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Abstract25

In this article, some algebraic characterisations of generalised middle26

Bol loop (GMBL) using its parastrophes and holomorph were studied. In27

particular, it was shown that if the generalised map α is bijective such28

α : e→ e, then the (12)− parastrophe of GMBL is a GMBL. The conditions29

for (13)− and (123)−parastrophes of a GMBL to be GMBL of exponent30

two were unveiled. We further established that a commutative (13)− and31
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(123)−parastrophes of GMBL has an inverse properties. (23)− parastrophe32

of Q was shown to be super α−elastic property if it has a middle symmet-33

ric while (132)−parastrophe of Q satisfies left α−symmetric. It is further34

shown that a commutative (13)− and (123)− parastrophes of Q are gen-35

eralised Moufang loops of exponent two. Also, commutative (132)− and36

(23)− parastophes of Q are shown to be Steiner loops. A necessary and suf-37

ficient condition for holomorph of generalised middle Bol loop to be GMBL38

was presented. The holomorph of a commutative loop was shown to be a39

commutative generalised middle Bol loop if and only if the loop is a GMBL.40

Keywords: loop, parastrophe, Holomorph, Generalised middle Bol loop.41
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1 Introduction44

1.1 Quasigroups and Loops45

Let Q be a non -empty set. Define a binary operation ”·” on Q. If x·y ∈ Q for46

all x, y ∈ Q, then the pair (Q, ·) is called a groupoid or magma. If the equations47

a · x = b and y · a = b have unique solutions x, y ∈ Q for all a, b ∈ Q then (Q, ·)48

is called a quasigroup. Let (Q, ·) be a quasigroup and let there exist a unique49

element e ∈ Q called the identity element such that for all x ∈ Q, x ·e = e ·x = x,50

then (Q, ·) is called a loop. At times, we shall write xy instead of x·y and stipulate51

that ” · ” has lower priority than juxtaposition among factors to be multiplied.52

Let (Q, ·) be a groupoid and a be a fixed element in Q, then the left and right53

translations La and Ra of a are respectively defined by xLa = a·x and xRa = x·a54

for all x ∈ Q. It can now be seen that a groupoid55

(Q, ·) is a quasigroup if its left and right translation mappings are permuta-56

tions. Since the left and right translation mappings of a quasigroup are bijective,57

then the inverse mappings L−1
a and R−1

a exist.58

Let59

a\b = bL−1
a = aMb and a/b = aR−1

b = bM−1
a

and note that60

a\b = c⇐⇒ a · c = b and a/b = c⇐⇒ c · b = a.

Thus, for any quasigroup (Q, ·), we have two new binary operations; right division61

(/) and left division (\). Ma is the middle translation for any fixed a ∈ Q.62

Consequently, (Q, \) and (Q, /) are also quasigroups. Using the operations (\)63

and (/), the definition of a loop can be restated as follows.64
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Definition 1.1. A loop (Q, ·, /, \, e) is a set Q together with three binary oper-65

ations (·), (/), (\) and one nullary operation e such that66

(i) a · (a\b) = b, (b/a) · a = b for all a, b ∈ Q,67

(ii) a\a = b/b or e · a = a · e = a for all a, b ∈ Q.68

We also stipulate that (/) and (\) have higher priority than (·) among factors69

to be multiplied. For instance, a · b/c and a · b\c stand for a(b/c) and a(b\c)70

respectively.71

In a loop (Q, ·) with identity element e, the left inverse element of x ∈ Q is72

the element xJλ = xλ ∈ Q such that73

xλ · x = e

while the right inverse element of x ∈ G is the element xJρ = xρ ∈ G such that74

x · xρ = e.

It is well known that every quasigroup (Q·) belongs to a set of six quasigroups,75

called adjugates by (Fisher, Yates [5] 1934), conjugates by (Stein , 1957) and76

parastrophes by (Belousov [4], 1967)77

A binary groupoid (Q,A) with a binary operation “A” such that in the78

equality A(x1, x2) = x3 knowledge of any 2 elements of x1, x2, x3 uniquely spec-79

ifies remaining one is called a binary quasigroup. It follows that any quasi-80

group (Q,A), associate (3! − 1) quasigroups called parastrophes of quasigroup81

(Q,A);A(x1, x2) = x3 ⇐⇒ A(12)(x2, x1) = x3 ⇐⇒ A(13)(x3, x2) = x1 ⇐⇒82

A(23)(x1, x2) = x2 ⇐⇒ A(123)(x2, x3) = x1 ⇐⇒ A(132)(x3, x1) = x2 .[see (Shcherba-83

cov [32], 2008)]. For more on quasigroups and loops, check [31, 33].84

1.2 Middle Bol Loop and its Generalisation85

Definition 1.2. A loop (Q, ·) is called a middle Bol loop if86

(x/y)(z\x) = (x/(zy))x or (x/y)(z\x) = x((zy)\x) (1)

for all x, y ∈ Q.87

Middle Bol loop were first studied in the work of V. D. Belousov [4], where he88

gave identity (1) characterizing loops that satisfy the universal anti-automorphic89

inverse property. After this beautiful characterisation by Belousov and the lay-90

ing of foundations for a classical study of this structure, Gwaramija in [6] gave91

isostrophic connection between right(left) with middle Bol loop.92

Grecu [16] showed that the right multiplication group of a middle Bol loop93

coincides with the left multiplication group of the corresponding right Bol loop.94
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After that, middle Bol loops resurfaced in literature in 1994 and 1996 when Syrbu95

[20, 21] considered them in relation to the universality of the elasticity law. In96

2003, Kuznetsov [15], while studying gyrogroups (a special class of Bol loops)97

established some algebraic properties of middle Bol loop and designed a method98

of constructing a middle Bol loop from a gyrogroup.99

In 2010, Syrbu [22] studied the connections between structure and properties100

of middle Bol loops and of the corresponding left Bol loops. It was noted that two101

middle Bol loops are isomorphic if and only if the corresponding left (right) Bol102

loops are isomorphic, and a general form of the autotopisms of middle Bol loops103

was deduced. Relations between different sets of elements, such as nucleus, left104

(right, middle) nuclei, the set of Moufang elements, the center of a middle Bol105

loop and left Bol loop were established. In 2012, Grecu and Syrbu [17] proved106

that two middle Bol loops are isotopic if and only if the corresponding right (left)107

Bol loops are isotopic.108

In 2012, Drapal and Shcherbacov [18] rediscovered the middle Bol identities in109

a new way. In 2013, Syrbu and Grecu [19] established a necessary and sufficient110

condition for the quotient loop of a middle Bol loop and of its corresponding111

right Bol loop to be isomorphic. In 2014, Grecu and Syrbu [24] established that112

the commutant (centrum) of a middle Bol loop is an AIP-subloop and gave a113

necessary and sufficient condition when the commutant is an invariant under114

the existing isostrophy between middle Bol loop and the corresponding right Bol115

loop and the same authors presented a study of loops with invariant flexibility116

law under the isostrophy of loop [23].117

In 2017, Jaiyéo. lá et al. [8] presented the holomorphic structure of middle Bol118

loop and showed that the holomorph of a commutative loop is a commutative119

middle Bol loop if and only if the loop is a middle Bol loop and its automorphism120

group is abelian. Adeniran et al. [1], Jaiyéo. lá and Popoola [13] studied gener-121

alised Bol loops. It was revealed in [10] that isotopy-isomorphy is a necessary122

and sufficient condition for any distinct quasigroups to be parastophic invariance123

relative to the associative law.124

(Osoba et al. [25] and [26]) investigate further the multiplication group of125

middle Bol loop in relation to left Bol loop and the relationship of multiplication126

groups and isostrophic quasigroups respectively while Jaiyéo. lá [11, 12] studied127

second Smarandache Bol loops. The Smarandache nuclei of second Smarandache128

Bol loops was further studied by Osoba [27].129

(Jaiyéo. lá et al. [7], 2015) in furtherance to their exploit obtained new alge-130

braic identities of middle Bol loop, where necessary and sufficient conditions for131

a bi-variate mapping of a middle Bol loop to have RIP, LIP, RAIP, LAIP and132

flexible property were presented. Additional algebraic properties of middle Bol133

loop were announced in (Jaiyéo. lá et al. [9], 2021).134

The new algebraic connections between right and middle Bol loops and their135
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cores were unveiled by (Osoba and Jaiyéo. lá (2022),[28]). More results on the136

algebraic properties of middle Bol loops using its parastrophes was presented by137

(Oyebo and Osoba, [30]). The paper revealed some of the algebraic properties the138

parastrophic structures of middle Bol loop shared with its underline structure.139

The connections between middle Bol loop and right Bol loop with their crypto-140

automorphism features were unveiled in [29] by Oyebo et.al. In [14], Bryant-141

Schneider group of middle Bol loop with some of the isostrophy-group invariance142

results was linked. It was further shown that some subgroups of the Bryant-143

Schneider group of a middle Bol loop were isomorphic to the automorphism and144

pseudo-aumorphism groups of its corresponding right (left) Bol loop.145

A generalised middle Bol loop characterised by146

(x/y)(zα\xα) = x(zαy\xα) (2)

was first introduced in [2], as a consequence of a generalised Moufang loop with147

universal α−elastic property where the map α : Q 7→ Q is a homomorphism.148

Thus, if α : x 7→ x, then identity of generalised middle Bol loop reduces to149

the identity of middle Bol loop. The authors in [3], presented the basic algebraic150

properties of generalised middle Bol loop, where it revealed the necessary and suf-151

ficient conditions for the identity to satisfies left(right) inverse and α−alternative152

property was also presented.153

Furtherance to earlier studies, this paper investigates some structural char-154

acterisation of generalised middle Bol loop using its parastrophes and holomorph.155

The second section provides preliminaries for necessary background of the study.156

Section 3 contains the main results where the parastrophic characterisation of157

generalised middle Bol loop is presented. It is shown that a (12)−parastrophe of158

a generalised middle Bol is also a generalised middle Bol loop and further estab-159

lished the conditions for (13)− and (123)−parastrophes of Q to be GMBL. We160

further investigate the algebraic properties of the parastrophes to obtain some of161

the related properties and identities they share with the underline structure. In-162

terestingly, some new identities are found. In the fourth section, the holomorphic163

characterisations of generalised middle Bol loop is studied and the necessary and164

sufficient condition is found.165

2 Preliminaries166

Definition 2.1. A loop (Q, ·, /, \) is called a generalised middle Bol loop if is167

satisfies the identity168

(x/y)(zα\xα) = (x/(zαy))xα (3)

Definition 2.2. For any non-empty set Q, the set of all permutations on Q forms169

a group SYM(Q) called the symmetric group of Q. Let (Q, ·) be a loop and let170
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A,B,C ∈ SYM(Q). If171

xA · yB = (x · y)C ∀ x, y ∈ Q

then the triple (A,B,C) is called an autotopism (ATP) and such triples form a172

group AUT (Q, ·) called the autotopism group of (Q, ·). Also, suppose that173

xA · yB = (y · x)C ∀ x, y ∈ Q

then the triple (A,B,C) is called anti-autotopism (AATP). If A = B = C, then174

A is called an automorphism of (Q, ·) which form a group AUM(Q, ·) called the175

automorphism group of (Q, ·).176

Definition 2.3. A groupoid (quasigroup) (Q, ·) is said to have the177

1. left inverse property (LIP ) if there exists a mapping Jλ : x 7→ xλ such that178

xλ · xy = y for all x, y ∈ Q.179

2. right inverse property (RIP ) if there exists a mapping Jρ : x 7→ xρ such180

that yx · xρ = y for all x, y ∈ Q.181

3. inverse property (IP) if it has both the LIP and RIP. for all x, y ∈ Q.182

4. flexibility or elasticity if xy · x = x · yx holds for all x, y ∈ Q.183

5. α−elastic if xy · xα = x · yxα holds for all x, y ∈ Q.184

6. super α−elastic if (x · yα) · xα = x · (yα · xα) holds for all x, y ∈ Q.185

7. cross inverse property (CIP ) if there exist mapping Jλ : x 7→ xλ or Jρ :186

x 7→ xρ such that xy · xρ = y or x · yxρ = y or xλ · yx = y or xλy · x = y for187

all x, y ∈ Q.188

Definition 2.4. A loop (Q, ·) is said to be189

1. commutative loop if Rx = Lx and a commutative square loop if R2
x = L2

x190

for all x, y ∈ Q191

2. an automorphic inverse property loop (AIPL) if (xy)−1 = x−1y−1 for all192

x, y ∈ Q193

3. an anti- automorphic inverse property loop (AAIPL) if (xy)−1 = y−1x−1
194

for all x, y ∈ Q.195

Definition 2.5. [31] Moufang loops are loops satisfying the identities (xy ·z)y =196

x(y · zy), yz · xy = y(zx · y) and (yz · y)x = y(z · yx)197
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Definition 2.6. A groupoid (quasigroup) (Q, ·) is198

1. right symmetric if yx · x = y for all x, y ∈ Q199

2. left symmetric if x · xy = y for all x, y ∈ Q200

3. middle symmetric if x · yx = y or xy · x = y for all x, y ∈ Q201

4. idempotent if x · x = x for all x ∈ Q202

5. right α−symmetric if yαx · x = yα for all x, y ∈ Q203

6. left α−symmetric if x · xyα = yα for all x, y ∈ Q204

7. middle α−symmetric if x · yαx = yα or xyα · x = y for all x, y ∈ Q205

8. super middle α−symmetric if x · (yα · xα) = yα or (x · yα) · xα = yα for all206

x, y ∈ Q207

Definition 2.7. A quasigroup (Q, ·) is totally symmetric if any relation xy = z208

implies any other such relation can be obtained by permuting x, y and z.209

Definition 2.8. [31] If a totally symmetric quasigroup (Q, ·) is a loop, then it is210

called Steiner loop.211

Theorem 2.1. [31] A quasigroup (Q, ·) is totally symmetric if and only if it is212

commutative (xy = yx) for all x, y ∈ Q) and is right or left symmetric213

Theorem 2.2. [31] A loop (Q, ·) is totally symmetric if and only if (Q, ·) is an214

IP loop of exponent 2.215

Corollary 2.1. [31] Every T.S. quasigroup is a commutative I.M. quasigroup.216

Definition 2.9. Let (Q, ·) be a loop. The pair (H, ◦) = H(Q, ·) given by217

H = A(Q)×Q, where A(Q) ≤ AUT (Q, ·) such that (ϕ, x) ◦ (ψ, y) = (ϕψ, xψ · y)

for all (ϕ, x), (ψ, y) ∈ H is called the A(H)− Holomorph of (Q, ·)218

Lemma 2.1. [8] Let (L, ·, /, \) be a loop with holomorph G(L, ·). Then, G(L, ·)219

is a commutative if and only if A(L, ·) is an abelian group and (ψ, ϕ−1, Ie) ∈220

AATP (L, ·) for all ϕ, ψ ∈ A(L)221

Definition 2.10. [32] Let (Q, ·) be quasigroup with el and er identity elemente.222

(Q, ·) is called:223

1. a left loop if el · x = x ∀x ∈ Q224

2. a right loop if x · er = x ∀x ∈ Q225

3. a loop if el · x = x · er = x ∀x ∈ Q226

A quasigroup (Q, ·), for which el = er is called a loop. In more general note227

el = er = e228
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3 Main Results229

3.1 Some algebraic connections between identities (2) and (3)230

Here, we uncovered some characterisations of the two identities of GBML:231

(2) and (3), and further established that they are equivalent.232

Lemma 3.1. Let (Q, ·) be a loop. Let x, y, z be arbitrary elements in Q.233

1. If (Q, ·) obeys identity (2) such that α : e 7→ e, then234

(a) (x/y) · xα = x · (y\xα).235

(b) yλ · (zα)ρ = (zα · y)ρ.236

(c) yλ = yρ.237

2. If (Q, ·) obeys identity (3) such that α : e 7→ e, then238

(a) x · (zα\xα) = (x/zα) · xα.239

(b) yλ · (zα)ρ = (zα · y)λ.240

(c) (zα)λ = (zα)ρ.241

3. If (Q, ·) obeys identity (2) such that α is bijective and α : e 7→ e, then242

(a) (x/y) · xα = x · (y\xα).243

(b) yλ · zρ = (z · y)ρ.244

(c) yλ = yρ.245

4. If (Q, ·) obeys identity (3) such that α is bijective and α : e 7→ e, then246

(a) x · (z\xα) = (x/z) · xα.247

(b) yλ · zρ = (z · y)λ.248

(c) zλ = zρ.249

5. Let α : e 7→ e. Then, (Q, ·) obeys identity (2) if and only if (Q, ·) obeys250

identity (3) and (x/y) · xα = x · (y\xα).251

6. Let α be bijective such that α : e 7→ e. Then, (Q, ·) obeys identity (2) if252

and only if (Q, ·) obeys identity (3).253

Proof. 1. Assume that (Q, ·) obeys the identity (2) such that α : e 7→ e.254

(a) Put z = e in (2) to get (x/y) · (eα\xα) = x · ((eα · y)\xα) which gives255

(x/y) · xα = x · (y\xα).256

(b) In (2), put x = e to get (e/y) · (zα\eα) = e · ((zα · y)\eα) to get257

yλ · (zα)ρ = (zα · y)ρ.258

(c) In (b), put z = e to get yλ = yρ.259
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2. Assume that (Q, ·) obeys the identity (3) such that α : e 7→ e. Do similarly260

step as 1 to prove (a), (b) and (c).261

3. Assume that (Q, ·) obeys identity (2) such that α is bijective and α : e 7→ e.262

Then the proofs of (a), (b) and (c) follow up from 1.263

4. Assume that (Q, ·) obeys identity (3) such that α is bijective and α : e 7→ e.264

Then the proofs of (a), (b) and (c) follow up from 2.265

5. Let α : e 7→ e. If (Q, ·) obeys identity (2), then it obeys identity (3) because266

it satisfies (x/y) · xα = x · (y\xα) by 1. The converse follows by reversing267

the process.268

6. This follows from 5.269

270

Henceforth, we shall assume that in a generalised middle Bol loop identity271

(2) or (3), the map α : Q → Qi, where i = (12), (13), (23), (123), (132), is a272

bijective map such that α : e 7→ e. Note that J : x 7→ x−1.273

3.2 Parastrophes of Generalised Middle Bol Loop274

We now look at characterisation of the parastrophe of identity 2275

Lemma 3.2. Let (Q, ·) be a quasigroup with el and er be the identity elements:276

(a) 1. (12)-parastrophe of a left loop is right loop277

2. (12)-parastrophe of a right loop is a left loop278

3. (12)-parastrophe of a loop is also loop279

(b) 1. (13)-parastrophe of a left loop is a not loop280

2. (13)-parastrophe of right loop is a right loop281

3. (13)-parastrophe of loop is a loop if and only if |x| = 2 for all x ∈ Q.282

(c) 1. (23)-parastrophe of a left loop is a left loop283

2. (23)-parastrophe of right loop is not a loop284

3. (23)-parastrophe of loop is a loop if and only if |x| = 2 for all x ∈ Q285

(d) 1. (123)-parastrophe of a left loop is a not loop286

2. (123)-parastrophe of right loop is a left loop287

3. (123)-parastrophe of loop is a loop if and only if |x| = 2 for all x ∈ Q288

(e) 1. (132)-parastrophe of a left loop is a right loop289
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2. (132)-parastrophe of right loop is not a loop290

3. (132)-parastrophe of loop is a loop if and only if |x| = 2 for all x ∈ Q291

Proof. (a) ” ◦(12) ” denotes the operation of (12)-parastrophe of Q. If (Q, ·)292

is a left loop, then el · x = x this implies that (12)−parastrophe of Q293

is x ◦(12) er = x for all x ∈ Q. (Q, ·) is right loop if x ◦(12) er = x ⇒294

(12)−parastrophe of Q is el ◦(12) x = x for all x ∈ Q. Therefore, (12)-295

parastrophe of Q is a loop.296

(b) (13)−parastrophe of a left loop is given as x◦(13)x = el. This is only possible297

iff |x| = 2 for all x ∈ Q. Conversely, suppose that (13)−parastrophe of a left298

loop is of exponent 2, this implies that xλ = x, then xλ ·x = el Also, if (Q, ·)299

is right loop, then (13)−parastrophe of Q is also loop, that is x◦(13) er = x.300

Thus, xλ = xρ = x Therefore, (13)−parastrophe of Q is a loop if and only301

if |x| = 2. Similar results are obtained for (c), (d) and (e).302

303

Theorem 3.1. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, (12)−parastrophe304

of Q is also a generalised middle Bol loop305

Proof. Let306

a · b = x(zαy\xα) (4)

in equation (2) where a = x/y ⇒ x = ay ⇒︸︷︷︸
by (12)-permuation

y ◦(12) a = x ⇒ a =307

y\(12)x. And b = zα\xα ⇒ zαb = xα ⇒︸︷︷︸
take (12)-permuation

b ◦(12) zα = xα ⇒ b =308

xα/(12)zα.309

Substitute for a and b into equation (4), give310

(y\(12)x) · (xα/(12)zα) = x(zαy\xα) (5)

Applying (12)−permutation on equation (5), to get311

(xα/(12)zα) ◦(12) (y\(12)x) =
(
(y ◦(12) zα)\xα

)
◦(12) x (6)

Let312

(y ◦(12) zα)\xα = c⇒ (y ◦(12) zα) · c = xα ⇒︸︷︷︸
take (12)-permuation

c ◦(12) (y ◦(12) zα) = xα ⇒

c = xα/(12)(y ◦(12) zα)

Put c into equation (6) and make the substitution x↔ xα, zα ↔ y, one obtains313

(x/(12)y) ◦(12) (zα\(12)xα) =
(
x/(12)(zα ◦(12) y)

)
◦(12) xα

314
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Lemma 3.3. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the (13)−parastrophe315

of Q is given by316

(x ◦(13) y)/(13)(xα\(13)zα) = x/(13)
[
xα\(13)(zα/(13)y)

]
(7)

Proof. Let317

a · b = x(zαy\xα) (8)

in equation (2), where318

a = x/y ⇒ x = ay ⇒︸︷︷︸
taking (13)-permuation

a = x ◦(13) y (9)

and319

b = zα\xα ⇒ zαb = xα ⇒︸︷︷︸
take (13)-permuation

zα = xα ◦(13) b⇒ xα\(13)zα = b (10)

Let c = zαy in identity (2), this implies that zα = c ◦(13) y︸ ︷︷ ︸
(13)-permutation

⇒ c = zα/(13)y.320

Also, let d = c\xα ⇒ c · d = xα ⇒︸︷︷︸
by taking (13)-permuation

xα ◦(13) d = c ⇒ d =321

xα\(13)c. Then, substituting c into d, we have322

d = xα\(13)(zα/(13)y) (11)

Let s = x · d⇒ x = s ◦(13) d⇒ s = x/(13)d ⇒︸︷︷︸
substitute d into s

323

s = x/(13)
[
xα\(13)(zα/(13)y)

]
(12)

Now, according to identity (2), we have a · b = s ⇒ s ◦(13) b︸ ︷︷ ︸
(13)-permutaion

= a ⇒324

a/(13)b = s. Substituting (9), (10) and (12) into the last equality, we have325

(x ◦(13) y)/(13)(xα\(13)zα) = x/(13)
[
xα\(13)(zα/(13)y)

]
which is the (13)−parastrophe of Q as required.326

Theorem 3.2. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the fol-327

lowing hold in (13)−parastrophe of Q328

1. (Lx, L
−1
xα , L−1

xαM−1
x ) ∈ AATP (Q, /(13))329

2. tλ ◦(13) (t ◦(13) y) = y that is left inverse property for all t ∈ Q330
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3. LxR
−1
(xα)ρ

= λJL−1
xαM−1

x331

4. LxMx = L−1
xαM−1

xα332

5. x/(13)(xα)ρ = (x ·(13) y)/(13)(x\(13)y) for all x, y ∈ Q333

6. y = (yλ)λ for all y ∈ Q334

7. LxR
−1
(xα)λ

= λJL(xα)λM
−1
x335

Proof. 1. From equation (7) of Lemma 3.3, we have yLx/
(13)zαL−1

xα = (zα/(13)y)L−1
xαM−1

x ⇒336

337

(Lx, L
−1
xα , L−1

xαM−1
x ) ∈ AATP (Q, /(13))338

2. Let x = e⇒ eα → e the identity element in Q, in equation (7), we have339

ey/(13)zα = e/(13)(zα/(13)y) ⇒ y/(13)zα =

(zα/(13)y)λ ⇒ y = (zα/(13)y)λ ◦(13) zα (13)

Let t = zα/(13)y ⇒ zα = t ◦(13) y, put zα and t in (13), give y = tλ ◦(13)340

(t ◦(13) y) for all t ∈ Q.341

3. Let z = e and eα 7→ e in equation (7), we have342

(x◦(13)y)/(xα)ρ = x/(13)(xα\(13)yλ) ⇒ yLxR
−1
(xα)ρ

= yλL−1
xαM−1

x ⇒ LxR
−1
(xα)ρ

=343

λJL−1
xαM−1

x344

4. Let z = x in equation (7), we have x ◦(13) y = x/(13)
(
xα\(13)(xα/(13)y) ⇒345

yLx = yM−1
xα L−1

xαM−1
x ⇒ LxMx = L−1

xαM−1
xα346

5. Let z = y and yα 7→ y in equation (7), give x/(13)(xα)ρ = (x◦(13)y)/(13)(x\(13)y).347

6. Let z = x = e in equation (7), we obtain (yλ)λ = y.348

7. Apply 2 to equation (7), to get (x◦(13)y)/(13)((xα)λ◦(13)zα) = x/(13)((xα)λ◦(13)349

(zα/(13)y)). Let zα 7→ e to get x ◦(13) y/(13)(xα)λ = x/(13)((xα)λ ◦(13) yλ) ⇒350

yLxR
−1
(xα)λ

= yλJL(xα)λM
−1
x ⇒ LxR

−1
(xα)λ

= λJL(xα)λM
−1
x351

352

Corollary 3.1. In (13)−parastrophe of a generalised middle Bol loop (Q, ·, /, \),353

the following hold:354

1. (xα)ρ = (xα)λ ∀x ∈ Q355

2. xρ = xλ ∀x ∈ Q356
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Proof. From 7 of Theorem 3.2, we have LxR
−1
(xα)λ

= λJL−1
xαM−1

x . Recall from 3 of357

Theorem 3.2, LxR
−1
(xα)ρ

= λJL−1
xαM−1

x . This implies that LxR
−1
(xα)ρ

= LxR
−1
(xα)λ

⇒358

R−1
(xα)ρ

= R−1
(xα)λ

⇒ (xα)ρ = (xα)λ. Since α is bijective, we have xρ = xλ ∀x ∈ Q359

360

Remark 3.1. The above Corollary shows that in (13)−parastrophe of a gener-361

alised middle Bol loop (Q, ·, /, \), the right and the left inverse properties coincide.362

So, the (13)−parastrophe satisfies IP if it is commutative. Also, if |Q(13)| = 2,363

then xρ = xλ = x ∀x ∈ Q. Thus, (13)-parastrophe of Q is a loop.364

Corollary 3.2. A commutative (13)−parastrophe of a generalised middle Bol365

loop (Q, ·, /, \), satisfies AAIPL if |x| = 2 ∀ x ∈ Q366

Proof. Based on the Remark (3.1), the identity (7) become (x ◦(13) y) ◦(13)367

(xα)−1 ◦(13) (zα)−1 = x ◦(13)
[
(xα)−1 ◦(13) (zα ◦(13) y−1)

]−1
. Let x = e to get368

(e ◦(13) y) ◦(13) (eα)−1 ◦(13) (zα)−1 = e ◦(13)
[
(eα)−1 ◦(13) (zα ◦(13) y−1)

]−1
, then369

y ◦(13) (zα)−1 = (zα ◦(13) y−1)−1 ⇒ y−1 ◦(13) (zα)−1 = (zα ◦(13) y)−1
370

Corollary 3.3. A commutative (13)−parastrophe of a generalised middle Bol371

loop (Q, ·, /, \) is a Steiner loop if it is a loop of exponent two.372

Proof. This is a consequence of 2 of theorem 3.2 and the Corollary 3.1.373

Theorem 3.3. A commutative (13)−parastrophe, of exponent two, of a gener-374

alised middle Bol loop (Q, ·, /, \) is a Moufang loop.375

Proof. From Remark (3.1), we have the identity (7) to be (x◦(13)y)◦(13)(xα)−1◦(13)376

(zα)−1 = x ◦(13)
[
(xα)−1 ◦(13) (zα ◦(13) y−1)

]−1
. Since |Q(13)| = 2, we have377

(x ◦(13) y) ◦(13) (xα ◦(13) zα) = x ◦(13)
[
xα ◦(13) (zα ◦(13) y)

]
⇒ zαLxαLxy =378

zαRyLxαLx ⇒ zαRxαLxy = zαLyLxαLx ⇒ (x ◦(13) y) ◦(13) (zα ◦(13) xα) =379

x ◦(13) ((y ◦(13) zα) ◦(13) xα)380

Corollary 3.4. In (13)−parastrophe, of exponent two, of a generalised middle381

Bol loop (Q, ·, /, \) is a GMBL382

Proof. Follow from Theorem 3.3, we have (x ◦(13) y) ◦(13) [(xα)−1 ◦(13) (zα)]−1 =383

x ◦(13)
[
(xα)−1 ◦(13) (zα ◦(13) y−1)

]−1
. Use y−1 = y and Corollary 3.2 to get384

(x◦(13)y−1)◦(13) ((zα)−1◦(13)xα) = x◦(13)
[
(zα◦(13)y)

]−1◦(13)xα ⇒ (x/(13)y)◦(13)385

(zα\(13)xα) = x ◦(13) [(zα ◦(13) y)\(13)xα]386

387

Lemma 3.4. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the (23)−parastrophe388

of Q is given by389

(y/(23)x)\(23)(zα ◦(23) xα) = x\(23)
[
(zα\(23)y) ◦(23) xα

]
(14)
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Proof. Let390

a · b = x(zαy\xα) (15)

in an identity (2), where391

a = x/y ⇒ x = a · y ⇒︸︷︷︸
(23)-permutation

y = a ◦(23) x⇒ a = y/(23)x (16)

and392

b = zα\xα ⇒︸︷︷︸
(23)-permutation

zα ◦(23) b = xα ⇒ zα ◦(23) xα = b (17)

Let c = zαy in identity (2), then zα ◦(23) c︸ ︷︷ ︸
(23)-permutation

= y ⇒ c = zα\(23)y . Let393

d = c\xα ⇒ c ◦(23) d = xα ⇒ c ◦(23) xα = d, put c into d to get394

d = (zα\(23)y) ◦(23) xα. (18)

Also, let t = x · d ⇒︸︷︷︸
(23)-permutation

x ◦(23) t = d⇒ t = x\(23)d. Substitute d into395

t396

t = x\(23)
[
(zα\(23)y) ◦(23) xα

]
(19)

Now, going by the identity (2), we have a · b = t ⇒︸︷︷︸
(23)-permutation

a ◦(23) t = b ⇒397

a\(23)b = t. Then, substituting equations (16), (17) and (19) in the equality398

a\(23)b = t, gives399

(y/(23)x)\(23)(zα ◦(23) xα) = x\(23)
[
(zα\(23)y) ◦(23) xα

]
(20)

which is the (23)−parastrophe of Q.400

Theorem 3.4. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the fol-401

lowing holds in (23)−parastrophe of Q402

1. (L−1
x , Rxα , RxαL−1

x ) ∈ AATP (Q, \(23)) for all x ∈ Q403

2. (z ◦(23) t) ◦(23) t = z for all z, t ∈ Q404

3. if Q(23) is middle symmetric then, x ◦(23) (zα ◦(23) xα) = (x ◦(23) zα) ◦(23) xα405

that is, super α−elastic406

4. R−1
x Mxα = RxαL−1

x407

5. ρJRxαL−1
x = RxαL−1

xλ408
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6. ρJR−1
xαMxα = RxαL−1

xλ409

Proof. 1. this follows from equation (14),410

yR−1
x \(23)zαRxα = (zα\(23)y)RxαL−1

x ⇒ (R−1
x , Rxα , RxαL−1

x ) ∈ AATP (Q, \)

2. Put x = e such that eα 7→ e is the identity map in (14), give y\(23)zα =411

zα\(23)y ⇒ y ◦(23) (zα\(23)y) = zα. Let t = zα\(23)y ⇒ zα ◦(23) t = y. Put y412

into the last equality to get (zα ◦(23) t) ◦(23) t = zα for any t ∈ Q.413

3. Put y = x in (14), we have414

zα ◦(23) xα = x\(23)[(zα\(23)x) ◦(23) xα] ⇒

xα ◦(23) (zα ◦(23) x) = (zα\(23)x) ◦(23) xα ⇒
zαRxαLx = zαMxRxα ⇒︸︷︷︸

Use middle symmetric as Lx = Mx to get

zαRxαLx = zαLxRxα

or x ◦(23) (zα ◦(23) xα) = (x ◦(23) zα) ◦(23) xα415

4. Put z = e and eα 7→ e, the identity element in (14), we have416

(y/(23)x)\(23)xα = x\(23)(y◦(23)xα) ⇒ yR−1
x Mxα = yRxαL−1

x ⇒ R−1
x Mxα =417

RxαL−1
x418

5. y = e in (14), we have419

xλ\(23)(zα ◦(23) xα) = x\(23)((zα)ρ ◦(23) xα) ⇒
zαρJRxαL−1

x = zαRxαL−1
xλ ⇒ ρJRxαL−1

x = RxαL−1
xλ

6. Use 4 and 5.420

421

Corollary 3.5. A commutative (23)−parastrophe of a generalised middle Bol422

loop (Q, ·, /, \) is totally symmetric.423

Proof. This is a consequence of the right symmetric property 2 of Theorem 3.4.424

425

Theorem 3.5. Let the (23)−parastrophe of a generalised middle Bol loop (Q, ·, /, \)426

be commutative and of exponent two, then LxαLx = RxRxα for all x ∈ Q.427

Proof. Recall (6) in Theorem 3.4, we have ρJR−1
x Mxα = RxαL−1

xλ . Since Q(23)
428

is commutative, then it implies that it has a middle symmetric property as Lx =429
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Mx. Applying the middle symmetric identity gives ρJR−1
x Lxα = RxαL−1

xλ . Then,430

for all t ∈ Q, we have431

tρR−1
x Lxα = tRxαL−1

xλ ⇒ xα ◦(23) (tρ/x) = xλ\(23)(t ◦(23) xα) ⇒
xλ ◦(23) [xα ◦(23) (tρ/x)] = t ◦(23) xα

Let tρ/(23)x = s⇒ tρ = s◦(23)x. Then, xλ◦(23) (xα◦(23)s) = (s◦(23)x)◦(23)xα.432

Using the fact that |Q(23)| = 2 for all x ∈ Q, one obtains sLxαLx = sRxRxα ⇒433

LxαLx = RxRxα for all x ∈ Q434

Corollary 3.6. If (23)−parastrophe of a generalised middle Bol loop (Q, ·, /, \)435

is commutative and xα 7→ x, then L2
x = R2

x for all x ∈ Q.436

Proof. Consequence of Theorem 3.5.437

Lemma 3.5. Let (Q, ·, /, \) be a generalised middle Bol. Then, the (123)−parastrophe438

of Q is given by439

(zα/(123)xα)\(123)(y ◦(123) x) =
[
(y\(123)zα)/(123)xα

]
\(123)x (21)

Proof. Let a · b = x · (zαy\xα) in equation (2) where440

a = x/y ⇒ a · y = x ⇒︸︷︷︸
(123)-permutation

y ◦(123) x = a (22)

441

b = zα\xα ⇒ zα ◦ b = xα ⇒︸︷︷︸
(123)-permutation

b ◦(123) xα = zα ⇒ b = zα/(123)xα (23)

Let c = zα · y in equation (2), then, we have y ◦(123) c = zα ⇒︸︷︷︸
(123)-permutation

c =442

y\(123)zα. Also, let d = c\xα ⇒ c · d = xα ⇒ d ◦(123) xα = c ⇒ d = c/(123)xα.443

Substitute c into d, give444

d = (y\(123)zα)/(123)xα (24)

Next, let t = x · d ⇒︸︷︷︸
(123)-permutation

d ◦(123) t = x ⇒ t = d\(123)x. Substitute ( 24)445

into t give446

t =
[
(y\(123)zα)/(123)xα

]
\(123)x (25)

Going by the identity (2), we have a · b = t ⇒︸︷︷︸
(123)-permutation

b ◦(123) t = a ⇒447

b\(123)a = t. Substitute (22), (23) and (25) into the equality b\(123)a = t ,448

gives the (123)−parastrophe as449

(zα/(123)xα)\(123)(y ◦(123) x) =
[
(y\(123)zα)/(123)xα

]
\(123)x

450
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Theorem 3.6. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the fol-451

lowing hold in (123)−parastrophe of Q452

1. (L−1
x , Rx, R

−1
x Mx) ∈ AATP (Q, \(123))453

2. (y ◦(123) t) ◦(123) tρ = y, i.e right inverse property454

3. (zα/(123)xα)[(xα)λ\(123)x] = zα ◦(123) x455

4. RxL
−1
(xα)λ

= ρJR−1
xαMx456

5. RxM
−1
x =MxαR−1

xα457

6. (x ◦(123) t) ◦(123) x = (x\(123)t)\(123)x for all x, t ∈ Q458

Proof. 1. From equation (21) , we have459

zαR−1
xα \(123)yRx = (y\(123)zα)R−1

xαMx ⇒
(R−1

xα , Rx, R
−1
xαMx) ∈ AATP (Q, \(123))

2. Let xα 7→ x and put x = e, the identity element in equation (21), we have460

((zα/(123)eα)\(123)(y ◦(123) e) =
(
(y\(123)zα)/(123)e

)
\(123)eα ⇒ zα\(123)y =

(y\(123)zα)ρ ⇒ zα ◦(123) (y\(123)zα)ρ = y

Let t = y\(123)zα ⇒ y ◦(123) t = zα for any t ∈ Q, this implies that (y ◦(123)461

t) ◦(123) tρ = y.462

3. Set y = zα in equation (21), we have (zα/(123)xα)\(123)(zα ◦(123) x) =463

(xα)λ\(123)x⇒ (zα/(123)xα)[(xα)λ\(123)x] = zα ◦(123) x464

4. Put z → e in equation (21), to get (xα)λ\(123)y◦(123)x) = (yρ/(123)xα)\(123)x⇒465

yRxL
−1
(xα)λ

= yρJR−1
xαMx ⇒ RxL

−1
(xα)λ

= ρJR−1
xαMx466

5. Set z = x in equation (21), give y ◦(123) x =
(
(y\(123)xα)/(123)xα

)
\(123)x⇒467

yRx = yMxαR−1
xαMx ⇒ RxM

−1
x =MxαR−1

xα468

469

Corollary 3.7. A commutative (123)−parastrophe of a generalised middle Bol470

loop (Q, ·, /, \) has an inverse property.471

Proof. This is a consequence of 2 of Theorem 3.6.472

Corollary 3.8. A commutative (123)−parastrophe of a generalised middle Bol473

loop (Q, ·, /, \) has AAIP if |Q(123)| = 2474
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Proof. Applying Corollary 3.7 to (21) (zα ◦(123) (xα)−1)−1 ◦(123) (y ◦(123) x) =475 [
(y−1◦(123)zα)◦(123) (xα)−1

]−1◦(123)x. Put x = e and y = y−1 to get (zα)−1◦(123)476

y−1 = (y−1 ◦(123) zα)−1
477

Corollary 3.9. A commutative (123)−parastrophe, of exponent 2, of a gener-478

alised middle Bol loop (Q, ·, /, \) is Steiner loop.479

Proof. Follows from Corollary 3.7.480

Theorem 3.7. Let Q(123) be a commutative (123)−parastrophe of a generalised481

middle Bol loop (Q, ·, /, \) of exponent two, then Q(123) is a Moufang loop.482

Proof. Using the Corollary 3.7 on identity (21), we have (zα◦(123)(xα)−1)−1◦(123)483

(y ◦(123) x) =
[
(y−1 ◦(123) zα) ◦(123) (xα)−1

]−1 ◦(123) x. Since |Q(123)| = 2, we have484

(zα ◦(123) xα) ◦(123) (y ◦(123) x) =
[
(y ◦(123) zα) ◦(123) (xα)

]
◦(123) x⇒ zαLxαRyx =485

zαLyRxαRx ⇒ zαLxαRyx = zαLyLxαRx ⇒ (xα ◦(123) zα)◦ (y ◦(123) x) = (xα ◦(123)486

(zα ◦(123) y)) ◦(123) x⇒ (xα ◦(123) zα) ◦ (y ◦(123) x) = xα ◦(123) ((zα ◦(123) y) ◦(123) x)487

488

Corollary 3.10. A commutative (123)−parastrophe of a generalised middle Bol489

loop (Q, ·, /, \) is a GMBL of exponent two.490

Proof. Follow from Corollaries 3.7 and 3.8 and (21), we get (zα◦(123)(xα)−1)−1◦(123)491

(y ◦(123) x) =
[
(y−1 ◦(123) zα) ◦(123) (xα)−1

]−1 ◦(123) x. So, use y−1 = y and take492

the following steps: x↔ xα, zα ↔ y, one obtains493

(x/(12)y) ◦(12) (zα\(12)xα) =
(
x/(12)(zα ◦(12) y)

)
◦(12) xα

which is the same as (3)494

Lemma 3.6. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the (132)−parastrophe495

of Q is given by496

(xα ◦(132) zα)/(132)(x\(132)y) =
[
xα ◦(132) (y/(132)zα)

]
/(132)x (26)

Proof. Let a · b = x · (zαy\xα) in equation (2) where497

x/y = a⇒ x = a · y ⇒︸︷︷︸
(132)-permutation

x ◦132 a = y ⇒ a = x\(132)y (27)

and498

zα\xα = b⇒ zα · b = xα ⇒︸︷︷︸
(132)-permutation

xα ◦(132) zα = b (28)
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Let c = zα · y ⇒︸︷︷︸
(132)-permutation

c ◦(132) zα = y ⇒ c = y/(132)zα. Also, let d =499

c\xα ⇒ c · d = xα ⇒︸︷︷︸
(132)-permutation

xα ◦(132) c = d. Substitute c into to d to get500

d = xα ◦(132) (y/(132)zα). Let t = x · d ⇒︸︷︷︸
taking (132)-permutation

t ◦(132) x = d ⇒ t =501

d/(132)x. Hence, putting d into t, we have502

t =
[
xα ◦(132) (y/(132)zα)

]
/(132)x (29)

Now, going by the identity (2), we have a · b = t ⇒︸︷︷︸
taking (132)-permutation

t ◦(132) a =503

b ⇒ b/(132)a = t. Substitute equations (27), (28) and (29) into the equality504

b/(132)a = t, we have505

(xα ◦(132) zα)/(132)(x\(132)y) =
[
xα ◦(132) (y/(132)zα)

]
/(132)x

which is the (132)− parastrophe of Q.506

Theorem 3.8. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, the fol-507

lowing holds in (132)−parastrophe of Q508

1. (Lxα , L−1
x , LxαR−1

x ) ∈ AATP (Q, /(132)) for all x ∈ Q509

2. zα = t ◦132 (t ◦132 zα) i.e α−left symmetric property510

3. (xα ◦(132) zα) ◦(132) x = xα ◦(132) (x/(132)zα) or M−1
x Lxα = LxαRx511

4. LxαR−1
xρ = λJLxαR−1

x512

5. L−1
x M−1

xα = LxαR−1
x513

Proof. 1. From equation (26), we have zαLxα/(132)yL−1
x = (y/(132)zα)LxαR−1

x ⇒514

(Lxα , L−1
x , LxαR−1

x ) ∈ AATP (Q, /(132)) for all x ∈ Q515

2. Let xα 7→ e in (26), give zα/(132)y = y/(132)zα, by setting t = y/(132)zα ⇒516

y = (zα ◦(132) t) ⇒ zα = t ◦(132) (t ◦(132) zα)517

3. Put y = x in (26), to get (xα ◦(132) zα) ◦(132) x = xα ◦(132) (x/(132)zα) ⇒518

zαM−1
x Lxα = zαLxαRx ⇒M−1

x Lxα = LxαRx for all x ∈ Q519

4. Put y = e in (26), we have (xα◦(132) zα)/(132)xρ = (xα◦(132) (zα)λ)/(132)x⇒520

zαLxαR−1
xρ = (zα)λJLxαR−1

x ⇒ LxαR−1
xρ = λJLxαR−1

x .521

5. Put z = e, we have x/(132)(x\(132)y) = (x ◦(132) y)/(132)x ⇒ yLxM
−1
x =522

yLxR
−1
x ⇒ L−1

x M−1
xα = LxαR−1

x for all x ∈ Q.523

524
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Corollary 3.11. Let (Q, ·, /, \) be a generalised middle Bol loop. Then, a com-525

mutative (132)−parastrophe of Q is totally symmetric.526

Proof. This is a consequence, of 2, of Theorem 3.8.527

3.3 Holomorphic Structure of Generalised Middle Bol Loop528

Theorem 3.9. (Q, ·, /, \) is a generalised middle Bol loop if and only if529

(JM−1
x , JMxα , JMxαLx) is an autotopism.530

Proof. Suppose (Q, ·) is a generalised middle Bol loop, then531

x(yαz\xα) = (x/z)(yα\xα) ⇔ zM−1
x · yαMxα = (yα · z)MxαLx

⇔ zM−1
x · yαMxα = (zJ · yαJ)JMxαLx

⇔ zJM−1
x · yαJMxα = (z · yα)JMxαLx

Thus, (JM−1
x , JMxα , JMxαLx) ∈ ATP (Q, ·)532

Theorem 3.10. Let (Q, ·, /, \) be a loop with holomorph (H(Q), ∗). Then,533

(H(Q), ∗) is a generalised middle Bol loop if and only if (xτ) · (y · zατ)\xα =534

(xατ/zατ) · (y\x) for all x, y, z ∈ Q, τ ∈ A(Q).535

Proof. We need to show the necessary and sufficient condition for the holomorph536

of a generalised middle Bol loop to ba a generalised middle Bol loop.537

(xα/zα)(y\x) = x((y · zα)\xα) (30)

538

Let (ϕ, x) ∗ (ψ, y) = (θ, z) ⇒ (ϕ, x) = (θ, z)/(ψ, y), so , (31)

(ϕψ, xψ · y) = (θ, z)

⇒ ϕ = θψ−1, x = (z/y)ψ−1.

⇒ (θ, z)/(ψ, y) =
(
θψ−1, (z/y)ϕ−1

)
= (ϕ, x). (32)

Also, (ϕ, x) ∗ (ψ, y) = (θ, z) ⇒ (ψ, y) = (ϕ, x)\(θ, z).
Thus, (ϕψ, xψ · y) = (θ, z) ⇒ ψ = ϕ−1θ, y = (xϕ−1θ)\z

⇒ (ψ, y) = (ϕ−1θ, (xϕ−1θ)\z) = (ϕ, x)\(θ, z) (33)
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((ϕ, x)/(ψ, y)) ∗ ((θ, zα)\(ϕ, xα)) = (ϕ, x) ∗ [((ψ, y) ∗ (θ, zα))\(ϕ, xα)]
RHS = (ϕ, x) ∗ [((ψ, y) ∗ (θ, zα))\(ϕ, xα)]

= (ϕ, x) ∗
(
(ψθ)−1ϕ, (yθ · zα)θ−1ψ−1ϕ\xα

)
= (ϕ, x) ∗

(
(ψθ)−1ϕ, yψ−1ϕ · zαθ−1ψ−1ϕ\xα

)
=

(
ϕθ−1ψ−1ϕ, (xθ−1ψ−1ϕ) · (yψ−1ϕ · zαθ−1ψ−1ϕ\xα)

)
LHS = ((ϕ, x)/(ψ, y)) ∗ ((θ, zα)\(ϕ, xα))

=
(
ϕθ−1, (xα/zα)θ−1

)
∗
(
ψ−1ϕ, (yψ−1ϕ)\x

)(
ϕθ−1ψ−1ψ, (xα/zα)θ−1ψ−1ϕ · (yψ−1ϕ)\x

RHS = LHS

⇔
(
(xθ−1ψ−1ϕ) · (yψ−1ϕ · zαθ−1ψ−1ϕ\xα)

)
=

(
(xα/zα)θ−1ψ−1ϕ · (yψ−1ϕ)\x

)
Let τ = θ−1ψ−1ϕ, then (xτ) · (yθτ · zατ)\xα) = (xα/zα)τ · (yθτ)\x.540

Replacing y by y(θτ)−1, we have541

(xτ) · (y(θτ)−1θτ · zατ)\xα = (xα/zα)τ · (y(θτ)−1θτ)\x
⇔ (xτ) · (y · zατ)\xα = (xα/zα)τ · (y\x)
⇔ (xτ) · (y · zατ)\xα = (xατ/zατ) · (y\x)

542

Corollary 3.12. Let (Q, ·, /, \) be a loop with holomorphH(Q, ·). Then, H(Q, ·)543

is a commutative generalised middle Bol loop if and only if (τ−1M−1
xα τ,Mx,M

α
x Lxτ ) ∈544

ATP (Q, ·)545

Proof. From the consequence of Theorem 3.10, we have546

zατ−1M−1
xα τ · yMx = (y · zα)MxαLxτ (34)

⇔ (τ−1M−1
xα τ,Mx,MxαLxτ ) ∈ ATP (Q, ·) (35)

547

Theorem 3.11. Let (Q, ·, /, \) be a commutative generalised middle Bol loop548

with a holomorph (H, ∗) = H(Q, ·). If :549

1. τ = τ(a, b) = R(b\a)R
−1
b for each τ ∈ A(Q) and for any a, b ∈ Q550

2. M−1
x Rsτ = RsR

−1
x Rxτ for all s, x ∈ Q and τ ∈ A(Q), then H(Q, ·) is a551

GMBL.552
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Proof. From Corollary 3.12, observe that (τ−1M−1
xα τ,Mx,M

α
x Lxτ ) = (τ−1,Mx, Ie)◦553

(M−1
xα ,Mx,MxαLx) ◦ (τ,M−1

x , L−1
x Lxτ ). Where Ie is an identity map.554

Consider one hand , (τ−1,Mx, Ie) ∈ ATP (Q, ·) ⇔ aτ−1 · bMx = ab

⇔ aτ−1 · b\x = ab

⇔ aτ−1Rb\x = aRb

⇔ τ−1Rb\x = Rb ⇔ τ = τ(a, b) = Rb\aR
−1
b

Also,555

(τ,M−1
x , L−1

x Lxτ ) ∈ ATP (Q, ·)
⇔ sτ · yM−1

x = (sy)L−1
x Lxτ

⇔ yM−1
x Lsτ = yLsL

−1
x Lxτ ⇔M−1

x Rsτ = RsR
−1
x Rxτ

556

Corollary 3.13. Let (Q, ·, /, \) be a commutative loop such that M−1
x Rsτ =557

RsR
−1
x Rxτ for all x, s ∈ Q and τ ∈ A(Q). (H, ∗) = H(Q, ·) is commutative558

GMBL if and only if559

1. (Q, ·) is a generalised middle Bol loop560

2. τ = τ(a, b) = Rb\aR
−1
b for arbitrarily fixed a, b ∈ Q and for each τ ∈ A(Q)561

Proof. It is straightforward.562

Conclusion563

In this research, we have been able to shown that the two identities of GMBL564

are equivalent if the generalising map α is bijective such that it fixes the identity565

element. Also, among all the five parastrophes of GMBL, (12)−parastrophe of566

GMBL is a GMBL and (13)− and (123)− parastrophes of Q are GMBL of expo-567

nent two. In line with Lemma 3.2, it can be seen that (13)− and (123)−parastrophes568

of GMBL of exponent two are loop. It is noted that (23)− and (132)−parastrophes569

of GMBL with commutative property are totally symmetric. The work further570

reveals that, in (13)−parastrophe of Q, the right inverse element coincides with571

left inverse element if α is bijective such that α : e→ e which is one of the general572

property of middle Bol loop revealed by Kuznetsov in [15].573
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