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Abstract

In this paper we introduce the notion of a left zeroid and a right zeroid of
I'-semirings. We prove that, a left zeroid of a simple I'-semiring M is regular
if and only if M is a regular I'-semiring.
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1. INTRODUCTION

The notion of a semiring is an algebraic structure with two associative binary
operations where one distributes over the other, was first introduced by Vandiver
[14] in 1934 but semirings had appeared in earlier studies on the theory of ideals
of rings. In structure, semirings lie between semigroups and rings. The theory of
rings and theory of semigroups have considerable impact on the development of
theory of semirings. Semirings play an important role in studying matrices and
determinants. Semirings are useful in the areas of theoretical computer science
as well as in the solutions of graph theory, optimization theory, in particular for
studying automata, coding theory and formal languages. Semiring theory has
many applications in other branches.

As a generalization of ring, the notion of a I'-ring was introduced by Nobu-
sawa [13] in 1964. In 1981, Sen [11] introduced the notion of a I'-semigroup as a
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generalization of semigroup. The notion of a ternary algebraic system was intro-
duced by Lehmer [5] in 1932, Lister [6] introduced the notion of a ternary ring.
Neumann [12] studied regular rings. In 1995, Murali Krishna Rao [7, 8, 9, 10]
introduced the notion of a I'-semiring as a generalization of I'-ring, ring, ternary
semiring and semiring. The set of all negative integers Z is not a semiring with
respect to usual addition and multiplication but Z forms a I'-semiring where
I' = Z. The important reason for the development of I'-semiring is a generaliza-
tion of results of rings, I'-rings, semirings, ternary semirings and semigroups.

Clifford and Miller [3] studied zeroid elements in semigroups. Dawson [4]
studied semigroups having left or right zeroid elements. The zeroid of a semiring
was introduced by Bourne and Zassenhaus [2]. In this paper,we extend the con-
cept of left or right zeroid elements of semigroup to I'-semiring. We prove that,
a left zeroid p of a simple I'-semiring M is regular if and only if M is a regular
I'-semiring.

2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions
necessary for this paper.

Definition 2.1. An element u of a semigroup M is called a zeroid element of M
if, for each element a of M, there exist x and y in M such that ax = ya = u.

Definition 2.2. [1] A semiring (M, +,-) is an algebra with two binary operations
7 +7 and ” -7 such that (M,+) and (M, ) are semigroups and the following
distributive laws hold.

x(y+z2)=xy+xz

(x+y)z =22+ yz, for all z,y,z € M.

Definition 2.3. A semiring (M, +, -) is said to be division semiring if (M \ {0}, -)
is a group.

Definition 2.4. Let M and I' be two non-empty sets. Then M is called a I'-
semigroup if it satisfies
(i) zay e M
(i) za(ypBz) = (zay)pz for all x,y,z € M, o, B € T.
Definition 2.5. Let (M, +) and (I', +) be commutative semigroups. A I'-semi-

group M is said to be I'-semiring M if it satisfies the following axioms, for all
z,y,z € M and o, 5 € T

(i) za(y + 2) = zay + zaz,
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(ii) (z+y)az =zaz + yaz,
(il) z(a+ By = zay +zPy.

Every semiring M is a I'-semiring with I' = M and ternary operation as the
usual semiring multiplication

Definition 2.6. A I'-semiring M is said to have zero element if there exists an
element 0 € M such that 0 +x =z = 2 4+ 0 and Oax = xa0 = 0, for all z € M
and o €T

Definition 2.7. Let M be a I'-semiring and A be a non-empty subset of M. A
is called a I'-subsemiring of I-semiring M if A is a sub-semigroup of (M, +) and
ATA C A.

Definition 2.8. Let M be a I'-semiring. A subset A of M is called a left (right)
ideal of I'-semiring M if A is closed under addition and MT'A C A (AT'M C A).
A is called an ideal of M if it is both a left ideal and a right ideal of M.

Definition 2.9. A I'-semiring M with zero element 0 is said to be hold cancel-
lation laws if a +b=a+ ¢,b + a = ¢+ a, where a,b,c € M, then b = c.

Definition 2.10. A I'-semiring M is said to be simple I'-semiring if it has no
proper ideals of M.

Definition 2.11. Let M be a I'-semiring. An element a € M is said to be a-
idempotent of M if there exists a € I' such that a = aca and « is also said to be
a-idempotent.

Definition 2.12. Let M be a I'-semiring. An element a € M is said to be regular
element of M if there exist x € M, a, 5 € I such that a = aaxfa.

Definition 2.13. Let M be a I'-semiring. An element 1 € M is said to be unity
if for each © € M there exists a € I" such that zal = lax = .

Definition 2.14. In a ['-semiring M with unity 1, an element a € M is said
to be left invertible (right invertible) if there exist b € M, o € T such that
baa = 1(aab = 1).

Definition 2.15. In a I'-semiring M with unity 1, an element a € M is said to
be invertible if there exist b € M, « € I" such that aab = baa = 1.

Definition 2.16. A I'-semiring with unity 1 is said to be division I'-semiring M,
if every nonzero element of I'-semigroup M has inverse element.
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3. A LEFT ZEROID AND A RIGHT ZEROID ELEMENTS IN I'-SEMIRINGS

In this section we introduce the notion of a left zeroid and a right zeroid elements
in I'-semirings and we study their properties.

Definition 3.1. An element z of a I'-semiring M is called a left zeroid (right
zeroid) if for each y € M, a € T', there exists a € M such that aay = = (yaa = z).

Example 3.1. Let M = {0,1} and T" = {«a, }. We define operations with the
following tables:

+]0 1 +]a B al0 1 Blo 1
0/0 O oala « 0 070 O
110 1 Bla B 1|1 1 111

Then (M, +), (I, +) are semigroups and M is a I'-semiring. Here 1 and 0 are left
zeroids and 1 and 0 are not right zeroids.

Definition 3.2. Let M be a I'-semiring and a € I'. Define binary operaton ” x”
on M by axb = aab for all a,b € M. Then (M, +, %) is a semiring. It is denoted
by M.

Theorem 3.1. Let M be a I'-semiring with a left zeroid element x and a «-
idempotent e. Then rae = x.

Proof. Let x be a left zeroid element and e be a a-idempotent. Then there exists
a € M such that aae = . Therefore

Tae = aceae
= aae
=2x. -

Corollary 3.2. Let M be a I'-semiring with a right zeroid element x and -

idempotent e. Then eax = x.

Theorem 3.3. Let M be a I'-semiring and e be a left zeroid element of M. Then
xace is a left zeroid of M for allx € M, o € T.

Proof. Let y € M,a € I'. Then there exists t € M such that tay = e, since e is
a left zeroid of M.

= ratay = zae.
Hence xae is a left zeroid of M. [

Corollary 3.4. Let M be a I'-semiring, e be a left zeroid of M. Then every
element of MTe is a left zeroid of M.
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Theorem 3.5. Let M be a I'-semiring. Then the following are equuivalent.

(1) eis a left zeroid of M.
(ii) e is a left zeroid of a semiring M, for some a € T'.

(ili) e is left zeroid of a semiring Mg, for all B €T

Proof. (i)=(ii) is obvious.

(ii)=-(iii) Suppose e is a left zeroid of a semiring M,, o, 5 € ', x € M.
Therefore xfx € M. Then there exists z € M such that za(xfzx) = e, since e is
a left zeroid of a semiring M,

= (zax)fr =e.

Hence e is a left zeroid of a semiring Mpg. Therefore e is a left zeroid of a semiring
Mg for all g€ T.

(iii)=-(i) is obvious.

Hence the Theorem. [

Definition 3.3. Let M be a I'-semiring and a € M. If there exists b € M such
that b+a =0 (a+b=10), then a is said to be additively left (right) zeroid of M.

Theorem 3.6. Let M be a I'-semiring with a + aab = a for all a,b € M, € T'.
If x is a left zeroid of M, then x is an additively left zeroid of M.

Proof. Suppose x € M is a left zeroid, ¢ € M and « € I'. Then there exists
b € M such that bac = x.

=b+bac=b+=x

=b=b+x.
Therefore x is an additively left zeroid. Hence the Theorem. [ |

Theorem 3.7. Let M be a I'-semiring with a + aab = a for all a,b e M, a € T
and (M, +) be left cancellative. If x is an additively left zeroid of M, then x is a
left zeroid of M.

Proof. Suppose x is an additively left zeroid of M and « € I'. Then there exists
b € M such that b =0+ z.

= b+ bac=>b+ z, where c € M

= bac = .
Hence the Theorem. [

Theorem 3.8. Let M be a I'-semiring. If I'-semiring M has both a left zeroid
and a right zeroid. Then every left or right zeroid of M is a zeroid of M.

Proof. Suppose p and p’ are a left zeroid and a right zeroid of M respectively,
r€e€Mand ael.
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Then there exist s,t € M such that sapap = p and p'ap’at = i’ Since sapu
and p'at are left and right zeroids respectively, there exist g,h € M such that
gap' = sap and poh = p'at. Therefore

sap = goy/

= gay'apat

= goyp apuach

= sauauah

= (sapap)ah

= uah

= i at.
Hence

= sapog = ' ata.

Thus p is a zeroid of M. Similarly we can prove p’ is a zeroid of M. Hence the
Theorem. [ |

Theorem 3.9. If e is a a-idempotent, o € I', then e is the left identity of eI’ M
and e is the right identity of MTe.

Proof. Let eyx € eI’'M. Then eaeyr = eyx. Hence e is the left identity of e['M.
Similarly we can prove e is the right identity of MTe. [ |

Theorem 3.10. If e is a a-idempotent left zeroid of a I'-semiring M, then e[’ M
s a division I'-semiring.

Proof. Obviously el'M is a I'-subsemiring of M and e is the left identity of el' M.
Suppose eyb € eI'M there exists ¢ € M such that ca(eyb) = e.

= (eac)a(eyb)= eae.
Therefore (eac)a(eyb) = e. Hence e is the left zeroid of eI’ M and eac is the left
inverse of e[’ M. Thus el'M is a division I'-semiring. [ |

Theorem 3.11. Let U be a non empty set of all left zeroids of I'-semiring M.
Then U is a left ideal of M.

Proof. Let x1,20 € U, a € M and a € I". Suppose x € M. Then there exist
Y,z € M such that yaxr = z; and zax = x,.

= (y + 2)ax = x1 + 2.
Therefore x1 + z2 is a left zeroid of M. By Corollary [3.4], aax; is a left zeroid
of M. Hence U is a left ideal of M. [

Theorem 3.12. Let M be a I'semiring and e be a a-idempotent left zeroid of
M, « €T. Then a mapping f : M — (eaM),, defined by f(x) = eax, is an onto
homomorphism.
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Proof. Let x1,z9 € M. Then

f(x1 + x2) = ea(z1 + x2)
= eaxr] + eaxy
= flz1) + f(x2)
f(zraxs) = ea(ziaxs)
= (eax)axs
= ea(eaxy)axs

= [(eawy)e]axs

= (eaxi)a(eaxs)

= f(z1)af(z2).
Hence f is a homomophism from M to (eaM),. Obviously f is onto. Hence the
Theorem. -

Theorem 3.13. Let e be a a-idempotent zeroid of I'-semiring M and U be set
of all zeroids of M. Then U is a commutattive division I'-semiring with identity.

Proof. Let U be the set of all zeroids of I'-semiring and e be a a-idempotent,
a €. Then U = e'M=MTe. Then U is a division I'-semiring with identity e
by Theorem [3.10].

if z € M, then eazx = ea(eax)

= (eax)ae
= ea(zae)
= zae.

Hence the Theorem. ]

Corollary 3.14. Let M be a I'-semiring. If M has a left zeroid and a right zeroid.
Then U is an ideal of M.

Corollary 3.15. Let M be a simple I'-semiring. If M has a left zeroid and a
right zeroid, then every element of M is a zeroid.

Theorem 3.16. If e is a a-idempotent left zeroid of a I'-semiring M then MTe
s a regular I'-semiring.

Proof. Obviously e is a right identity of MT'e. Suppose zve € MT'e. Then there
exist g € M, B € I such that g6zye =e¢
consider e = eae
= ea(gBzve)
= (eag)B(zve).
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Therefore e is a left zeroid of MT'e. Suppose x € MT'e and 8 € T', then there
exists y € MTe such that yBx = e. Then by Theorem [3.2], Corollary [3.4]
rayfx = xae = x. Thus MTe is a regular I'-semiring. [ |

Theorem 3.17. Let M be a I'-semiring. If e is the only idempotent of M, which
s a left zeroid of M, then e is a zeroid of M.

Proof. Let e be the only idempotent of I'-semiring M, which is a left zeroid of
M. Then by Theorem [3.16], MTe is a regular I'-semiring. Suppose b € MTe,
then there exists o, 8 € I', x € MT'e, such that b = baxfb. Therefore bax is
an idempotent of M. Hence bax = e. Each element of MT'e has right inverse
and e is a right identity of MT'e. Therefore MTe is a I' division semiring. Let
c€ M,y €T. Then c¢ye € MT'e. There exist dée € MT'e, 5 € I" such that

(cre) B(dde) = ¢
= cy(efdde) = e.

Therefore e is a right zeroid of M. Thus e is a zeroid of M. [ |

We define a relation ” <7 on the non-empty set of idempotents of a I'-semi-
ring M as follows:

e< feeaf =e, for some ael.

Theorem 3.18. Let M be a I'-semiring. If e is a unique least idempotent and
the left (right) zeroid of M, then e is a zeroid of M.

Proof. Suppose e is the least unique idempotent and the left zeroid of M. Let
M contains an idempotent f, which is a left zeroid of M and o € I'. By Theorem
[3.1] fae = f. Then f < e. Since e is the unique least idempotent, we have
f = e. Therefore by Theorem [3.17], e is a zeroid of M. Suppose that e is a
right zeroid of M. Let M contains an idempotent f which is a right zeroid of
M, o € T. By Corollary [3.2], we have fae = e. Therefore f < e. Hence e = f.
Thus e is the only idempotent of M which is a right zeroid of M. By Theorem
[3.17], e is a zeroid of M. Hence the Theorem. |

Theorem 3.19. A I'-semiring M with a left zeroid u contains a left zeroid idem-
potent if and only if p is a regular of M.

Proof. Suppose left zeroid p is a regular element of M. Then there exist o, 8 € T’
and x € M such that y = paxBu. Then xBu = xBuaxBu. Hence xfu is a left
zeroid idempotent. Conversely suppose that e is a left zeroid idempotent of M.
We can prove e is a left zeroid of Mau. By Theorem [3.16], Maucae is regular.
Mapae = Ma(pae) = Map. Hence Moy is regular. Therefore p € M~ypu, since
u is left zeroid. Thus p is regular. [ |
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Theorem 3.20. Let M be a simple I'-semiring. Then a left zeroid p of a simple
[-semiring M is regular if and only if M is a reqular I'-semiring.

Proof. Suppose M is a simple I'-semiring with a regular left zeroid p of M. Since
1 is regular, there exist v, 5 € I', © € M such that u = uyzBu. Then zBu is
an idempotent of M. Suppose b € M and v € I'. Then there exists ¢ € M such
that cyb = p and there esists d € M such that dyc = pu. puyb = dyeyb = dyp.
Therefore M~yuyb = M~(dyp) = (M~yd)yp € M~yu. Thus M~yu is a right ideal
of M. Obviously M~pu is a left ideal of M. Hence M~yu = M, since M is simple.
Every element of M is a left zeroid of M. Thus zSu is a left zeroid idempotent
of M. By Theorem [3.16], M~x[u is regular.

Mryzfp = Mypyzfp
= Myp
= M.

Converse is obvious. Hence the Theorem. [ ]
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