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Abstract

In this paper we consider mappings ¢ which map the binary operation
symbol f to the term o(f) which do not necessarily preserve the arity. These
mapping are called generalized hypersubstitutions of type 7 = (2) and we
denote the set of all these generalized hypersubstitutions of type 7 = (2)
by Hypa(2). The set Hypc(2) together with a binary operation defined on
this set and the identity generalized hypersubstitution which maps f to the
term f(x1,22) forms a monoid. In this paper, we determine all maximal
completely regular submonoids of this monoid.

Keywords: generalized hypersubstitution, regular element, completely reg-
ular.
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1. INTRODUCTION

Varieties are collections of algebras which are classified by identities and hyper-
varieties are collections of algebras which are classified by hyperidentities. The
main tool used to study hyperidentities and hypervarieties is the concept of a hy-
persubstitution. The notion of a hypersubstitution originated by Denecke, Lau,
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Poschel and Schweigert [2]. In 2000, Leeratanavalee and Denecke generalized the
concepts of a hypersubstitution and a hyperidentity to the concepts of a gener-
alized hypersubstitution and a strong hyperidentity, respectively [7]. The set of
all generalized hypersubstitutions together with a binary operation defined on
this set and the identity hypersubstitution forms a monoid. There are several
published papers on algebraic properties of this monoid and its submonoids.

The concept of a regular subsemigroup plays an important role in the theory
of semigroup. In 2011, Puninagool and Leeratanavalee determined all regular
elements in the monoid of all generalized hypersubstitutions of type 7 = (2),
see [3]. In 2013, Boonmee and Leeratanavalee determined all completely regular
elements in the monoid of all generalized hypersubstitutions of type 7 = (n),
see [1]. Since the set of all completely regular elements in the monoid of all
generalized hypersubstitutions is not its submonoid, so in this paper we determine
all maximal completely regular submonoids of Hypg(2).

2. MONOID OF ALL GENERALIZED HYPERSUSTITUTIONS

In this section, we give briefly the concept of the monoid of all generalized hy-
persubstitutions.

By W, (X,,) is denoted the set of all n-ary terms of type 7. It is clear that ev-
ery m-ary term is also an m-ary term for all m > n. Let W (X) := Us2 W (X,,)
and is called the set of all terms of type 7. A generalized hypersubstitution of
type 7 is a mapping o : {f;|i € I} — W;(X) which does not necessarily preserve
the arity. We denote the set of all generalized hypersubstitutions of type 7 by
Hypg(7). To define a binary operation on the set of all generalized hypersubsti-
tutions of type 7, firstly, we define the concept of a generalized superposition of
terms S™ : W,(X)"*! — W, (X) by the following:

for any term ¢t € W.(X),

(i) 8™ (xj,t1,...,tp) =tj, ift=z;and 1 < j <m;

(111) Sn (t,tl,. .. ,tn) = fl(Sn (81,751, N ,tn),. .. ,Sn (Sni,tl, N ,tn)),
ift = fi(sl, ce 7571,-)-

Every generalized hypersubstitution ¢ can be extended to a mapping & :
W-(X) — W, (X) by the following:

(i) olz] =z € X,

(i) o[fi(t1,... tn,)] = S™(c(fi),c[t1],-..,0]tn,]), for any n,-ary operation
symbol f; and supposed that &[t;], 1 < ] < n; are already defined.
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We define a binary operation o on Hypg(7) by 01 og 02 := d1 0 02 where
o denotes the usual composition of mappings. Let o;4 be the hypersubstitution
which maps each n;-ary operation symbol f; to the term fi(x1,22,...,2p,). In
[7], Leeratanavalee and Denecke proved that:

For arbitrary terms ¢,t1,...,t, € W-(X) and for arbitrary generalized hy-
persubstitutions o, 01, 02 we have

() S™6[t],6[t1], ..., 6ta]) = 6[S™(t b1, - ., )],
(ll) (6'100'2)A: 5’105’2.

By using the previous results, Hypg (1) := (Hypa(7), oG, 0iq) is a monoid [7].

3.  ALL MAXIMAL COMPLETELY REGULAR SUBMONOIDS OF Hypg(2)

To determine the set of all completely regular elements of Hypg(n), we first
recall the definitions of regular and completely regular elements of a semigroup
and introduce some notations.

An element a of a semigroup S is called regular (completely regular) if there
exists b € S such that aba = a (a = aba and ab = ba).

For a type 7 = (n) with an n-ary operation symbol f and t € W(,)(X), we
denote

oy := the generalized hypersubstitution o of type 7 = (n) which maps f to
the term ¢;

leftmost(t) := the first variable (from the left) occurring in ¢;

rightmost(t) := the last variable occurring in t;

var(t) := the set of all variables occurring in the term t¢.
Let o, € Hypg(n), we denote

Ry :={oy,|z; € X};

Ry :={oy|t € W (X)\ X and var(t) N X,, = &};

R3 = {o¢|t = f(t1,...,tn) where t;, =xj,...,t;, =x;j, for some iy,..., 0y
and for distinct ji,...,75m € {1,...,n} and var(t) N X,, = {xj,,..., 2, }};

CR(R3) := {oy|t = f(t1,...,tn) Where t;; = Ty, ti,, = Tr(s,,) and 7 is
a bijective map on {i1, ...,y } for some iy, ... i, € {1,...,n} and var(t)NX, =

{Triinys -+ s Tr(im) -

It is clear that CR(R3) C Rs. In 2010, Puninagool and Leeratanavalee [4]
showed that U§:1 R; is the set of all regular elements in Hypg(n).

Theorem 1 [1]. For each oy € CR(R3), ov is a completely regular element in
Hypa(n).
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Theorem 2 [1]. Let CR(Hypg(n)) := CR(R3) U Ry U Ry. Then CR(Hypg(n))
is the set of all completely regular elements in Hypg(n).

Next, we will consider in case of 7 = (2) that means we have only one binary
operation, say f, and then

Ry :={oy,|z; € X},

Ry = {oy|t € W(9)(X) \ X and var(t) N Xy = T};

CR(R3) := {o¢| t = f(t1,t2) where t; = x; for some i € {1,2} and var(t) N
Xo = {xl}} U {Uf(m,xz)’ O-f(xz,m)}-

It is easily to see that Ry, Ry, CR(Rj3) are pairwise disjoint and R;, Ry are
subsemigroups of Hypg(2) but CR(R3) need not be a submonoid of Hypg(2) as
the following example.

Example 3. Let 05, € CR(R3) and 0 € CR(R3) such that s = f(x1, f(z4,21))
and t = f(zg,x1). Consider

(010G 05)(f) = i[f(z1, f(z4,21))]

S(o4(f), G421, 64[f (w4, 21)])
S*(04(f), 21, 5% (04(f), Gt[wa], Gl ]))
= 52(0t( £y, S2(f(zo, 1), 24, 1))

= S%(oy(f), z1, f(z1,24))

= 52( f(z2,21), 21, f(21,24))

f(f(x1,24), 21).

S0 010G Os = O f(f(x1,24),01) & CR(R3).

Next, let oy € Hypa(2), we denote
CR1(R3) := {o4|t = f(x1,1') where t' € W5)(X) and var(t) N Xo = {x1}},
CRa(R3) := {oy|t = f(V',z2) where t' € W(5)(X) and var(t) N Xo = {z2}}.

We see that CR;(R3) UCR2(R3) C CR(R3) C Rs. We denote
(MCR)HyPG(2) = RiURyUCRy(R3) U {O-f(lEI,JEZ)}’ (MCRl)HyPG(2) = U
RoU CRQ(Rg) U {O'f(th)} and (MCR2)Hypg(2) = R{URyU {O'f(th), Uf(xg,xl)}-

Proposition 4. CR1(R3) U{0 (3, 2,)} and CRa(R3) U{0f(y, 2,)} are submono-
ids of Hypc(2).

Proof. 1t is clear that CR;(R3) C Hypa(2). Next we show that CRi(R3) is
closed under og. Let 04,05 € CR1(R3). Then t = f(x1,t'),s = f(x1,s") where
t',s" € Wig)(X) and var(t) N Xz = {21},var(s) N Xa = {21}
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Consider
(o106 0s)(f) = &¢|f(x1,5)]
= S2(04(f), Gelx1], 64[s])
= S*(f(x1, 1), 21,64[])
= f(z1,t) since wvar(t) N Xy = {z1}
= Jf(xl,t’)(f)
and

(050G 01)(f) = Js[f(x1,t)]
= §%(05(f), Gslml, G [t])
= $%(f(x1,8'), 21,4 [t"))
= f(z1,8) since var(s) N Xo = {x1}
= 0f(ar,5) (f)-
Then o4 oG 05,05 og 01 € CR1(R3) and therefore CR1(R3) U {0 (5, 2,)} 15 @

submonoid of Hypg(2). For CRay(R3) U{0 (3, 2,)} s a submonoid of Hypg(2),
the proof is similar to the previous proof. [ |

Theorem 5. (MCR)pyp,2) and (MCR1)pyp,2) are completely regular sub-

monoids of Hypg(2).

Proof. 1t is clear that (MCR)gyp,2) C Hypg(2) and every element in
(MCR)gype(2) is completely regular. Next we show that (M CR) gy, (2) is closed
under og. Let 04,05 € (MCOR)pyp,2) = B1 U Re UCR(R3) U{0f(z, 20)}-

Casel. 0, € Ry. Thent =2x; € X.
Case 1.1. 05 € Ry. Tt is clearly that 0;0q 05, 050004 € Ry C (MCR) gryp,(2)-
Case 1.2. 05 € Ry. Then s = f(s1,52) where s1,52 € Wg)(X) and var(s) N
X9 = @. Consider
(01 0c 05)(f) = 0i[f(s1,2)]
= 5%(0u(f), Gelsn), Gelsa])
= S?(x4,64[s1], Ge[s2])

. afsi] , if i €{1,2}
a x;, if i>2

leftmost(sy) , if i=1;

= ( rightmost(se) , if i=2;

v, if P> 2.
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Then we have oy oG 05 = 0y, for some z; € X. Hence oy 06 05 € Ry C
(MCR)HypG( 2):

Case 1.3. o5 € CRy(R3). Then s = f(x1,s") where s’ € W, (X) and
var(s) N Xo = {z1}. Consider

(010G 0:)(f) = Gelf(21,5")]
(01(f), gl ]Jt[S'])
(

52
= S%(x4,x1,6[s

{ Il , if 1= 1;

= rightmost(s') , if i=2;

2, if i>2.

Then we have oy oG 05 = 0y, for some z; € X. Hence oy 06 05 € Ry C
(MCR)HypG( 2):

Case 2. 0y € Ry. Then t € W) (X) \ X and var(t) N X3 =
Case 2.1. o5 € Ry. It is obvious that 0y og 05 = 05 € R1 C (MCR)gypg,(2)-

Case 2.2. 05 € Ry. Then s € WX \ X and var(s) N Xo = &. Since Ry is
subsemigroup of Hypa(2), so 01 0g 05,05 0¢ 0¢ € Ry C (MCR)ype(2)-

Case 2.3. o5 € CRi(R3). Then s = f(x1,s") where s’ € Wy (X) and
var(s) N Xo = {z1}. Consider

(01 06 05)(f) = G4[f(z1,5")]
= 5(0u(f), Gel21], 6u[s")
= S%(f(t1,t2), 21,64[s])
= f(t1,t2)  since var(t)NXeo =

Then oy 0q 09 € Ry C (MCR)Hypg(Z)-

Case 3. oy € CR1(R3). Then t = f(x1,t') where t' € W,)(X) and var(t) N
X2 = {1‘1}

Case 3.1. 05 € Ry. It is obvious that oy og 05 = 05 € R1 C (MCR)pyp,(2)-

Case 3.2. 05 € Ry. Then s = f(s1,52) where s1,52 € Wy)(X) and var(s) N
X9 = @. Consider

(01 0c 05)(f) = 0i[f(s1,52)]
= 52(Ut(f) Gi[s1], Ges2])
= S2(f(951, t'),Ge[s1], G¢[s2])
= f(¢[s1],t") (since wvar(t) N Xy = {x1})
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where ¢ is a new term derived by substituting z1 which occurs in ¢’ by 7;[s1].
Then 0t 0G 0g € R2 C (MCR)HypG(Z)‘

Case 3.3. o5 € CRy1(R3). By Proposition 3.6., we have that CR;(R3) U
{0 f(@1,20)} 18 @ submonoid of Hypg(2). So oy og 05,05 og 0y € CRi(R3) C
(MCR)HyPG(2)‘

Therefore (MCR)pype(2) is @ completely regular submonoid of Hypg(2).
For (MCR1) ryp,,
similar to the previous proof. [ |

(2) is a completely regular submonoid of H ypa(2), the proof is

Theorem 6. (MCRQ)HypG(Q) is a completely regular submonoid of Hypa(2).

Proof. 1t is clear that(MCRa)pyp,2) C Hypc(2) and every element in
(MCR2)fype(2) s completely regular. Next we show that (MCR2)pyp,(2) 18
closed under og. Let 0,05 € (MCR2) grype2) = B1 U R2 U {0 f(21 00)5 O f(20,01)

Casel. 04 € Ry. Thent = x; € X.

Case 1.1. o5 € Ry. Since R; is subsemigroup of Hypg(2), so 0 o¢ 04,05 oG
ot € (MCR2)Hypg(2)-

Case 1.2. 05 € Ry. Then s = f(s1,52) where s1,52 € Wip)(X) and var(s) N
Xo = @. We can prove in the same maner as in Case 1.2 of Theorem 3.8. and
conclude that oy og 05 € Ry C (MCR2)prype (2)-

Case 1.3. 05 € {0f(z) 29)s Of(wa,01)}- 1t is obviously that oy og 05 = oy if
os = f(x1,x2). If 05 = f(x2,21), then
(010G 05)(f) = Fe[f(z2,21)]
= Sz(at(f)vét[x2]vét[x1])
— 52($i,$2,$1)
xo, if i=1;
o, ifi=2
x;, if 7> 2.
Then o, 0q 05 € Ry C (MCR2)Hypg(2)-

Case 2. 0y € Ry. Then t € W) (X) \ X and var(t) N X2 = @. We can prove
similar to Case 1, then 0, og 05 € Ry C (MCR2) frype,(2)-

Case 3. ot € {Jf(Z‘l’xQ)? Uf(xg,xl)}‘

Case 3.1. 05 € Ry. It is obviously that oy og 05 € R1 C (MCR) frype(2)-
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Case3.2. 05 € Ry. Then s = f(s1,52) where 51,52 € W9 (X) and var(s)N
Xo = @. It is clearly that oy og 05 = 05, if t = f(x1,22). If t = f(x2,21), then

(ot oc os)(f) = dilf(s1,82)]
= S%(0(f), G¢[s1], G¢[s2])
= S%(f(x2,21), Ge[s1], Ge[s2])
= f(dt[s2], dt[s1]).
Since var(f(d¢[sa], g¢[s1])) N X2 = @, then O f(9,21)0G0s € Re C (MCR2)pype (2)-
Case 3.3. 0, € {Uf(xl,rz)vaf(rz,xl)}' If oy = O f(z1,22)> then oy 0oqg 05 = 05 €
{O-f($17$2)?o-f(1‘2,1‘1)}‘ If [ O-f(xg,xl)’ then
0t 0@ 0s = { Uf(:Bval) ’ if s= f(fL'l,.Z'z);

Of(zr,e0)s I 8= f(z2,71).

Then oy og 05,05 0@ 0t € {Uf(a:l,xg), O-f(m,m)} C (MCR2)H1UPG (2)
Therefore (MC Ra) fryp,,(2) is a completely regular submonoid of Hypg(2). [

Theorem 7. (MCR)gyp,(2) and (MCR1) grypg,(2) are mazimal completely regular

submonoids of Hypa(2).

Proof. Let K be a proper completely regular submonoid of Hype(2) such that
(MCR)pype(2) € K C Hypg(2). Let o4 € K, then oy is completely regular.

Case 1. 0t = Of(zy2,), choose o5 € CRi(R3), then s = f(x1,s") where
s' € W) (X) and var(s) N X3 = {z1}. Consider

(010G 035)(f) = dulf(21,5)]
= S*(o4(f), Ge[z1], 64[s'])
= S*(f(22,21),21,64[5'])
= f(auls'], x1).

Since G4[s'] € W9)(X) \ X and the second input of the term f(d;[s],z1) is
1, SO 05 OG O i8S not completely regular.

Case 2. oy € CRy(R3). Then t = f(t',z2) where t' € W,)(X) and var(t) N
Xy = {r2}. Choose 05 = 043, 4,) € CR1(R3). Consider

(050G a0)(f) = ds[f (', x2)]
= 5%(04(f), s[t'], Osla])
= S%(f(z1,21), OS], 22)
= f(aslt'], os[t']).
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Since ds[t'] € Wig)(X) \ X, so 05 0g 0y is not completely regular. Then o; €
(MCR)pype(2)- Therefore K C (MCR)pyp,2) and thus K = (MCR)gyp (2)-
For (MC R1) gypg (2) is @ maximal completely regular submonoid of Hypg(2), the

proof is similar to the previous proof. [ |

Theorem 8. (MCRQ)HypG(2) is a mazimal completely regular submonoid of
Hypa(2).

Proof. Let K be a proper completely regular submonoid of Hyp(2) such that
(MCR2)ryp2) © K C Hypa(2). Let oy € K, then oy is a completely regular
element. If o; € CRy(R3) thent = f(t',x2) where t' € Wi5)(X) and var(t)N X, =
{z2}. Choose o5 = oy consider

2,%1)

(050G 01)(f) = Is[f (¥, x2)]
= 52(08(f)70?8[t/]70?8[x2])
= 5%(f(x1,3), 05[], 22)
= [f(=2,05[t')).
Since G¢[s'] € Wp)(X) \ X and the first input of the term f(x2,d[t']) is w2,

80 05 og 0y is not completely regular. Then o; € (MCR2)pyp,(2)- Therefore
K g (MCR2)HypG(2) and thus K = (MCRZ)HypG(2)- ||

Corollary 9. {(MCR)gyp2), (MCR1) fyps2), (MCR2) rype(2)} 18 the set of all
mazximal completely regular submonoids of Hypg(2).
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