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Abstract

In quasigroup and loop theory, a pseudo-automorphism (with single com-
panion) is known to generalize automorphism. In this work, the set of
crypto-automorphisms (with twin companion) of a quasigroup with right
and left identity elements were shown to form a group. For a quasigroup
with right and left identity elements, some results on autotopic characteri-
zations of crypto-automorphisms were established and used to deduce some
subgroups of the crypto-automorphism group of a middle Bol loop. The
crypto-automorphism group and Bryant-Schneider group (this has been used
in the study of the isotopy-isomorphy of some varieties of loops e.g. Bol
loops, Moufang loops, Osborn loops) of a loop were found to coincide.
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1. Introduction

1.1. Quasigroups and loops

Let ‘Q’ be a non -empty set. Defining a binary operation ” · ” on Q. If x · y ∈ Q
for all x, y ∈ Q, then the pair (Q, ·) is called a groupoid or Magma. If the
system of equations: a · x = b and y · a = b have a unique solutions in Q ∀x, y
respectively, then (Q, ·) is called a quasigroup. Let (Q, ·) be a quasigroup and
such that there exists a unique element e ∈ Q called the identity element such
that for all x ∈ Q, x · e = e · x = x, then (Q, ·) is called a loop. We write xy
instead of x · y and stipulate that · has lower priority than juxtaposition among
factors to be multiplied. Let (Q, ·) be a groupoid and ”a” be a fixed element in Q,
then the left La and right Ra translations are respectively defined by xLa = a · x
and xRa = x · a. Also, the mapping Px : Q → Q defined by y\x = yPx and
x/y = yP−1

x are called middle translations.

The symmetric group of SYM(Q) of Q is defined as

SYM(Q) = {U : Q → Q | U is a permutation or bijection}. For a loop
(Q, ·), the group generated by its left and right translations is called the multi-
plication group Mult(Q, ·) ≤ SYM(Q).

For any non-empty set Q, the set of all permutations on Q forms a group
SYM(Q) called the symmetric group of Q. Let (Q, ·) be a loop and let A,B,C ∈
SYM(Q). If

xA · yB = (x · y)C ∀ x, y ∈ Q

then the triple (A,B,C) is called an autotopism and such triples form a group
AUT (Q, ·) called the autotopism group of (Q, ·). If A = B = C, then A is called
an automorphism of (Q, ·) which form a group AUM(Q, ·) called the automor-
phism group of (Q, ·).

Definition 1.1. Let (Q, ·) be a loop.

1. A mapping θ ∈ SYM(Q, ·) is a right special map for Q if there exist f ∈ Q
so that (θ, θL−1

f , θ) ∈ AUT (Q, ·).

2. A mapping θ ∈ SYM(Q, ·) is a left special map for Q if there exist g ∈ Q so
that (θR−1

g , θ, θ) ∈ AUT (Q, ·).

3. A mapping θ ∈ SYM(Q) such that (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ·) for some
f, g ∈ Q, then BS(Q, ·) is called the Bryant-Schneider group of the loop
(Q, ·).
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From this Definition 1.1, it is clearly seen that

(

θR−1
g , θL−1

f , θ
)

= (θ, θ, θ)
(

R−1
g , L−1

f , I
)

,

which implies that θ is an isomorphism of (Q, ·) onto some f, g-isotope of it.

Theorem 1.1 [21]. Let the set BS(Q, ·) = {θ ∈ SYM(Q, ·) : ∃f, g ∈ Q ∋
(θR−1

g , θL−1
f , θ) ∈ AUT (Q, ·)}, then BS(Q, ·) ≤ SYM(Q, ·)

Theorem 1.2 (Pflugfelder [38]). Let (G, ·) and (H, ◦) be two isotopic loops. For
some f, g ∈ G, there exists an f, g-principal isotope (G, ∗) of (G, ·) such that
(H, ◦) ∼= (G, ∗).

Jaiyéo. lá [22] and Jaiyéo. lá et al. [26, 27] used the Bryant-Schneider group to
study Smarandache loop, Osborn loop and its universality. For more on quasi-
groups and loops, see Jaiyéo. lá [23], Solarin et al., [40], Shcherbacov [39] and
Pflugfelder [38].

1.2. Middle Bol loop

Middle Bol loop (MBL) was first studied in the work of Belousov [6], where he
gave the second identity in Definition 1.2(2) characterizing loops that satisfy the
universal anti-automorphic inverse property. After this beautiful characterization
by Belousov and the laying of foundations for a classical study of this structure,
Gvaramiya in [17] proved that a loop (Q, ◦) is middle Bol if there exist a right
Bol loop (Q, ·) such that x ◦ y = (y · xy−1)y for all x, y,∈ Q. If (Q, ◦) is a middle
Bol loop and (Q, ·) is the corresponding right Bol loop, then

(1) x ◦ y = y−1\x and x · y = y//x−1

where for every x, y ∈ Q ’//’ is the left division in (Q, ◦).
Also, if (Q, ◦) is a middle Bol loop and (Q, ·) is the corresponding left Bol

loop, then

(2) x ◦ y = x/y−1 and x · y = x//y−1

where ’//’ is the left division in (Q, ◦).
Grecu [13] showed that right multiplication group of a middle Bol loop co-

incides with the left multiplication group of the corresponding right Bol loop.
After then, middle Bol loops resurfaced in literature in 1994 and 1996 when
Syrbu [41, 42] considered them in-relation to the universality of the elasticity
law. In 2003, Kuznetsov [30], while studying gyrogroups (a special class of Bol
loops) established some algebraic properties of middle Bol loop and designed a
method of constructing a middle Bol loop from a gyrogroup.
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In 2010, Syrbu [43] studied the connections between structure and properties
of middle Bol loops and of the corresponding left Bol loops. It was noted that two
middle Bol loops are isomorphic if and only if the corresponding left (right) Bol
loops are isomorphic, and a general form of the autotopisms of middle Bol loops
was deduced. Relations between different sets of elements, such as nucleus, left
(right,middle) nuclei, the set of Moufang elements, the center, e.t.c. of a middle
Bol loop and left Bol loops were established. In 2012, Grecu and Syrbu [14] proved
that two middle Bol loops are isotopic if and only if the corresponding right (left)
Bol loops are isotopic. In 2012, Drapal and Shcherbacov [11] rediscovered the
middle Bol identities in a new way. In 2013, Syrbu and Grecu [44] established
a necessary and sufficient condition for the quotient loop of a middle Bol loop
and of its corresponding right Bol loop to be isomorphic. In 2014, Grecu and
Syrbu [15] established that the commutant (centrum) of a middle Bol loop is an
AIP-subloop and gave a necessary and sufficient condition when the commutant
is an invariant under the existing isostrophy between middle Bol loop and the
corresponding right Bol loop. Osoba and Oyebo [32] further investigated the
multiplication group of middle Bol loop in relation to left Bol loop while Jaiyéo. lá
[24, 25] studied second Smarandache Bol loops. Smarandache nuclei and cores
of second Smarandache Bol loops are repectively studied by Osoba and Osoba
et al. [36] and [37] while more results on the algebraic properties of middle Bol
loops was presented by Oyebo and Osoba [35].

Grecu [13] showed that right multiplication group of a middle Bol loop coin-
cides with the left multiplication group of the corresponding right Bol loop.

In (Adeniran et al. [2], 2015) carried out a study of some isotopic charac-
terisation of generalised Bol loops. In (Jaiyéo. lá et al. [18], 2017) studied the
holomorphic structure of middle Bol loops and showed that the holomorph of a
commutative loop is commutative middle Bol loop if and only if the loop is a
middle Bol loop and its automorphism group is abelian. Adeniran et al. [3, 4],
Jaiyéo. lá and Popoola [28] studied generalised Bol loops.

In (Jaiyéo. lá et al. [20], 2018), in furtherance to their exploit obtained new
algebraic identities of middle Bol loop, where necessary and sufficient conditions
for a bi-variate mapping of a middle Bol loop to have RIP, LIP, RAP, LAP and
flexible property were presented. Additional algebraic properties of middle Bol
were announced in (Jaiyéo. lá et al. [19], 2021)

Furtherance to earlier studies, authors in [34] unveiled some algebraic char-
acterizations of right and middle Bol loops relatively from their cores.

1.3. Preliminaries

We now state some definitions and some needed results.

Definition 1.2. A loop (Q, ·) is called a
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1. right Bol loop if (xy · z)y = x(yz · y) for all x, y ∈ Q,

2. middle Bol loop if (x/y)(z\x) = (x/(zy))x or (x/y)(z\x) = x((zy)\x) for all
x, y ∈ Q.

Definition 1.3. A groupoid (quasigroup) (Q, ·) is said to have

1. left inverse property (LIP ) if there exists a mapping Iλ : x 7→ xλ such that
xλ · xy = y for all x, y ∈ Q,

2. right inverse property (RIP ) if there exists a mapping Iρ : x 7→ xρ such that
yx · xρ = y for all x, y ∈ Q.

Definition 1.4. A loop (Q, ·) is said to be

1. an automorphic inverse property loop (AIPL) if (xy)−1 = x−1y−1 for all
x, y ∈ Q,

2. an anti- automorphic inverse property loop (AAIPL) if (xy)−1 = y−1x−1 for
all x, y ∈ Q.

Definition 1.5. Let (Q, ·) be a loop.

1. φ ∈ SYM(Q) is called a left pseudo-automorphism with companion a ∈ Q if
(φLa, φ, φLa) ∈ AUT (Q, ·). The set of left pseudo-automorphisms PSλ(Q, ·)
forms a group called the left pseudo-automorphism group of (Q, ·). See [38].

2. φ ∈ SYM(Q) is called a right pseudo-automorphism with companion a ∈
Q if (φ, φRa, φRa) ∈ AUT (Q, ·). The set of right pseudo-automorphisms
PSρ(Q, ·) forms a group called the left pseudo-automorphism group of (Q, ·).
See [38].

3. φ ∈ SYM(Q) is called a middle pseudo-automorphism with companion a ∈ Q
if (φR−1

a , φL−1
aλ

, φ) ∈ AUT (Q, ·). The set of middle pseudo-automorphisms
PSµ(Q, ·) forms a group called the middle pseudo-automorphism group of
(Q, ·). See [44].

Lemma 1.3 [38].

1. Let θ be a right (left) pseudo automorphism of a loop, then eθ = e.

2. Let θ be a right (left) pseudo automorphism of a LIP (RIP) loop, then Iθ =
θI.

Lemma 1.4 [38]. Let A = (U, V,W ) ∈ AUT (Q, ·) of a loop (Q, ·).

1. If (Q, ·) is a left inverse property loop (LIPL), then Aλ = (JUJ,W, V ) ∈
AUT (Q, ·).

2. If (Q, ·) is a right inverse property loop (RIPL), then Aρ = (W,JV J,U) ∈
AUT (Q, ·).
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Definition 1.6 (Capodaglio [9, 10]). In a loop (G, ·), a permutation U is called
a crypto-automorphism if there exists a, b ∈ L called the companions of U such
that for every x, y ∈ L,

(x · a)U · (b · y)U = (x · y)U.

Hence, U is called a crypto-automorphism with companion (a, b).

It will later be seen that the set CAUM(G, ·) of crypto-automorphisms of a
loop (G, ·) forms a group.

Here are some existing results on some isostrophy invariants of Bol loops
which involve autotopism, automorphism, pseudo-automorphism groups.

Theorem 1.5 (Grecu and Syrbu [14]). Let (Q, ◦) be a middle Bol loop and let
(Q, ·) and (Q, ∗) be the corresponding right and left Bol loops respectively.

1. AUM(Q, ◦) = AUM(Q, ·) = AUM(Q, ∗).

2. AUT (Q, ◦) ∼= AUT (Q, ·) ∼= AUT (Q, ∗).

3. PSλ(Q, ◦) ∼= PSρ(Q, ·) ∼= PSλ(Q, ∗).

Theorem 1.6 (Syrbu and Grecu [44]). Let (Q, ◦) be a middle Bol loop and let
(Q, ·) and (Q, ∗) be the corresponding right and left Bol loops respectively.

1. PSρ(Q, ◦) = PSµ(Q, ·).

2. PSµ(Q, ◦) = PSλ(Q, ·).

3. PSρ(Q, ◦) = PSρ(Q, ·).

4. α ∈ PSλ(Q, ◦) ⇔ IαI ∈ PSρ(Q, ◦).

In Jaiyéo. lá et al., [29], the Bryant-Schneider group of a middle Bol was
linked with some of the isostrophy-group invariance results in Theorem 1.5 and
Theorem 1.6.

The objective of this paper is to investigate crypto-automorphisms of a quasi-
group with right and left identity elements. For a quasigroup with right and left
identity elements, some investigations on autotopic characterization of crypto-
automorphisms were carried out and these were used to deduce some subgroups
of the crypto-automorphism group of a middle Bol loop.

2. Main results

Lemma 2.1. Let (G, ·) be a quasigroup. A mapping U ∈ SYM(G) is a crypto-
automorphism of (G, ·) with companion (a, b) iff (RaU,LbU,U) ∈ AUT (G, ·).

Proof. Use Definition 1.6.
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Lemma 2.2. Let (Q, ·) be a quasigroup with a right and left identity elements eρ

and eλ respectively. Then every automorphism C of (Q, ·) is a crypto-automorphism
with companion (eρ, eλ).

Proof. C ∈ AUM(Q, ·) ⇔ (x · eρ)C · (eλ · y)C = (xy)C ⇔ C is a crypto-auto-
morphism of (Q, ·).

Lemma 2.3. Let C with companions (a, b) and D with companions (p, q) be
crypto-automorphisms of a quasigroup (Q, ·) with right and left identity
elements eρ and eλ. Then CD−1 is a crypto-automorphism with companion
(c, d) = (eρDC−1F−1, eλDC−1E−1), where E = RaCD−1R−1

p DC−1 and F =
LbCD−1L−1

q DC−1.

Proof. C and D being crypto-automorphisms of (Q, ·) with respective compan-
ions (a, b) and (p, q) imply that P = (RaC,LbC,C) and Q = (RpD,LqD,D) are
in the autotopism group of (Q, ·). Also the product

PQ−1 =
(

RaCD−1R−1
p , LbCD−1L−1

q , CD−1
)

∈ AUT (Q, ·).

But

PQ−1 =
(

RaCD−1R−1
p , LbCD−1L−1

q , CD−1
)

=
(

ECD−1, FCD−1, CD−1
)

where E = RaCD−1R−1
p DC−1 and F = LbCD−1L−1

q DC−1. In fact, QP−1 =
(DC−1E−1,DC−1F−1,DC−1) ∈ AUT (Q, ·). Now for any x, y ∈ Q,

(3) xDC−1E−1 · yDC−1F−1 = (xy)DC−1.

Set x = xCD−1 and y = eρ, y = yCD−1 and y = eλ in (3) to respectively get

E = R[

eρDC−1F−1

] and F = L[
eλDC−1E−1

].

Therefore CD−1 is a crypto-automorphism with companion

(c, d) =
(

eρDC−1F−1, eλDC−1E−1
)

.

Theorem 2.4. The set of crypto-automorphisms CAUM(Q, ·) of a quasigroup
(Q, ·) with right and left identity elements forms a group.

Proof. By Lemma 2.3.

Corollary 2.5. Let (Q, ·) be a loop. Then, AUM(Q, ·) ≤ CAUM(Q, ·).

Proof. This follows from Lemma 2.2 and Theorem 2.4.
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Theorem 2.6. Let (Q, ·) be a quasigroup with right and left identity elements eρ

and eλ. If (A,B,C) ∈ AUT (Q, ·).

1. Then, C−1 is a crypto-automorphism with companion (a, b) = (eρB, eλA).

2. Then, C is a crypto-automorphism with companion
(

eλAC−1, eρBC−1
)

.

3. Such that eρB = eρ and eλA = eλ, then C ∈ AUM(Q, ·).

Proof. 1. Suppose (A,B,C) ∈ AUT (Q, ·) , then xA · yB = (x · y)C. Setting
x = eλ and y = eρ, we respectively get B = CL−1

b and A = CR−1
a where

b = eλA and a = eρB. So, C−1 is a crypto-automorphism with companion
(a, b) = (eρB, eλA).

2. By 1 and Lemma 2.3, C is a crypto-automorphism with companion
(

eλAC−1, eρBC−1
)

.
3. By 1.

Theorem 2.7. Let (Q, ·) be a quasigroup with right and left identity elements eρ

and eλ such that C is a crypto-automorphism with companion (a, b).

1. Then the following statements are equivalent.

(i) eλC = eλ.

(ii) T = (RaC,LaλC,C) ∈ AUT (Q, ·).

(iii) Y = (R(b\eλ)C,LbC,C) ∈ AUT (Q, ·).

2. Then the following statements are equivalent.

(i) eρC = eρ.

(ii) T = (RbρC,LbC,C) ∈ AUT (Q, ·).

(iii) Y = (RaC,L(eρ/a)C,C) ∈ AUT (Q, ·).

Proof. 1. Given that C is a crypto-automorphism, it implies that α = (RaC,
LbC,C) ∈ AUT (Q, ·), so for any x, y ∈ Q, xRaC · yLbC = (xy)C.

(i)⇒(ii) Let eλC = eλ. Set y = eρ to get xRaCRbC = xC ⇒ CRbC = R−1
a C.

Thus for any z ∈ Q, zCRbC = zR−1
a C ⇒ zC · bC = (z/a)C. If we set z = eλ,

then bC = (eλ/a)C ⇔ b = eλ/a, which gives the required autotopism T obtained
on substitution into α.

(ii)⇒(iii) Since b = eλ/a in (ii), then a = b\eλ. If this is put in autotopism
α, the required autotopism Y is obtained.

(iii)⇒(i) Since Y = (R(b\eλ)C,LbC,C) ∈ AUT (Q, ·), for any y, z ∈ Q, we

have yR(b\eλ)C ·zLbC = (yz)C. Set y = b, then eλC ·(bz)C = (bz)C ⇔ eλC = eλ.

2. This is similar to 1.

Corollary 2.8. Let (Q, ·) be a loop with identity e such that C is a crypto-
automorphism with companion (a, b). Then the following statements are equiva-
lent.
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(i) eC = e.

(ii) C is a crypto-automorphism with companion (a, aλ).

(iii) C is a crypto-automorphism with companion (bρ, b).

Proof. This follows by Theorem 2.7.

Corollary 2.9. Let (Q, ·) be a quasigroup with right and left identity elements
eρ and eλ such that (A,B,C) ∈ AUT (Q, ·).

1. Then the following statements are equivalent.

(i) eλC = eλ.

(ii) T =

(

R(

eλAC−1

)C,L(
eλAC−1

)λC,C

)

∈ AUT (Q, ·).

(iii) Y =

(

R(

(

eρBC−1

)

\eλ
)C,L(

eρBC−1

)C,C

)

∈ AUT (Q, ·).

2. Then the following statements are equivalent.

(i) eρC = eρ.

(ii) T =

(

R(

eρBC−1

)ρC,L(
eρBC−1

)C,C

)

∈ AUT (Q, ·).

(iii) Y =

(

R(

eλAC−1

)C,L(
eρ/

(

eλAC−1

)

)C,C

)

∈ AUT (Q, ·).

Proof. We apply Theorem 2.6 and Theorem 2.7.

Corollary 2.10. Let (Q, ·) be a loop such that (A,B,C) ∈ AUT (Q, ·). Then the
following statements are equivalent.

(i) eC = e.

(ii) C is a crypto-automorphism with companion
(

(

eλAC−1
)

,
(

eλAC−1
)λ
)

.

(iii) C is a crypto-automorphism with companion
(

(

eρBC−1
)ρ
,
(

eρBC−1
)

)

.

Proof. This follows by Corollary 2.8 and Theorem 2.6.

Remark 2.1. Greer and Kinyon [16] defined a middle pseudo-automorphism of
a loop (Q, ·) to be a mapping U ∈ SYM(Q) such that (xy)U = [(xU)/cρ][c\(yU)]
for some c ∈ Q. This definition is equivalent to that in Definition 1.5. Recall
that PSµ(Q, ·) ≤ SYM(Q). Hence, by Lemma 2.3 and Theorem 2.4, PSµ(Q, ·) ≤
CAUM(Q, ·). It will later on be seen in Theorem 2.17 that a particular subgroup
of CAUM(Q, ◦) is equal to PSµ(Q, ◦) whenever (Q, ◦) is a middle Bol loop.
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In Greer and Kinyon [16], it was shown that for a loop (Q, ·) with identity
element e, if AUTµ(Q, ·) = {(A,B,C) ∈ AUT (Q, ·) | eC = e}, then

AUTµ(Q, ·) = AUT (Q, ·) ∩ {(UR−1
cρ , UL−1

c , U) | U ∈ SYM(Q), c ∈ Q}

= AUT (Q, ·) ∩ {(RcρU,LcU,U) | U ∈ SYM(Q), c ∈ Q}. (Remark 2.1)

The motivation for introducing the subgroup AUTµ(Q, ·) of AUT (Q, ·) by Greer
and Kinyon [16] for a loop (Q, ·) can be traced from the result in Corollary 2.10.

Let (Q, ·) be a quasigroup with right and left identity elements eρ and eλ.
If C ∈ SYM(Q) such that (RaC,LaλC,C) ∈ AUT (Q, ·) for some a ∈ Q, then
C will be called a left crypto-automorphism and their set will be represented by
LCAUM(Q, ·). If C ∈ SYM(Q) such that (RaρC,LaC,C) ∈ AUT (Q, ·) for some
a ∈ Q, then C will be called a right crypto-automorphism and their set will be
represented by RCAUM(Q, ·)

Theorem 2.11. Let (Q, ·) be a quasigroup with right and left identity elements
eρ and eλ. Then,

1. LCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eλC = eλ} ≤ CAUM(Q, ·).

2. PSµ(Q, ·) = RCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eρC = eρ}≤CAUM(Q, ·).

Proof. This follows by Theorem 2.4 and Theorem 2.7.

Corollary 2.12. Let (Q, ·) be a loop with identity e such that C is a crypto-
automorphism with companion (a, b). Then, LCAUM(Q, ·) = PSµ(Q, ·) =
RCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eC = e} ≤ CAUM(Q, ·).

Proof. This follows by Theorem 2.7.

Remark 2.2. From Theorem 2.11 and Corollary 2.12, it can be concluded that
left crypto-automorphism and right crypto-automorphism (or middle pseudo-
automorphism) coincide for a loop but do not necessarily coincide in a quasigroup
with right and left identity elements.

Theorem 2.13. Let (Q, ·) be a loop with identity element e and C ∈ CAUM(Q, ·)
with companion (a, b).

1. If (Q, ·) is an LIPL, then the following are equivalent.

(a) eC = e.

(b) C ∈ LCAUM(Q, ·) with companion (a, a−1).

(c) C ∈ PSλ(Q, ·) with companion (aC)−1.

2. If (Q, ·) is an RIPL, then the following are equivalent.

(a) eC = e.
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(b) C ∈ RCAUM(Q, ·) with companion (b−1, b).

(c) C ∈ PSρ(Q, ·) with companion (bC)−1.

Proof. 1. Let (Q, ·) be a LIPL.

(i)⇒(ii) If eC = e, then following Theorem 2.7, (RaC,La−1C,C) ∈ AUT (Q, ·).
Thus, C ∈ LCAUM(Q, ·) with companion (a, a−1).

(ii)⇒(iii) If C ∈ LCAUM(Q, ·) with companion (a, a−1), then JL−1
a C =

RaCJ . So, A = (RaC,La−1C,C) ∈ AUT (Q, ·) and by Lemma 1.4, Aλ = (JRaCJ,
C,La−1C) = (L−1

a C,C,L−1
a C), which implies that C ∈ PSλ(Q, ·) with compan-

ion a.

(iii)⇒(i) Let C ∈ PSλ(Q, ·) with companion (aC)−1, then C−1 ∈ PSλ(Q, ·)
with companion a. So, for any y, z ∈ Q, yC−1La · zC

−1 = (yz)C−1La, set z = e
to get eC = e.

2. This is similar to the proof of 1.

Remark 2.3. Theorem 2.13 suggests that for LIP or RIP loops, the concept of
crypto-automorphism reduces to (left or right) pseudo-automorphism and (left
or right) crypto-automorphism, whenever C fixes the identity of the loop.

Theorem 2.14. A loop (Q, ·) is a G-loop if and only if every pair of elements
(a, b) ∈ Q2 is a companion of some crypto-automorphism of (Q, ·) if and only if
every x ∈ Q is the companion of some left pseudo-automorphism and some right
pseudo-automorphism of (Q, ·).

Proof. Let (Q, ◦) be an arbitrary b, a-isotope of (Q, ·). Using Theorem 1.2,

C ∈ CUM(Q, ·) with companion (a, b) if and only if (Q, ·)
(RaC,LbC,C)
−−−−−−−−→
autotopism

(Q, ·) ⇔

(Q, ·)
(Ra,Lb,I)

−−−−−−−−−−−→
principal isotopism

(Q, ◦)
(C,C,C)

−−−−−−−→
isomorphism

(Q, ·).

Remark 2.4. The first part of Theorem 2.14 is another characterization of the
class of G-loops which has no equational characterization.

Theorem 2.15. Let (Q, ·) be a loop. Then, BS(Q, ·) = CAUM(Q, ·) .

Proof. Let θ ∈ BS(Q, ·) for some f, g ∈ Q, then (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ·).
For all x, y ∈ Q, we have

(4) xθR−1
g · yθL−1

f = (xy)θ

Let xθR−1
g = a ⇔ ag = xθ ⇔ x = (ag)θ−1. Also, set yθL−1

f = b ⇔ yθ = fb ⇔

y = (fb)θ−1. Put x and y into (4), we have
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(ag)R−1
g · (fb)L−1

f =
(

(ag)θ−1 · (fb)θ−1
)

θ

⇔ (a · b)θ−1 = (a · g)θ−1 · (f · b)θ−1 ⇔ (Rgθ
−1, Lfθ

−1, θ−1) ∈ AUT (Q, ·)

Thus, θ−1 ∈ CAUM(Q, ·). So, by Theorem 2.4, θ ∈ CAUM(Q, ·). Conversely,
we reverse the procedures to obtain θ ∈ BS(Q, ·)

Lemma 2.16. Let (α, β, γ) be an autotopism of a middle Bol loop (Q, ◦). Then
(IβI, IαI, IγI) is also an autotopism of (Q, ◦).

Proof. Let (Q, ◦) be a middle Bol loop and (α, β, γ) be the autotopism of (Q, ◦),
then for all x, y ∈ Q, we have

xα ◦ yβ = (x ◦ y)γ =⇒ [xα ◦ yβ]I = (x ◦ y)γI =⇒ [(yβ)I ◦ (xα)I] = (x ◦ y)γI.

Doing y 7→ yI and x 7→ xI in the last equation, we get

yIβI ◦ xIαI = [(xI ◦ yI)γ]I =⇒ yIβI ◦ xIαI = [(y ◦ x)Iγ]I.

Thus, (IβI, IαI, IγI) ∈ AUT (Q, ◦).

Theorem 2.17. Let (Q, ◦) be a middle Bol loop and (Q, ·) be the correspond-
ing right Bol loop. Then, LCAUM(Q, ◦) = RCAUM(Q, ◦) = PSλ(Q, ·) =
PSµ(Q, ◦).

Proof. We rest on Theorem 2.11. We shall show that U ∈ LCAUM(Q, ◦) if and
only if U ∈ PSλ(Q, ·). U is a crypto-automorphism if and only if (RaU,LbU,U) ∈
AUT (Q, ◦) ⇔ the identity (x ◦ a)U ◦ (b ◦ y)U = (x ◦ y)U holds for all x, y ∈ Q.
Then, we have

xL−1
a−1U ◦ yIPbU = (x ◦ y)U ⇔ (yIPbU)I\xL−1

a−1U = (yI\x)U

⇔ xL−1
a−1U = (yPbU)I · (y\x)U.

Set z = y\x ⇔ x = y · z, then (y · z)L−1
a−1U = zU · (yPbU)I. Put z = e,

then with the hypothesis e = eU , it follows that L−1
a−1U = PbUI. This implies

that (y · z)L−1
a−1U = zU · yL−1

a−1U ⇔ (L−1
a−1U,U,L

−1
a−1U) ∈ AUT (Q, ·). Thus,

U−1 ∈ PSλ(Q, ·) which implies that U ∈ PSλ(Q, ·).

Conversely, suppose that U ∈ PSλ(Q, ·) ⇒ U−1 ∈ PSλ(Q, ·) and then
(L−1

a−1U,U,L
−1
a−1U) ∈ AUT (Q, ·). For all x, y,∈ Q, we have

xL−1
a−1U · yU = (xy)L−1

a−1U ⇔ xRaU · yU = (xy)RaU

yU//(xRaU)I = (y//x−1)RaU.
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Set z = y//x−1 ⇔ y = z ◦ x−1, then (z ◦ x)U = zRaU ◦ (xIRaU)I. Set z = e to
get

xU = eRaU ◦ (xIRaU)I ⇔ xU = xIRaUILaU

⇔ xUL
−1
aU = xIRaIIUI

⇔ xUL
−1
aU = xLaλIUI ⇔ xUL

−1
aU = xLaλUII

⇔ xUL
−1
aU = xLaλU.

For all x, z ∈ Q, we have xRaU ◦ zLaλU = (x ◦ z)U ⇔ (RaU,LaλU,U) ∈
AUT (Q, ◦) ⇔ U ∈ CAUM(Q, ◦). Thus, LCAUM(Q, ◦) = RCAUM(Q, ◦) =
PSλ(Q, ·) = PSµ(Q, ◦) by Corollary 2.12 and Theorem 1.6.

Theorem 2.18. Let (Q, ·) be a middle Bol loop. Let

φ1(x) = IPxLx, φ2(x) = IP−1
x Rx, φ3(x) = PxLxI, φ4(x) = P−1

x RxI for any x∈Q.

1. φi(x) ∈ CAUM(Q, ·) for any x ∈ Q with companion (x−1, x−1) for i = 1, 2
and companion (x, x) for i = 3, 4.

2. 〈φi(x)|x ∈ Q〉 = 〈φj(x)|x ∈ Q〉 ≤ CAUM(Q, ·) for any i, j ∈ {1, 2, 3, 4}.

Proof. Going by the middle Bol loop identities in Definition 1.2, we have the
autotopisms MB1 = (IP−1

x , IPx, IPxLx) and MB2 = (IP−1
x , IPx, IP

−1
x Rx) for

any x ∈ Q. Applying Lemma 2.16 to MB1 and MB2, we get the autotopisms
MB3 = (PxI, P

−1
x I, PxLxI) and MB4 = (PxI, P

−1
x I, P−1

x RxI) for any x ∈ Q.
for all x, y ∈ Q.

By using the facts that MB1,MB2,MB3,MB4 are autotopisms of a middle
Bol loop in Theorem 2.6, we deduce that φi(x) ∈ CAUM(Q, ·) for any x ∈ Q
with companion (x−1, x−1) for i = 1, 2 and companion (x, x) for i = 3, 4. From
this and the fact in Theorem 2.4, 〈φi(x)|x ∈ Q〉 = 〈φj(x)|x ∈ Q〉 ≤ CAUM(Q, ·)
for any i, j ∈ {1, 2, 3, 4}.
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[18] T.G. Jaiyéo. lá, S.P. David and Y.T. Oyebo, New algebraic properties of middle Bol
loops, ROMAI J. 11 (2) (2015) 161–183.
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[28] T.G. Jaiyéo.lá and B.A. Popoola, Holomorph of generalized Bol loops II, Discuss.
Math. Gen. Alg. and Appl. 35 (1) (2015) 59–78.
https://doi.org/10.7151/dmgaa.1234.
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