, then Q(123) is a Moufang loop.

Proof. Using the Corollary 3.7 on identity (21), we have (2%0(j23) (xo‘)_l)_lo(m:&)
_ o on—11-1 .

(y ©(123) T) = [(Z/ ! 0(123) # )0(123 (z%) 1] ©(123) X- Since ’Q(H?’

(2% o(123) %) o(123) (¥ °(123) T) = f(y o(123) 2%) o(123) ()] 0(123) T = 2¥ L Ryy =

2LyRyo Ry = 2% Lya Ry = 2% LyLyo Ry = (2 0(123) 2%) © (Y 0(123) ¥) = (2 0(123)

(2% 0(123)¥)) 0(123) T = (¥ 0(123) 2%) © (Y 0(123) ) = T 0(193) ((2¥ 0(123) ¥) ©(123) T)
n

)| = 2, we have

Corollary 3.10. A commutative (123)—parastrophe of a generalised middle Bol
loop (@, -, /,\) is a GMBL of exponent two.

Proof. Follow from Corollaries 3.7 and 3.8 and (21), we get (2%0(193) (%) ™!) "to(193)

_ o on—11—1 _
(y ©(123) T) = [(y ! ©(123) # ) ©(123) (z%) 1] ©(123) X- So, use y l= y and take
the following steps: z <> x%, 2% < y, one obtains

(55/(12)?/) ©(12) (Za\(m)xa) = (35/(12)(27& ©(12) y)) 0(12) z*
which is the same as (3) ]

Lemma 3.6. Let (Q, -, /,\) be a generalised middle Bol loop. Then, the (132)—parastrophe

of () is given by

(2% o(132) 2®) /13D (2\(182)y) = [z 0(132) (y/ 132 2)] /13Dy (26)
Proof. Let a-b=x-(2%y\z®) in equation (2) where

r/y=a=>zcr=a-y = roiga=y=a=x\""y (27)

(132)-permutation

and
2N\ =b=z%-b=2a" = % 0(130) 2% = b (28)
(132)-permutation
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Let ¢ = 2% -y = coagy 2* =y = ¢ = y/(132)za. Also, let d =
(132)-permutation
cA\z® = c-d=z“ = x® o(139) ¢ = d. Substitute c into to d to get

(132)-permutation
d = x% o(139) (y/(132)2%). Let t = x-d = tougyyz =d=1=
taking (132)-permutation
d/(132) 2. Hence, putting d into ¢, we have

t= [2% opgy) (y/13)29)] /013 (29)

Now, going by the identity (2), we have a-b =1 togge) a =

{v

taking (132)-permutation
b = b/132)g = t. Substitute equations (27), (28) and (29) into the equality
b/(132) g = t, we have

(2% o139 2) /(132) (2 (132) ) — [z o(132) (y/(132)za)]/(132)x

which is the (132)— parastrophe of Q. [ ]

—~ —
]

Theorem 3.8. Let (Q,-,/,\) be a generalised middle Bol loop. Then, the fol-
lowing holds in (132)—parastrophe of @

1. (Lo, L; ', LyaR;Y) € AATP(Q, /(P32) for all z € Q

2. 2% =toj3 (t o132 2%) i.e a—left symmetric property

3. (x%o(132) 2%) 0(132) T = T O(139) (/P32 2%) or M 'Lya = Lya Ry
4. LyaRy} = M LyaR;!

5. Ly'M = LaR;!

Proof. 1. From equation (26), we have 2® Lya /132y L1 = (y/(132) 2 [ o R;T =
(Lya, L7, Lo R;Y) € AATP(Q, /132) for all 2 € Q

2. Let 2% — e in (26), give 2®/132)y = /(132 20 by setting t = y/(132) 2% =
y = (2% o132y t) = 2% =t o(132) (t o(132) 2%)

3. Put y =z in (26), to get (% o(139) 2%) o(132) T = T 0o(139) (z/(132) ) =
ZO‘M;Ian = ZaanRx = M.x_chca = LCBD‘RJ) for all x € Q

4. Put y = e in (26), we have (x% o(;39) 2) /(132 P — (z%0(132) (22)")/ 132y =
2Lya Ryt = (2)AJ Lpa Ry = Lpa Ry = A Lga R

TP T

5. Put z = e, we have x/132)(2\(132)y) = (x 0(132) y) /B = yL, M =
yLyR;' = L7 M = Ly R for all z € Q.
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Corollary 3.11. Let (Q,-,/,\) be a generalised middle Bol loop. Then, a com-

mutative (132)—parastrophe of @) is totally symmetric.
Proof. This is a consequence, of 2, of Theorem 3.8.

3.3 Holomorphic Structure of Generalised Middle Bol Loop

Theorem 3.9. (Q,-,/,\) is a generalised middle Bol loop if and only if
(JM; Y, JMya, JMyaLy) is an autotopism.

Proof. Suppose (Q, ) is a generalised middle Bol loop, then
z(y*2\z%) = (z/2)(y*\z%) < 2M; " y*Mya = (y* - 2)Mya Ly,
&M y” xa—(sz J) I Mzo Ly

e 2JM; y* T Mya = (2 - y*) I Mya L,

Thus, (JM; !, JMye, JMueLy) € ATP(Q,")

Theorem 3.10. Let (Q,-,/,\) be a loop with holomorph (H(Q),*).

(x%7/2%7) - (y\x) for all z,y,z € Q,7 € A(Q).

Then,
(H(Q),*) is a generalised middle Bol loop if and only if (z7) - (y - 2%7)\z®

Proof. We need to show the necessary and sufficient condition for the holomorph

of a generalised middle Bol loop to ba a generalised middle Bol loop.

(@/2%)(y\r) = 2((y - 2%)\z*)

Let (¢, z) * (¥, y) = (0,2) = (¢,2) = (0,2)/(¢,y), so,
(o, 29 - y) = (0, 2)
= ¢= ew—l z=(z/y)y~"
= (0,2)/(¢,y) = (71, (z/y)o ") =
Also, (¢, ) * (¥, y) = (0,2) = (¥,9) =( )\(9 z).
Thus, (¢¢, z¢-y) = (6,2) = b = ¢ "0,y = (z¢~'0)\2
= (¢,y) = (6710, (x¢™'0)\2) = (¢, 2)\ (6, 2)

(30)

(31)
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539

((¢,2)/(,y)) * (0, 2°)\ (9, 2%)) = (¢, ) * [((¥, ) * (6, 2%))\(#, 2%)]
RHS = (¢, ) * [((¢), y) * (0, 2%))\ (¢, 2)]

_ (¢,2) » (<w0>1¢, (o - zawwlczs\x“)

= @)+ (W0 .06 200 e
= (6079710, (20797 10) - (yy o 20T 9\a))
LHS = ((¢,2)/(¢,y)) * (0, 2)\(¢, %))
= (¢, (a%/2)071) = (v 10, (y ' 9)\2)
(00~ ™1, (222207 o (yy~ o) \a
RHS =LHS
& (@0 19710) - (o™l 270 9T 9\a®)) = ((°/27)07 9 - (yy ' 9)\)
si0 Let 7= 0719 7"1¢p, then (z7) - (yO7 - 297)\2%) = (z%/2%)7 - (yO7)\.
se0 Replacing y by y(67)71, we have
(@7) - (y(O7) 07 - 207\ = (2227 - (y(67) 6\
& (27) - (y - 207)\a® = (2%/2%)7 - (y\z)
& (27) - (y - 2°7)\a® = (a%7/2°7) - (y\)

542 | |

sa3 Corollary 3.12. Let (Q,-, /,\) be aloop with holomorph H(Q, -). Then, H(Q, -)
s is a commutative generalised middle Bol loop if and only if (r— ' M '7, My, M L,,) €
545 ATP(Q, )

sa6  Proof. From the consequence of Theorem 3.10, we have

2 My M, = (y - 2%) Mo Ly (34)
= (T_IM;llTa Mma anLxT) € ATP(Q’ ) (35)
547 .

sss Theorem 3.11. Let (Q,-,/,\) be a commutative generalised middle Bol loop
sa0  with a holomorph (H,*) = H(Q,-). If :

550 1. 7=7(a,b) = R(b\a)Rb_l for each 7 € A(Q) and for any a,b € Q

551 2. M;'Rsr = RsR;'R,, for all s,# € Q and 7 € A(Q), then H(Q,") is a
552 GMBL.
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Proof. From Corollary 3.12, observe that (7~ M_'7, My, M® Ly, ) = (17, My, I.)o
(Mt My, MyaLy) o (r,M; ', L;'L,,). Where I, is an identity map.
Consider one hand , (171, My, I.) € ATP(Q,-) < ar ' - bM, = ab
Sar™t - b\z = ab
= anle\x =aRy

&1 'Ry, =Ry & 7=1(a,b) = Ry Ry
Also,

(7, Mx_laL:ZILmT) € ATP(Q,")
& 5T yMg = (sy) Ly Lor
& yM 'Ly, =yL,L;'Ly; < M, 'Ry, = RyR, 'R,y

Corollary 3.13. Let (Q,-,/,\) be a commutative loop such that M 'Ry, =
RsR;'R,, for all x,5s € Q and 7 € A(Q). (H,x) = H(Q,-) is commutative
GMBL if and only if

1. (@,-) is a generalised middle Bol loop
2. 7=1(a,b) = Rb\aRgl for arbitrarily fixed a,b € @ and for each 7 € A(Q)

Proof. It is straightforward. ]

CONCLUSION

In this research, we have been able to shown that the two identities of GMBL
are equivalent if the generalising map « is bijective such that it fixes the identity
element. Also, among all the five parastrophes of GMBL, (12)—parastrophe of
GMBL is a GMBL and (13)— and (123)— parastrophes of () are GMBL of expo-
nent two. In line with Lemma 3.2, it can be seen that (13)— and (123)—parastrophes
of GMBL of exponent two are loop. It is noted that (23)— and (132)—parastrophes
of GMBL with commutative property are totally symmetric. The work further
reveals that, in (13)—parastrophe of @, the right inverse element coincides with
left inverse element if « is bijective such that « : e — e which is one of the general
property of middle Bol loop revealed by Kuznetsov in [15].
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