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Abstract

In this paper, we introduce the notion of dependent elements of derivation
in MA-Semirings. We also generalize some results of dependent elements of
derivation of rings for MA-Semirings.
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1. Introduction

MA-Semirings were introduced by Javed, Aslam, Hussain [6] in 2012. In the
last few years, various concepts related to Lie type theory have been investigated
in the structure of MA-Semirings (see [5, 11, 12]). A semiring X is said to be
inverse semiring if for every a ∈ X there exist a unique element á ∈ X such that
a+á+a = a and á+a+á = á, where á is called pseudo inverse of a. MA-Semirings
form a subclass of inverse semirings which satisfy condition (A − 2) stated by
Bandelt and Petrich [2], i.e., a + á ∈ Z(X), for all a ∈ X, where Z(X) denotes
the center of X. Throughout this paper, X will represent an MA-Semiring. The
commutator [x, y] in an MA-Semiring is defined as [x, y] = xy + ýx = xy + yx́

[6]. We will use the basic commutator identities [xy, z] = [x, z]y + x[y, z] and
[x, yz] = y[x, z] + [x, y]z. X is prime if aXb = 0 implies a = 0 or b = 0 and
semiprime if aXa = 0 implies a = 0. An additive mapping d : X → X is called
a derivation on X if d(xy) = d(x)y + xd(y) for all x, y ∈ X. By [5], an additive
mapping d : X → X is called commuting if [d(x), x] = 0 for all x ∈ X. It is
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called central if d(x) ∈ Z(X) for all x ∈ X. Let a ∈ X be a fixed element then
the mapping d : X → X given by d(x) = [a, x] is an inner derivation on X.

Laradji and Thaheem [15] initiated the study of dependent elements of endo-
morphisms of semiprime rings and generalized a number of results for semiprime
rings. Dependent elements were covertly used by Kallman [7] to extend the con-
cept of free action of automorphisms of abelian von Neumann algebras of Murray
and von Neumann [9]. In [3] and [15], the notion of dependent elements and
free action was studied for prime and semiprime rings. This concept was re-
cently introduced for Semirings [11]. Our objective is to introduce the concept of
dependent element of derivation in MA-semirings.

Motivated by the work of Laradji, Thaheem [15], Vukman and Kosi-Ulbl
[16], we define dependent elements of derivation in MA-Semirings as follows. An
element a ∈ X is dependent element of a derivation d : X → X if d(x)a+[a, x]á =
0 for all x ∈ X. The set of all dependent elements of derivation d is denoted by
D(d). If the only dependent element of a mapping d is zero then d acts freely on
X. We also generalize some important results of [1] for semiprime MA-Semirings.

2. Main results

Theorem 2.1. Let d be commuting derivation on a semiprime MA-semiring X.
An element a ∈ D(d) if and only if [a, x] = 0 and d(x)a = 0 ∀x ∈ X.

Proof. Consider a ∈ D(d). Then

(1) d(x)a+ [a, x]á = 0.

Replacing x by xy and using the fact that d is a derivation, we get d(x)ya +
[a, x]yá+ x(d(y)a + [a, y]á) = 0. By (1), we obtain

(2) d(x)ya+ [a, x]yá = 0.

Multiply (2) by z on the right

(3) d(x)yaz + [a, x]yáz = 0.

Put y = yz in (2), we have d(x)yza + [a, x]yzá = 0. Adding a pseudo inverse of
the last equation and equation (3), we have

(4) d(x)y[a, z] + [a, x]y[z, a] = 0.

Multiplying (4) by x on left, we get

(5) xd(x)y[a, z] + x[a, x]y[z, a] = 0
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Replacing y by xy in (4), we have d(x)xy[a, z]+[a, x]xy[z, a] = 0. Adding the last
equation and equation (5). Then, we have [x, d(x)]y[a, z] + [x, [a, x]]y[z, a] = 0.
Since d is commuting so [x, d(x)] = 0 thus the last equation becomes [x, [a, x]]
y[z, a] = 0. This gives

(6) [[a, x], x]y[a, z] = 0.

Multiply (6) with z on the right

(7) [[a, x], x]y[a, z]z = 0.

Replace y by yz in (6), we have [[a, x], x]yz[a, z] = 0. Adding a pseudo in-
verse of the last equation in (7) and then by definition of commutator, we have
[[a, x], x]y[[a, z], z] = 0. Replacing z with x, we get [[a, x], x]y[[a, x], x] = 0. Using
semiprimeness of X, from the last equation we get [[a, x], x] = 0 ∀x ∈ X. As d is
an inner derivation defined as d(x) = [a, x]. So last equation becomes

(8) [d(x), x] = 0.

So the inner derivation is commuting. Linearizing (8), we have

(9) [d(x), y] + [d(y), x] = 0.

Replacing x by xy in (9), we get d(x)[y, y] + [d(x), y]y + x[d(y), y] + [x, y]d(y) +
x[d(y), y]+[d(y), x]y = 0. By (8), d(x)[y, y]+[d(x), y]y+[x, y]d(y)+[d(y), x]y = 0
or d(x)(y + ý + y)y + ýd(x)y + [x, y]d(y) + [d(y), x]y = 0 or d(x)yy + ýd(x)y +
[x, y]d(y) + [d(y), x]y = 0 or ([d(x), y] + [d(y), x])y + [x, y]d(y) = 0. From (9), we
have [x, y]d(y) = 0. Replacing x by xz in the last relation and using it again, we
obtain [x, y]zd(y) = 0 ∀x, y, z ∈ X. So we have, [x, y]Xd(y) = 0. For a ∈ D(d),
[a, y]Xd(y) = 0. As d(y) = [a, y], so [a, y]X[a, y] = 0, using semiprimeness of X
in above equation, we have [a, y] = 0 for all y ∈ X. Further from (1), we get
d(x)a = 0.

Conversely, consider [a, x] = 0 and d(x)a = 0. Post multiply [a, x] = 0 with
á and adding d(x)a = 0, we get d(x)a+ [a, x]á = 0. So a ∈ D(d). Hence proved.

Theorem 2.2. Let d be a commuting derivation of semiprime MA-Semiring X.
If a ∈ D(d) then d(a) = 0.

Proof. Since a ∈ D(d), therefore

(10) d(x)a = 0 ∀x ∈ X.

By replacing x by d(x) in (10)

(11) d2(x)a = 0 ∀x ∈ X.
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From (10), we get 0 = d(0) = d(d(x)a) = d2(x)a+ d(x)d(a). Using (11)

(12) d(x)d(a) = 0.

Replacing x by ax in (12) d(a)xd(a) + ad(x)d(a) = 0. Using (12), we have
d(a)xd(a) = 0 forall x ∈ X. Using semiprimeness of X, from the last equation
we get d(a) = 0. This proves the result.

Theorem 2.3. Let X be a commutative semiprime MA-Semiring. Then D(d)
is a commutative semiprime subsemiring of X.

Proof. Take a, b ∈ D(d). Then by Theorem 2.1 [a+b, x] = [a, x]+[b, x] = 0+0 = 0
and d(x)(a + b) = d(x)a + d(x)b = 0 + 0 = 0 ∀x ∈ X. So, a + b ∈ D(d). Also
[ab, x] = [a, x]b + a[b, x] = (0)b + a(0) = 0 and d(x)ab = (d(x)a)b = (0)b = 0
implies ab ∈ D(d). Since a, b ∈ D(d) then by Theorem 2.1 [a, x] = [b, x] =
0, which means that a, b are in center. Thus D(d) is commutative. Also if
a ∈ D(d), then d(x)a + [a, x]á = 0. Taking a pseudo inverse of above equation
d(x)á + [a, x]´́a = 0 that is á ∈ D(d). So D(d) is a commutative subsemiring
of X. To show semiprimeness of D(d), consider aD(d)a = 0, a ∈ D(d). Then
axa = 0 for all x ∈ D(d). In particular a3 = 0, which implies a = 0 (because X

has no central nilpotent). Thus D(d) is a commutative semiprime subsemiring of
semiring X.

Theorem 2.4. If d is a commuting derivation of semiprime commutative MA-
Semiring X. Then D(d) is an ideal of X.

Proof. Consider a, b ∈ D(d) and by Theorem 2.3 a + b and á, b́ are also in
D(d). Let a ∈ D(d) and using Theorem 2.2 d(x)a = 0 and [a, x] = 0 for all
x ∈ X. For d(x)a = 0, post multiply with r ∈ X, we get d(x)ar = 0. Since
ar = ra as X is commutative. So d(x)ar = d(x)ra = 0 for all x ∈ X. Also
[ra, x] = [r, x]a + r[a, x] = [r, x]a = rxa+ x́ra. Since X is commutative [ra, x] =
rax+ rx́a = r[a, x] = 0. Hence ar = ra ∈ D(d). Thus D(d) is an ideal of X.

Observation 2.5. (i) If X is a semiprime MA-Semiring then any ideal I of X
is a semiprime subsemiring of X.

If X is a semiprime MA-Semiring then an obvious calculation show that any
ideal I of X is a subsemiring of X. To show semiprimeness of I, let t ∈ I.
Consider txt = 0 for all x ∈ I. Replacement of x by xr, r ∈ X implies txrt = 0.
Post multiplying by x, we have txrtx = 0. By semiprimeness of X, we have
tx = 0, for all x ∈ I. Replace x by rx, r ∈ X, we get trx = 0. Replace x by t,
we have trt = 0. By semiprimenes of X, we arrived at desired result. That is I

is a semiprime subsemiring of X.
(ii) If d is a commuting derivation on X then ad(x) = 0 for all x ∈ X.

To show this, consider a ∈ D(d) and by Theorem 2.1, we have d(x)a = 0 for
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all x ∈ X. Replacing x with xy, we have d(xy)a = 0. As d is a derivation so
d(x)ya+ xd(y)a = 0 thus d(x)ya = 0. Pre multiplying by a and post multiplying
by d(x) in the last equation, we get ad(x)yad(x) = 0. Using semiprimeness of X,
we have ad(x) = 0. Hence proved.

Theorem 2.6. Let X be a semiprime MA-Semiring. Then C = {a ∈ X :
d(x)a = 0 ∀x ∈ X} is an ideal of X.

Proof. To show C is an ideal, let a, b ∈ C then d(x)a = 0 and d(x)b = 0, for
all x ∈ X. Thus d(x)(a + b) = d(x)a + d(x)b = 0, which implies a + b ∈ C.
Now for a ∈ C, d(x)a = 0. Post multiply with r ∈ X, we get d(x)ar = 0 which
implies ar ∈ C. Again for d(x)a = 0, replacing x by xr, we have d(xr)a = 0 or
d(x)ra+ xd(r)a = 0 or d(x)ra = 0. This implies ra ∈ C. Hence C is an ideal.

Lemma 2.7. Let J be an ideal of an MA-Semiring X then L = Ann(J) is also
an ideal and J ∩ L = {0}.

Theorem 2.8. Let d be a commutative derivation on a semiprime MA-Semiring
X. Then there exist ideals U and V of X which satisfies following.

(a) U ∩ V = {0},

(b) d = 0 on U and d(V ) ⊆ V ,

(c) D(d|V ) = 0, where d|V is a restriction of d on V . In other words, the
restriction of d on V is a free action.

Proof. (a) ConsiderD(d), the set of all dependent elements of commuting deriva-
tion d. Let U be the ideal of X generated by D(d). Let V = Ann(U). Then by
Lemma 2.7, V is an ideal and U ∩ V = {0}.

(b) Let a ∈ D(d) then by Theorem 2.2 and Theorem 2.1, d(a) = 0 and
d(x)a = 0 for all x ∈ X. By Observation 2.5(ii) ad(x) = 0. Thus d(ax) = d(a)x+
ad(x) = 0, d(xa) = d(x)a+xd(a) = 0 and d(xay) = d(x)ay+xd(a)y+xad(y) = 0,
for all a ∈ D(d) and x, y ∈ X. Hence d = 0 on U =< D(d) >.

Also, let v ∈ V which is Ann(U). Thus va = 0 for all a ∈ U =< D(d) >.
So, d(va) = d(0) = 0 or d(v)a + vd(a) = 0. d(v)a = 0 because d = 0 on U . So,
d(v) ∈ Ann(U) = V . Hence d(V ) ⊆ V .

(c) Since V is an ideal of X then from (b), d(V ) ⊆ V . So d1 = d|V (is a
restriction of d on V ) is a derivation on V . Let c ∈ V be a dependent element
of d1, so by Theorem 2.1, [c, v] = 0. Replacing v by vr in [c, v] = 0, we have
[c, vr] = 0 or [c, v]r+v[c, r] = 0, which implies v[c, r] = 0. Replace v by vx, x ∈ X,
we get vx[c, r] = 0. Put v = [c, r], and then using semiprimeness of X, we have
[c, r] = 0 for r ∈ X. Also from Theorem 2.1 d1(v)c = 0 for all v ∈ V . Replacing v

by xv in the last equation, we have d1(xv)c = 0. Here d1 is a restriction of d over
V and xv ∈ V . So, we have d(xv)c = 0 or d(x)vc + xd(v)c = 0, which implies
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d(x)vc = 0. Since V is an ideal of X, so cvd(x) ∈ V for all x ∈ X. Replacing
v by cvd(x) in d(x)vc = 0, we get d(x)cvd(x)c = 0. By Observation 2.5(i) V is
semiprime and by using semiprimeness of V , we get d(x)c = 0. Since [c, x] and
d(x)c = 0, for all x ∈ X, therefore by Theorem (2.1) c ∈ D(d) ⊆ U . So, c ∈ U

and c ∈ V = Ann(U). Thus by (a) c = 0. Hence D(d|V ) = 0. That is, d acts
freely on V .

By Theorem 2.4 and Theorem 2.8, we have the following corollary.

Corollary 2.9. Let d be a commutative derivation on a semiprime MA-Semiring
X. Then there exist ideals U = D(d) and V = Ann(D(d)) of X such that

(a) U ∩ V = 0,

(b) d = 0 on U , d(V ) ⊆ V ,

(c) D(d|V ) = 0, where d|V is a restriction of d on V . That is, d acts freely on
V .
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