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Abstract

In this paper, we introduce the generalized hybrid Tribonacci numbers.
These numbers can be considered as a generalization of the generalized com-
plex Tribonacci, generalized hyperbolic Tribonacci and generalized dual Tri-
bonacci numbers. We also obtain some identities for these numbers.
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1. INTRODUCTION

Complex numbers were first introduced in 1545 by Girolamo Cardano in his
Ars Magna. In addition, the imaginary unit i was introduced by Euler in 1777.
Moreover, the term complex number was introduced by Gauss. The set of com-
plex numbers is defined as

C:{a—l—bi:a,beR, i2:—1}.

Hyperbolic numbers, which are also called split-complex numbers or perplex
numbers or double numbers, were introduced in 1848 by James Cockle. Also,
William K. Clifford used hyperbolic numbers to represent sums of spins. The set
of hyperbolic numbers is defined as

H={a+bh:abeR h2=1).
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Dual numbers were first introduced in 1873 by William K. Clifford. Fur-
thermore, at the beginning of the twentieth century, Eduard Study applied the
principle of transference between spherical and spatial motion by using dual num-
bers. The set of dual numbers is defined as

D:{a—i—ba:a,beR, 62:0}.

Complex, hyperbolic and dual numbers are the examples of two-dimensional
number systems. For a survey on these numbers, we refer to [1, 4, 8, 13, 15, 22,
24, 25]. Moreover, complex, hyperbolic and dual numbers have been extensively
used in science and engineering. Some applications of these numbers can be found
in [3, 7, 9-12, 18, 23].

In [16], Ozdemir introduced a new non-commutative number system called
hybrid numbers. The hybrid number system can be considered as a generalization
of the complex, hyperbolic and dual number systems. The set of hybrid numbers
is defined as

K={z=a+bi+ce+dh:abecdeR,i’=-1¢=0nh’>=1,
ih = —hi = ¢ +i}.

For the hybrid number z = a + bi + ce + dh, a is called the scalar part and
bi + ce + dh is called the vector part.

Using the relation ih = —hi = ¢ + i, the multiplication table for the hybrid
units i, €, h can be obtained as follows:

L1 i | ¢ [ h |
1|1 i € h
il i -1 1—-h|e+i
elle| h+1 0 —€
hi|lh| —e-i € 1

The addition and multiplication of two hybrid numbers are defined in a natu-
ral way: given z1 = a1 + b1i+ c1e + dih and 29 = ag + bai + coe + doh in K, then

21+ 22 = (a1 + ag) + (b1 + ba)i + (c1 + c2)e + (di + da)h,

21 X 29 = (a1a2 — biby + bica + c1ba + dida) + (a1be + brag + bida — dibo)i
+ (a1c2 + bida — diby + c1ag — c1dy + dic2)e
+ (a1dy + drag — byca + c1b2)h.
It must be noted that the addition operation in the hybrid numbers is com-

mutative and also associative. On the other hand, the multiplication operation
in the hybrid numbers is associative but not commutative.
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Let z = a + bi + ce + dh be a hybrid number. Then the inverse element of z
is
—z=—a—bi — ce — dh.
The conjugate of z, denoted by Z, is defined as
Z=a— bi — ce — dh,

and the character of z is

In [6], Cerda-Morales defined the nth hybrid (p,q)-Fibonacci and hybrid
(p, q)-Lucas numbers, respectively, by the relations

H]:n = ]:n + ]:nJrli + ]:n+2€ + ]:n+3h
and
H,Cn = ﬁn + £n+1i + £n+2€ + £n+3h,

where F,, is the nth (p, ¢)-Fibonacci number and £,, is the nth (p, ¢)-Lucas num-
ber. Moreover, in [20], Szynal-Liana introduced Horadam hybrid numbers. Then,
Szynal-Liana and Wloch studied Jacobsthal and Jacobsthal-Lucas hybrid num-
bers in [21]. Furthermore, in [2], Catarino studied k-Pell hybrid numbers.

The generalized Tribonacci sequence {V,,(Vo, V1, V2;p,q,7)}n>0 or briefly
{Vi}n>0 is defined through the recurrence relation

(1) Vo =pVo1 +qVp—2+1rVy_3, n>3,

where Vp = a, V1 = b, Vo = ¢ are any integers, and p, g, are real numbers.
The nth term of the generalized Tribonacci sequence {V,,}n>0 is

(@=P)a=7) B-a)B-7) (G-a)ly-5)
where P=c— (B+7)b+ Bya, Q=c— (a+7)b+ aya, R=c— (a+ B)b+ afa,

and «, 3,7 are the roots of the equation z® — pz? — gz — r = 0.
This sequence has been studied by many authors [5, 14, 17, 19, 26].

The generalized Tribonacci sequence is the generalization of the familiar
third-order recurrent sequences, that is, for special values of p, ¢, r, a, b and
¢, the following results hold:
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elfp=g=r=1and Vo =0,V; = Vo = 1, then {V,,},>0 is the (usual)
Tribonacci sequence {17, },>0.

e Ifp=g=1r=2and Vp =0,V; =V, =1, then {V,},,>0 is the third-order
Jacobsthal sequence {Jn(g)}nzo-

elfp=r=1¢=0and V5 =0,V; =V, =1, then {V,},>0 is the Narayana
sequence {Sy }n>0.

eIlfp=0,g=r=1and Vj =V = Vo =1, then {V,},>0 is the Padovan
sequence { P, }n>0.

In this paper, we define the generalized hybrid Tribonacci numbers by com-
bining hybrid numbers and generalized Tribonacci numbers. These numbers can
be accepted as a generalization of the generalized complex, generalized hyperbolic
and generalized dual Tribonacci numbers. We give generating function, Binet for-
mula and summation formula for the generalized hybrid Tribonacci numbers. We
also obtain some properties of these numbers.

2. THE GENERALIZED HYBRID TRIBONACCI NUMBERS
The nth generalized hybrid Tribonacci number HV,, is defined by the relation
(3) HVn = Vn + Vn+1i + Vn+2€ + Vn+3h,
where V, is the nth generalized Tribonacci number, and i, £, h are hybrid units.
Let HV,, be the generalized hybrid Tribonacci number. Then after some
necessary calculations, one can obtain the following recurrence relation:
(4) HV,, = pHV,,_1 + ¢HV,,_2 + rHV,,_3, n >3

with initial conditions

(5) HVy = a + bi + ce + (pc + gb+ ra)h,

(6) HVi =b+ci+ (pc+qb+ra)e + ((p* + q)c + (pg + )b+ pra)h,

HVs = ¢+ (pc + gb+ ra)i+ ((p? + q)c + (pg + )b + pra)e

7
@) + ((p* + 2pq + r)c + (P2q + ¢* + pr)b + (p*r + gr)a)h.

Particular cases of the above definition are
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e Hybrid (usual) Tribonacci numbers are
HT,, =T, + Thi1i+ Thioe + Thash,
where T, is the nth Tribonacci number, with initial conditions
HTy = i+ e+ 2h,

HT, = 1 +1i+ 2+ 4h,
HT, = 1+ 2i+ 4e + 7h.

e Hybrid third-order Jacobsthal numbers are
HI,® = 1,® + T @i+ T 2@ + T30,
where J,,®) is the nth third-order Jacobsthal number, with initial conditions

HJo® = i+e+2h,
HJ;®) = 1+i4 2+ 5h,
HJ,®) = 1+ 2i+ 5e 4 9h.

e Hybrid Narayana numbers are
HSn = Sn + Sn+1i + Sn—i—Zf5 + Sn+3h7
where 5, is the nth Narayana number, with initial conditions

HSy =i+e+h,
HS) = 1+1i+¢+ 2h,
HS, = 1+1i+ 2¢+ 3h.

e Hybrid Padovan numbers are
HP, = P, 4+ Pyy1i+ Phyoe + Poish,
where P, is the nth Padovan number, with initial conditions
HFPy = 1+4+i+¢€+ 2h,

HP, = 1+1i+ 2+ 2h,
HP, = 1+ 2i+ 2 + 3h.

Let HV,, and HV,, be two generalized hybrid Tribonacci numbers. Then
the addition and subtraction of two generalized hybrid Tribonacci numbers are
defined by

HVn + va = (Vn + Vm) + (Vn+1 + Vm+1)i + (Vn+2 + Vm+2)€

8
( ) + (Vn+3 + Vm+3)h'
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The multiplication of a generalized hybrid Tribonacci number by a real scalar
A is defined by

(9) AHV,, = AV, + AV 11 + AVigoe + AV,ish.

The multiplication of two generalized hybrid Tribonacci numbers is defined
by

HV,, x HVy, = (ViVin = Va1 Vg1 + Var2Vings + Var2Vingr + VarsVings)
+ (VaVint1 + Va1 Vin + Va1t Vins — Vs Vina)i
(10) + (anm—i—Z + Vn+1vm+3 - Vn+3vm+1 - Vn+2vm
— Vag2Vines + VarsVinga)e
+ (ViVinas + VarsVin — Vis1Vine2 + Vs 2Ving1) b

Moreover, the conjugate of the generalized hybrid number HV}, is
(11) HVn = Vn — Vn+1i — Vn+2€ — Vn+3h.

The following theorem gives the character of a generalized hybrid Tribonacci
number.

Theorem 1. Let HV,, be the nth generalized hybrid Tribonacci number. Then
the character of HV,, is

CHV,) = 1 =r)Vo2 4+ (1 — ¢*)Visa? — p*Vaio® = 2(qrVi Vst + prVa Voo
+ (L4 pq)Vat1Vat2)-

Proof. From the definition of the character of a hybrid number, we can write
(12) C(HV,) = Vi + (Vig1 — Vig2)? = Vigo? — Vigs®.

From the recurrence relation (1), we have

(13) Vots =0Varo + qVpgp1 + Vi

Considering this relation (13) in Eq.(12), after some necessary calculation we
obtain the desired result. n

Particular cases of Theorem 1 are

e The character of the nth hybrid (usual) Tribonacci number HT,, is

C(HTn) = = n+22 - 2(TnTn+1 + TnTn+2 + 2Tn+1Tn+2)-
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e The character of the nth hybrid third-order Jacobsthal number HJ,®) is
C (Hjn(?’)) = 37,37 _ J,.0®
- 4<Jn(3) A A A Jn+1(3)Jn+2(3)>-

2

e The character of the nth hybrid Narayana number HLS,, is
C(HSn) = Spy1” — Snsa® — 2(SnSnt2 + Sny1Sn42)-
e The character of the nth hybrid Padovan number HP, is
C(HP,) = —2P, P11 — 2P, 11 Pp12.

The generating function for the generalized hybrid Tribonacci numbers is
given in the following theorem.

Theorem 2. The generating function of the generalized hybrid Tribonacci num-
bers is given by

_ HVp + (HV; — pHVp)z + (HV, — pHV; — gHVp)a®

G
() 1—px—qx?—rad

Proof. Let G(x) be the generating function for the generalized hybrid Tribonacci
numbers. Then we write

(14) G(z) =) HVpa" =HVy + HViz + HVpa® + - + HVpa" + - .
n=0

Multiplying the Equation (14) with px, gz? and rz3, respectively, we get
prG(x) = pHVpx + pHVia® + pHVoa® 4 - - + pHV,, 12" + -+,
qr*G(z) = ¢HVpa? + ¢HV 2% + qHVoz® + -+ + qHV,_oz™ + - --
and
ra’G(z) = rHVoz® + rHViz? + rHVaz® + -+ + rHV,, 32" + - - - .

Then we obtain

(1 —pz — q2? — r2®)G(x) = HVy + (HV; — pHVy)z + (HV, — pHV; — gHV)2?
+> (HV, — pHV; 1 — qHV,,_y — rHV,_3)a"
n=3

= HVy + (HV; — pHVp)z + (HVz — pHV; — qHVp)a2.
Thus, we get

_ HVy + (HV) — pHVp)z + (HV, — pHV; — qHVp)x?

G
() 1—px—qx?—rad
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Particular cases of Theorem 2 are

The generating function of the hybrid (usual) Tribonacci numbers is

r+i+(1+z+22)e+ 2+ 22 +22)h
1—2z—22—23 '

f(z) =

The generating function of the hybrid third-order Jacobsthal numbers is

r+i+ (1432 +22%)e+ (2+ 7z + 222)h
1—x— 22— 223 )

g(z) =

The generating function of the hybrid Narayana numbers is

r+i+ (1 +22)e+ (1+2z+2%)h
1—x2—a3 '

h(z) =

The generating function of the hybrid Padovan numbers is

I+x+ (1 +x+22)i+ (1+22+22)e+ (2422 +22)h
1—a22—a3 '

t(r) =

The following theorem gives the Binet formula for the generalized hybrid
Tribonacci numbers.

Theorem 3. The nth term of the generalized hybrid Tribonacci number is given
by

Pa*a” n QB*p" n Ry*y"
(@a=B)a=7y) B-a)B-7) (-a)ly=8)

where o = 14+ ai+a?e+a’h, f* = 1+ Bi+ %+ %h, v* = 1 +vi+~%e ++°h,
and P, Q, R, a, B, v as in Equation (2).

(15)  HV, =

Proof. Using the definition of the generalized hybrid Tribonacci numbers and
Binet formula of the generalized Tribonacci sequence, we have

HV"< 5)(a—v)+(5—a)(ﬁ—v)+(7—a)7 B)

_l’_

Pan—f—l Qﬁn-ﬁ-l n+1 )
< Y R (R [y R s o)
< Pan+2 Q,Bn+2 n

) T B-0B-  -a(- ﬁ)g
)

_l’_

+2
P an+3 Q ,3"+3 n+3

+ h.

ey S e i B copupey o)
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Then we get
Pa™
HV, =— — (1+ai+a’c+a’h
@ BAa— )
QB" ., a2 3
(1 + i+ f% + 5°h
BB )
Ry" .2 3
+ ——F {1 +~yi+~v%+~°h).
CEDREE )
If we take o* = 14+ ai+ ae +o?h, f* =1+ Bi+ B2 + BPhand v* =1+ ~i +
~v%e + v3h, we obtain the desired result. [ |

Particular cases of Therorem 3 are
e The Binet formula of the nth hybrid (usual) Tribonacci number is
* - n+1 * on+1 *An+1
oo L BB L ,
(@=pB)la=7) (a=PB-7) (@=7B-7)

where a, 3, v, which satisfy a+8+v=1, af+avy+ 6y = —1, afy =1, are
the roots of the equation z3 — 22> —z — 1 =0, and o = 1 + ai + o + ah,
B* =14 pi+ %+ %h, v* =1+ i+ % +~+°h.

e The Binet formula of the nth hybrid third-order Jacobsthal number is

HT,, =

HJn(3) _ 2*2n+1 N wl*w1"+1 N w2*w2n+1 |
(2—?1}1)(2—1(12) (2—’(01)(1(11 —'UJQ) (2—’(02)(’(01 —wg)
where 2, wi, wsy, which satisfy w; + wy = —1, wyws = 1, are the roots

of the equation 23 — 22 — 2 —2 = 0, and 2* = 1 + 2i + 4e + 8h, w* =
1+ wii+ ’w12€ + ’wlsh, wo* =1+ wol + w22€ + UJ23h.
e The Binet formula of the nth hybrid Narayana number is

21*21n+1 Z2*Z2n+1 Z3*23n+1

(21 —2)(z1 —23) (21— 22)(22 —23) (21— 23)(22 — 23)’

HS,, =

where z1, 2o, 23, which satisfy 21 + 22 + 23 = 1, are the roots of the equation
22— —1=0,and 21* =1+ 211 + 212 + 21°h, 20" = 1 + 2i + 29%¢ + 22°h,
23* =1+ 231+ 2328 + 2’33h.
e The Binet formula of the nth hybrid Padovan number is
—1 —1 —1 —1
HPn _ (T2 )(T3 ) Tl*rln + (Tl )(T3 ) 7'2*7”2
(r1 —12)(r1 —13) (r1 —12)(r2 — 13)
r1—1)(rg — 1
L n ;( 2 —1)

(7“1—7“3 (7“2—7“3

n

)T3*T3n7

where 71, o, r3 are the roots of the equation 2% — 22> —1 = 0, and 7* =
1+ri+ 7“126 + 7“13h, ro* =1+ri+ 7“226 + T'23h, rg*=14+r3i+ 7“326 + T'33h.
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In ([5], Lemma 2.3), Cerda-Morales proved the following lemma dealing with
the summation formula for the generalized Tribonacci numbers.

Lemma 4 [5]. For every integer n > 0, we have
7)(Vn+2 + (1= p)Vps1 + 1V,

(16) Z ' g,
+(p+qg—1)a+(p—1)b—c),

where § = 0(p,q,7) =p+q+r—1 and V,, denote the nth term of the generalized
Tribonacci numbers.

We now give the summation formula for the generalized hybrid Tribonacci
numbers.

Theorem 5. The summation formula for the generalized hybrid Tribonacci num-
bers is

ZHVI 5(p,q,r

where R = S+ (S —da)i+ (S —d(a+0b)e+ (S —da+b+c)h and S =
p+g—1a+(p—-1b—c.

Proof. From the Equation (3), we get
n

lZ:gHVl ZVz <Z l+1>i+<zn:vl+2>a+<§vl+3>h,

l =0

e (HVpq2 + (1 — p)HVpq1 + rHV, + R),

0
Then using the Equation (16), we can write

?—‘

ZHV_S Vipe + (L=p)Vor1 + Vo + (p+q—1)a+ (p—1)b—¢)
1

+5(Vn+3+(1— P)WVpio+1Var1+(p+q—1Da+ (p—1)b—c—da)i
1

+ E(Vn+4 + (1 —p)Vn+3 + TVn+2 + (p+ q — 1)& + (p — 1)b —C— (5((1 + b))E
1

+ S(V"J“r) + A =p)Vara+1Voyz+(p+qg—1)a+(p-1)b—c—d(a+b+c)h

From the Equation (3) and taking S instead of (p + ¢ — 1)a+ (p — 1)b — ¢, we
have

1
> HY = 5 (HVpo + (1= p) Vg1 +7HVy + S + (S — da)i+ (S — d(a +b))e

+ (S—d(a+b+c)h).
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Taking R instead of S + (S — da)i+ (S — d(a+b))e + (S — d(a + b+ ¢))h, we

obtain

(HVn+2 + (1 —p)HV, 1 +rHV, + R)

| =

IR
1=0

which completes the proof. [ |

Particular cases of Therorem 5 are

The summation formula of the hybrid (usual) Tribonacci numbers is

ZHTl = %(HTHQ +HT, — (1 41+ 3¢+ 5h)).
=0

The summation formula of the hybrid third-order Jacobsthal numbers is

S HA) = é (Bn4o® + 2HI,® — (1+i+ e + 7h))
=0

The summation formula of the hybrid Narayana numbers is

> HS; = HSp43 — (1 41+ 22 + 3h).
=0

The summation formula of the hybrid Padovan numbers is

n
> HP = HPy 5 — (24 3i + 4¢ + 5h).
=0

3. CONCLUSIONS

In this study, the generalized hybrid Tribonacci numbers which can be conside-
dered as a generalization of the generalized complex Tribonacci, generalized hy-
perbolic Tribonacci and generalized dual Tribonacci numbers, were introduced.
The generalized hybrid Tribonacci numbers include hybrid (usual) Tribonacci
numbers, hybrid third-order Jacobsthal numbers, hybrid Narayana numbers, hy-
brid Padovan numbers. Some properties of these numbers, including generating
function, Binet formula and summation formula, were given.
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