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Abstract

In this paper, we present the concept of isoclinism of Lie algebras and
its relationship to the Schur multiplier of Lie algebras. Moreover, we prove
some properties of a pair of nilpotent Lie algebras.
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1. Introduction

The notion of isoclinism for groups was introduced by Hall [11] in 1940, it was
generalized by several authors. Moneyhun [13] gave a Lie algebra analogue of
isoclinism and proved that the concepts isoclinism and isomorphism between Lie
algebras with the same finite dimension are the same. Let L and K be Lie
algebras. Then an isoclinism between L and K is a pair of isomorphisms α :
L

Z(L) →
K

Z(K) and β : L2 → K2 such that the following diagram is commutative:

L
Z(L) ⊕

L
Z(L)

//

α

��

L2

β

��
K

Z(K) ⊕
K

Z(K)
// K2
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where horizontal maps are defined by (l1, l2) 7→ [l1, l2]. In other words, β([l1, l2])
= [k1, k2], whenever li ∈ L and ki ∈ α(li +Z(L)) for i = 1, 2. In such a situation,
we say that L is isoclinic to K and write L ∼ K. The class of all abelian Lie
algebras, whose classification is completely known, constitutes the isoclinism fam-
ily of the zero Lie algebra. In [13], it has been proven that each isoclinism families
of Lie algebras contains a special Lie algebra, called a stem algebra, such that its
center is contained in its derived subalgebra. This proves that the concepts of
isoclinism and isomorphism between dimension are identical. See [20] for more
information. Also, Salemkar et al. [21] generalized the concept of isoclinism to
the notion of n-isoclinism that is the isoclinism with respect to the variety of
nilpotent Lie algebras of class at most n. In 2012, Salemkar et al. [15], intro-
duced the concept of isoclinism on the central extensions of Lie algebras, which
is a generalization of the above mentioned work of Moneyhun and gived some
equivalent conditions under which two central extensions are isoclinic. Also, they
showed that under some conditions, the concepts of isoclinism and isomorphism
between the central extensions of finite dimensional Lie algebras are identical.
See [14] for more information. In this paper, section 2 is devoted to the study of
the connection between isoclinism and the subalgebras of the Schur multipliers.
In section 3, we prove some properties of a pair of nilpotent Lie algebras.

2. Connection between isoclinic extensions and the Schur

multiplier of Lie algebras

This section is devoted to present some properties of isoclinism of Lie algebras.
Recall that the Schur multiplier of a Lie algebra L is the abelian Lie algebra

M(L) =
R ∩ F 2

[R,F ]
,

where 0 → R → F → L → 0 is a free presentation of L. Note that the Schur
multiplier of L is independent of the choice of the free presentation of L. (See

[9, 13, 17] for more information.) An exact sequence e : 0 −→ M
⊆
−→ K −→

L −→ o of Lie algebras is a central extension of L if M ⊆ Z(K). Obviously,
eK : 0 −→ Z(K) −→ K −→ K/Z(K) −→ 0 is always a central extension. It is easily
checked that any Lie homomorphism γ : L1 → L2 induces a homomorphism

M(γ) : M(L1) → M(L2). Furthermore, for any central extension e : 0 −→ M
⊆
−→

K
π
−→ L −→ 0, it follows that there exists a homomorphism θ(e) : M(L) → K2

such that the following sequence is exact

0 → kerθ(e) −→ M
θ(e)
−−→ K2 π|

−→ L2 −→ 0.
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See [19, 20]. If the following diagram of Lie algebras and Lie homomorphisms is
commutative

e1 : 0 // M1
//

β|M1

��

K1
π1

//

β

��

L1
//

γ

��

0

e2 : 0 // M2
// K2

π2
// L2

// 0,

where the rows are central extensions and β |M1
is the restriction of β to M1,

then the triple (β |M1
, β, γ) : e1 → e2 is called a morphism from e1 to e2. In

particular, if β, γ are isomorphisms then e1 and e2 are said to be isomorphic and
denoted by e1 ∼= e2.

Definition 2.1. Let ei : 0 −→ Mi
⊆
−→ Ki

πi−→ Li −→ 0, i = 1, 2, be two central
extensions.

(i) The extensions e1 and e2 are said to be isoclinic if there exist Lie isomor-
phisms γ : L1 → L2 and β

′

: K2
1 → K2

2 such that for all k1, k2 ∈ K1 we
have β

′

([k1, k2]) = [k
′

1, k
′

2], where k
′

i ∈ K2 and γπ1(ki) = π2(k
′

i), i = 1, 2. In
this case the pair (γ, β

′

) is called an isoclinism from e1 to e2 and we write
(γ, β

′

) : e1 ∼ e2. In particular, K1 and K2 are isoclinic as [13] if their
corresponding relative central extensions eK1

and eK2
are isoclinic.

(ii) A morphism (β |M1
, β, γ) : e1 → e2 is called isoclinic if the pair (γ, β |K2

1
) is

an isoclinism from e1 to e2. Moreover, (β |M1
, β, γ) is said to be an isoclinic

epimorphism or monomorphism if β is onto or one-to-one, respectively.

Recall from [19] that a Lie algebra L is said to be capable if there exists a Lie
algebra H such that L ∼= H/Z(H). (See [6, 7, 16, 18] for more information). Also,
let (γ, β

′

) be an isoclinism between two extensions e1 and e2 and α : M1 → M2 an
isomorphism. Then the extensions e1 and e2 are said to be strongly isoclinic of the
first kind if α and β

′

coincide on M1∩K2
1 . Now, let α

′

: K1/Z(K1) → K2/Z(K2)
be an isomorphism. Then the extensions e1 and e2 are called strongly isoclinism
of the second kind if α

′

induces an isomorphism from K1

M1+K2
1

to K2

M2+K2
2

, which

coincides with the one induced by γ.

The following Lemma is useful for the proof of our results.

Lemma 2.2 ([15], Theorem 4.3). Let ei : 0 −→ Mi
⊆
−→ Ki

πi−→ Li −→ 0, i = 1, 2, be
two central extensions, and γ : L1 → L2 be an isomorphism. Then the following

statements are equivalent:

(i) e1 and e2 are isoclinic.

(ii) There is an isomorphism β
′

: K2
1 → K2

2 with β
′

θ(e1) = θ(e2)M(γ).

(iii) M(γ)(kerθ(e1)) = kerθ(e2).
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Theorem 2.3. With the notation of this section, let γ : L1 → L2 be an isomor-

phism. Then the following statements are equivalent:

(i) There exists a subalgebra N of M1 such that

e1 |N : 0 →
M1

N
→

K1

N
→ L1 → 0,

and the extension e2 are isoclinic.

(ii) M(γ)(kerθ(e1)) ⊆ kerθ(e2).

Moreover, if condition (ii) holds, then the following identity is also true for some

subalgebra N of M1:

Imθ(e1) ∩N = θ(e1)M
(
γ−1

)
(kerθ(e2)).

Proof. By Lemma 2.2, condition (i) is equivalent to

(I) kerθ
(e1
N

)

= M
(
γ−1

)
(kerθ(e2)).

If ϕ is projective from M1 onto M1

N
, then θ

(
e1
N

)
= θ(e1). So, the equality (I) is

equivalent to

M
(
γ−1

)
(kerθ(e2)) = {x | x ∈ M(L1), θ(e1)x ∈ N}.

This holds when,

Imθ(e1) ∩N = θ(e1)M
(
γ−1

)
(kerθ(e2))

and kerθ(e1) ⊆ M
(
γ−1

)
(kerθ(e2)). Which completes the proof.

The following result gives a criterion for a Lie algebra to be capable.

Corollary 2.4. Let e : 0 → M → K → L → 0 be a stem cover of a Lie algebra

L. Then the following conditions are equivalent:

(i) L is capable;

(ii) M = Z(K).

Proof. (ii)⇒(i) is clear.
(i)⇒(ii) We can see that, there exists an extension e1 : 0 → M1 → K1 → L →

0 of a Lie algebra L such that M1 = Z(K1). Using Theorem 2.3(i), there exists
a subalgebra N of M such that the extensions e/N and e1 are isoclinic. Thus by
Definition 2.1(ii), M/N is mapped onto Z(K1/N). Hence, M = Z(K).

In the following we give equivalent conditions for two extensions to be iso-
clinism of the first kind.
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Proposition 2.5. Let α : M1 → M2 and γ : L1 → L2 be two isomorphisms.

Then the following conditions are equivalent:

(i) α and γ induce the same strong isoclinism of the first kind from e1 to e2;

(ii) αθ(e1) = θ(e2)M(γ).

Proof. By [15, Lemma 4.2], γ induces a isoclinism from e1 to e2 if and only if
there exists an isomorphism β : K2

1 → K2
2 such that

βθ(e1) = θ(e2)M(γ).

If (α, β, γ) is a strong isoclinism, then by the definition, α and β coincide on
M1 ∩K2

1 and so the result holds.

By the above proposition, we obtain the following criterion for two Lie alge-
bras to be strongly isoclinic of the second kind.

Corollary 2.6. Two Lie algebras K1 and K2 are strongly isoclinic of the second

kind if and only if the corresponding stem extensions

0 → Z(Ki) ∩K2
i → Ki →

Ki

Z(Ki) ∩K2
i

→ 0, i = 1, 2,

are isoclinic.

3. Some properties of a pair of nilpotent Lie algebras

In this section we prove some properties of a pair of nilpotent Lie algebras. Kay-
vanfar et al. [12] introduced a concept of nilpotency for pair of groups. Also,
Gholamian and Eghdami [10], proved some results on the nilpotency of a pair of
Lie algebras. See [22] for more information. Let (N,L) be a pair of Lie algebras,
in which N is an ideal of L. Then (N,L) is called nilpotent if it has a central
series

0 = N0 ≤ N1 ≤ · · · ≤ Nt = N,

such that Ni is an ideal of L and
Ni+1

Ni
≤ Z

(
N
Ni

, L
Ni

)
for all i.

Theorem 3.1. Let (N,L) be a pair of Lie algebras, M ≤ Z(N,L) and
(
N
M
, L
M

)

be nilpotent. Then (N,L) is nilpotent.

Proof. Since
(
N
M
, L
M

)
is a pair of nilpotent Lie algebras, so there exist a series

as follows

0 =
N1

M
≤

N2

M
≤ · · · ≤

Nn

M
=

N

M
,
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such that
Ni+1

M
Ni

M

≤ Z

(
N
M
Ni

M

,
L
M
Ni

M

)

,

so, we have Ni+1

Ni
≤ Z

(
N
Ni

, L
Ni

)
. On the other hand M ≤ Z(N,L). So, the series

0 = M0 ≤ M ≤ N1 ≤ N2 ≤ · · · ≤ Nn = N,

is a central series of (N,L). Therefore, (N,L) is a pair of nilpotent Lie algebras.

Theorem 3.2. If (N,L) is a pair of nilpotent Lie algebras and K is an ideal in

L, such that dimK = n then K ≤ Zn(N,L).

Proof. By induction, if n = 1 then 0 6= K ∩ Z(N,L) ≤ K. Thus, dim(K ∩
Z(N,L)) = dimK = 1, hence, K ∩ Z(N,L) = K and so, K ≤ Z(N,L). Let the
result hold for every number less than n, dimK = n and M = K ∩ Z(N,L) 6= 0,
then dimK

M
= m and m < n. Now, we have

K

M
=

K

K ∩ Z(N,L)
∼=

K + Z(N,L)

Z(N,L)
.

By induction hypothesis,

K + Z(N,L)

Z(N,L)
≤ Zm

(
N

Z(N,L)
,

L

Z(N,L)

)

=
Zm+1(N,L)

Z(N,L)
.

Therefore, K ≤ Zm+1(N,L) ≤ Zn(N,L).

Let (N,L) be a pair of Lie algebras, in which N is an ideal in L. Also, let
0 → R → F → L → 0 be a free presentation of L. We can define the c-nilpotent
multiplier of (N,L) as

M(c)(N,L) =
R ∩ [S,c F ]

[R,c F ]
(c ≥ 1).

Where N ∼= S/R for an ideal S in F . (See [1, 2, 3, 4] for more information.) We
recall that a Lie algebra L is filiform if L has maximal nilpotency class (See [5]).
The following theorem was proved by the first author in [3, Corollary 2.7]. Here,
we fix it.

Theorem 3.3. Let L be an n-dimensional filiform Lie algebra, N be an ideal of

L such that Z(L) ⊆ N and M be an ideal of L, which is contained in N ∩Z(L).
Then

dimM(c)(N,L) + 1 ≤ dimM(c)(N/M,L/M) + 2c.
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Proof. By [1, Proposition 2.3(a)], we can see that

dimM(c)(N,L) + dim(Z(L) ∩ [N,c L]) ≤ dimM(c)(N/Z(L), L/Z(L))

+ dimM(c)(Z(L)) + dimM(c)((L/Z(L)c ⊗ Z(L)),

where Xc ⊗ Y = X ⊗ · · · ⊗X
︸ ︷︷ ︸

c−times

⊗Y is the abelian tensor product. On the other

hand, by [8, Corollary 1.4], we have dimM(c)(Z(L)) = 0. Also, we know that

dim((L/Z(L))c ⊗ Z(L)) = 2c.

Hence, dimM(c)(N,L) + 1 ≤ dimM(c)(N/M,L/M) + 2c.
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