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Abstract

In this paper, we introduced the concept of ordered I'-AG-groupoids, I'-
ideals and some classes in ordered I'-AG-groupoids. We have shown that
every I'-ideal in an ordered I'-AG**-groupoid S is I'-prime if and only if it is
I'-idempotent and the set of I'-ideals of S is I'-totally ordered under inclusion.
We have proved that the set of I'-ideals of S form a semilattice, also we have
investigated some classes of ordered I'-AG**-groupoid and it has shown that
weakly regular, intra-regular, right regular, left regular, left quasi regular,
completely regular and (2,2)-regular ordered I'-AG**-groupoids coincide.
Further we have proved that every intra-regular ordered I'-AG**-groupoid is
regular but the converse is not true in general. Furthermore we have shown
that non-associative regular, weakly regular, intra-regular, right regular, left
regular, left quasi regular, completely regular, (2,2)-regular and strongly
regular I'~AG*-groupoids do not exist.
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1. INTRODUCTION

The concept of a left almost semigroup (LA-semigroup) [10] was first introduced
by Kazim and Naseeruddin in 1972. In [7], the same structure is called a left
invertive groupoid. Proti¢ and Stevanovi¢ called it an Abel-Grassmann’s groupoid
(AG-groupoid) [24].

An AG-groupoid is a groupoid S whose elements satisfy the left invertive
law (ab)c = (cb)a, for all a,b,c € S. In an AG-groupoid, the medial law [10]
(ab)(cd) = (ac)(bd) holds for all a,b,c,d € S. An AG-groupoid may or may not
contains a left identity. In an AG-groupoid S with left identity, the paramedial
law (ab)(cd) = (dc)(ba) holds for all a,b,c,d € S. If an AG-groupoid contains a
left identity, then by using medial law, we get a(bc) = b(ac), for all a,b,c € S.

The concept of ordered I'-semigroups has been studied by many mathemati-
cians, for instance, Chinram et al. [1], Hila et al. [2, 3, 4, 5, 6], Jampan [8, 9] and
Kwon et al. [15, 16, 17, 18]. Also see [25].

In this paper, we have introduced the notion of ordered I'-AG**-groupoids.
Here, we have explored all basic ordered I'-ideals, which includes ordered I'-ideals
(left, right, two-sided) and some classes of ordered I'-AG-groupoids.

Definition 1. Let S and T" be two non-empty sets, then S is said to be a I'-AG-
groupoid if there exists a mapping S x I' x S — S, written (z, v, y) as x7yy, such
that S satisfies the left invertive law, that is

(1) (xyy) 6z = (2yy) 0z, for all x,y,z € S and v, € T

Definition 2. A I'-AG-groupoid S is called a I'-medial if it satisfies the medial
law, that is

(2) (xay) B (svyt) = (zas) B (yyt), for all x,y,s,t € S and o, B,y € T

Definition 3. A I'~AG-groupoid S is called a I'-"AG**-groupoid if it satisfy the
following law:

(3) za(yfz) = ya(xPz), for all z,y,z € S and o, 5 € T

Definition 4. A I'"AG*™-groupoid S is called a I'-paramedial if it satisfies the
paramedial law, that is

(4) (xay) B (svyt) = (tas) B (yyx), for all x,y,s,t € S and o, B,y € T

If an AG-groupoid (without left identity) satisfies medial law, then it is called an
AG**-groupoid [20].
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An AG-groupoid has been widely explored in [12, 13, 14, 21] and [24]. An AG-
groupoid is a non-associative algebraic structure mid way between a groupoid
and a commutative semigroup with wide applications in theory of flocks [23].

Definition 5. An AG-groupoid S is called a I'~AG*-groupoid [20], if the following
hold:
(5) (aBb)ye = bB(ayc), for all a,b,c € S and B,y € T.

Definition 6. In an AG*-groupoid S, the following law holds (see [24])

(6) (z10z2)B(z3724) = (Tp(1)OTp(2) ) B(Tp(3)VTp(ay) for all o, B,y €T

where {p(1),p(2),p(3),p(4)} means any permutation on the set {1,2,3,4}. It
is an easy consequence that if S = ST'S, then S becomes a commutative I'-
semigroup.

An AG-groupoid may or may not contains a left identity. The left identity of an
AG-groupoid allow us to introduce the inverses of elements in an AG-groupoid.
If an AG-groupoid contains a left identity, then it is unique [21].

Definition 7. An ordered I'~AG-groupoid (po-I'-AG-groupoid) is a structure
(S,T, <) in which the following conditions hold:

(i) (S,T) is a I-~AG-groupoid.
(i) (S,<) is a poset.
(iii) For all a,b and = € S, a < b implies afz < bfx and xfa < xzpb for all § € T'.
Let S be an ordered I'-AG-groupoid. For H C S, we define
(H={te S|t <hforsomeheH}.

For H = {a}, usually written as (a] .

Definition 8. A non-empty subset A of an ordered I'-AG-groupoid S is called a
[-left (resp. I'-right) ideal of S if

(i) STA C A (resp. AT'S C A), and
(ii) If a € A and b is in S such that b < a, then b € A.

Definition 9. A non-empty subset A of an ordered I'-AG-groupoid S is called a
(I-two-sided) ideal of S if A is both I'-left and I'-right ideal of S.

Definition 10. A T'-ideal P of an ordered I'-AG-groupoid S is called I'-prime if
for any two I'-ideals A and B of S such that A'B C P, then A C P or B C P.
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Definition 11. A I'-ideal I of an ordered I'~-AG-groupoid S is called I'-completely
prime if for any two elements @ and b of S and 8 € I such that a8b € I, then
ac€lorbel.

Definition 12. A T-ideal P of an ordered I'-AG-groupoid S is said to be I'-
semiprime if 12 C P implies that I C P, for any I'-ideal I of S.

Definition 13. A T'-AG-groupoid S is said to be I'-fully semiprime if every I'-
ideal of S is I'-semiprime. An ordered I'-AG-groupoid S is called I'-fully prime
if every I'-ideal of S is I'-prime.

Definition 14. The set of ['-ideals of an ordered I'-AG-groupoid S is called T'-
totally ordered under inclusion if for all I'-ideals A, B of S, either A C B or
B C A and is denoted by I'-ideal(.5).

2. IDEALS IN ORDERED I'-AG-GROUPOID

In this section we developed some results on ideals in ordered AG-groupoid.

Lemma 1. Let S be an ordered T'-AG-groupoid, then the following are true:
(i) AC (A], forall ACS,

(i) If AC B C S, then (A] C (B],

(iii) (AJl'(B] C (A'B] for all subsets A, B of S,

(iv) (A] = ((4]] for all AC S,

(v) For every I'-left (resp. I'-right) ideal or I'-bi-ideal T of S, (T]| =T,

(vi)

Proof. 1t is same as in [11]. ]

((A]T (B]] = (AT'B] for all subsets A, B of S.

Lemma 2. (STa|, (aI'S] and (STal'S| are a I'-left, a I'-right and a I'-ideal of
an ordered T'-AG**-groupoid S respectively, for all a in S such that (S] = (STS].

Proof. Let a be any element of S. Then it has to be shown that (STa] is the
I'-left ideal of S. For this consider an element x in ST (STa], then x = yvyz for
some y in S and z in (STa] where z < sfa for some sfa in STa and 7,0 € T.
Since S = ST'S so let y = y10y, for some § € I' and y;1,y2 € S, then by using (4)
and (1), we have

z < yy(sfa) = (y10y2)y(spa) = (ads)y(y28y1) = ((y2By1)ds)ya C STa.

Which implies that z is in (ST'a]. For the second condition of (STa] to be I'-left
ideal let = be any element in (STa], then z < sfa for some sfa in STa. Let y be
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any other element of S such that y < z < sfa, which implies that y is in (STa].
Hence (STa] is the I'-left ideal of S. It is to be noted that (aI'S] and (STaI'S]
can be shown I'-right and I'-two-sided ideal respectively with an analogy to the
proof of (STa] to be I'-left ideal of S. ]

Proposition 1. If S is an ordered I'-AG-groupoid such that S = ST'S, then every
I-right ideal of S is a I'-ideal.

Proof. Let I be a I'-right ideal of an ordered I'-AG-groupoid S. Let = € ST(I]
which implies that * = yvyz for some y € S and z € (I] where z < i for some
1 € 1. Since S = ST'S so let y = y1d0ys for some 6 € I" and y;,y2 € S, then by
(1), we get

r <yvyi = (y10y2)yi = (i6y2)yy1 € (ITS)I'S C 1.

Which implies that 2 € (I] and the second condition of (I] to be I'-left ideal holds
obviously. Hence [ is a I'-ideal of S. [ |

Remark 1.
(1) If (S] = (ST'S] then every I'-right ideal is also a I'-left ideal and ST'I C IT'S.

(2) If I is a I'-right ideal of S, then ST'T is a I'-left and IT'S is a I-right ideal
of S.

Lemma 3. If I is a T'-left ideal of an ordered T'-AG**-groupoid S, then (al'l] is
a D-left ideal of S.

Proof. Let I be aT'-left ideal of an ordered I'-AG**-groupoid S. Let x € ST (al'I]
which implies that z = y5z for some y € S and z € (aI'I| where z < a~i for some
avyi € aI'l and B, € T'. Then by using (3), we get

x < yB(ayi) = af(yyi) C al'(STI) C al'l.

Which implies that x € (aI'I] and for the second condition of (aI'I] to be I'-left
ideal let = be any element in (al'] then = < ayi for some avi in aI'l. Let y be

any other element of S such that y < z < a<i, which implies that y is in (aI'I].
Hence (al'I] is a I'-left ideal of S. |

Lemma 4. Intersection of two I'-ideals of an ordered I'-AG-groupoid S is a I'-
ideal.

Proof. Assume that P and @ are any two ['-ideals of an ordered I'-AG-groupoid
S. Let € ST(PNQ), then x = yBz for some f € T,y € S and z € (PN Q)]
where z € (P] which implies that z < a for some a € P and also z € (@] which
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implies that z < b for some b € ). Then by using (2), we have
x<yBa CSTPCPandzx<yBbC STQ C Q.

This shows that z € (P]N (Q] = (P N Q] and the second condition of (P N Q)] to
be T-left ideal is obvious. Similarly (P N Q)] is a I'-right ideal of S. Hence (PN Q)]
is a I'-ideal of S. ]

Lemma 5. If I is a I'-left ideal of an ordered I'-AG**-groupoid S, then (ITI] is
a I'-ideal of S.

Proof. Let I be aT-left ideal of an ordered I'-AG**-groupoid S. Let x € (ITI|T'S,
then z = kas for some k in (IT'I] and s in S, where k < if3j for some i3j € IT'
and «, 5 € I'. Now by using (1), we get

x < (ifj)as = (spj)ai C IT'I.

Now let x € ST'(IT'I], then = = sak for some s in S and k in (IT'I], where k < i3j
for some i j € ITI and «, 8 € I'. Now by using (3), we get

x < sa(ifj) =ia(spj) C IT'I.

This implies that « € (IT] and for the second condition of (IT'I] to be a I'-ideal,
let x be any element in (IT'I] then x < ifj for some i3j in IT'I. Let y be any
other element of S such that y < z < ¢, which implies that y is in (IT'I]. Hence
(ITI] a T'-ideal of S. |

Remark 2. If I is a T'-left ideal of S then (IT'I] is a T'-ideal of S.

Proposition 2. A proper I'-ideal (M| of an ordered T'-AG**-groupoid S is min-
imal if and only if (M] = ((al'a)T'M] for all a € S.

Proof. Let (M] be the minimal I'-ideal of S, as (MT'M] is a I'-ideal so (M] =
(MTM]. Now let = € ((al'a)l' M]I'S then x = yaz for some y in ((aI'a)['M] and
z in S, where y < (aya)Bm for some (aya)Bm in (al'a)T’'M and «, 3,7 € T'. Now
by using (1) and (4), we have

¢ < ((wya)Bm)az = (zBm)a(ava) = (afa)a(mn)
C (al'a)I'(MTS) C (al'a)I'M.

Which implies that = € ((aI'a)I'M].
Now let x € S((al'a)T' M] then x = sat for some s in S and ¢ in ((al'a)T'M],
where t < (aya)pm for some (aya)pm in (al'a)l'M and «, B,y € I', then by
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using (3), we have
z < sa((aya)pm) = (aya)a(spm) C (al'a)['(STM) C (al'a)T' M.

Which implies that x € ((al'a)I'M], and for the second condition of ((al'a)I'M]
to be a I'-ideal let = be any element in ((aI'a)'M]| then = < (aya)pfm for some
(aya)pm in (al'a)T'M. Let y be any other element of S such that y < z <
(aya)pm, which implies that y is in ((al'a)I'M]. Hence ((al'a)I'M] a I'-ideal of
S contain in (M] and as (M] is minimal so (M] = ((aT'a)T'M].

Conversely, assume that (M] = ((aI'a)l'M] for all a € S. Let (A] be the
minimal I'-ideal properly contain in (M] containing a, then (M| = ((al'a)I'M] C
(A], which is a contradiction. Hence (M] is a minimal I'-ideal. |

A T-ideal I of an ordered I'-AG-groupoid S is called minimal if and only if it
does not contain any I'-ideal of S other than itself.

Theorem 6. If I is a minimal T-left ideal of an ordered T'-AG**-groupoid S,
then ((al'a)T’(ITI)] is a minimal T-ideal of S.

Proof. Assume that I is a minimal I'-left ideal of an ordered I'-AG**-groupoid
S. Now let z € ((al'a)T'(ITI)|T'S then z = yaz for some y in ((al'a)T’(ITI)] and
z in S where y < (ada)B(iyj) for some 7,j in I and «, 3,7, € T', then by using
(1) and (4), we have

z < ((ada)B(ivj))az = (2B(ivj))alada) = (afa)a((ivj)dz)
= (ada)a((zv7)di) C (al'a)T'((STITI) C (al'a)T(ITI).

Which implies that € ((al'a)['(ITI)] and for the second condition of
((aI'a)T'(IT'1)] to be a I'-ideal let = be any element in ((al'a)I’(IT'I)] then x <
(ada)B(iyj) for some (ada)B(ivj) in ((al'a)T'(ITI)]. Which shows that
((aT'a)(IT1)] is a I'-right ideal of S. Similarly ((al'a)I’(IT'I)] is a I-left ideal so is
I-ideal. Let H be a non-empty I'-ideal of S properly contained in ((al'a)T'(IT1)].
Define H' = {r € I : aypr € H}. Then ay)(s€y) = sy(aly) € STH C H imply
that H'is a I'-left ideal of S properly contained in I. But this is a contradiction
to the minimality of I. Hence ((al'a)I'(IT'I)] is a minimal I'-ideal of S. ]

Theorem 7. An ordered I'-AG**-groupoid S is T'-fully prime if and only if every
I-ideal is T'-idempotent and T'-ideal(S) is T'-totally ordered under inclusion.

Proof. Assume that an ordered I'-AG**-groupoid S is I'-fully prime. Let I be
the T'-ideal of S. Then by Lemma 5, (IT'I] becomes a I'-ideal of S and obviously
IT'I C I and by Lemma 1, (IT'I] C (I]. Now

(ITI] C (ITI] yields (I] € (ITI] and hence
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(I = (ITI]. Let P, Q be I'-ideals of S and PT'Q C P, PT'Q C @ imply that
PT'Q C PN@Q. Since PN Q is I'-prime, so P C PNQ or  C PN which
further imply that P C @ or @ C P. Hence I'-ideal(S) is I'-totally ordered under
inclusion.

Converse is same as in [19]. |

If S is an ordered I'~AG**-groupoid then the principal I'-left ideal generated by
a is defined by (a) = STa = {sya : s € S, v € '}, where a is any element of S.
Let P be a I'-left ideal of an ordered I'-AG-groupoid S, P is called I'-quasi-prime
if for I'-left ideals A, B of S such that A'B C P, we have AC Por BC P. P
is called I'-quasi-semiprime if for any I'-left ideal I of S such that IT'I C P, we
have I C P.

Theorem 8. If S is an ordered I'-AG** -groupoid, then a T'-left ideal P of S is
[-quasi-prime if and only if aT'(STb) C P implies that either a € P or b € P,
where a, b € S.

Proof. The proof is same as in [19]. ]

Corollary 1. If S is an ordered T'-AG**-groupoid, then a T-left ideal P of S is
[-quasi-semiprime if and only if aI'(STa) C P implies a € P, for alla € S.

Proposition 3. A I'-ideal I of an ordered I'-AG-groupoid S is I'-prime if and
only if it is I'-semiprime and I'-strongly irreducible.

Proof. The proof is obvious. [ |

Theorem 9. Let S be an ordered T'-AG-groupoid and {P; : i € N} be a family
of I'-prime ideals T'-totally ordered under inclusion in S. Then NFP; is a I'-prime
ideal.

Proof. The proof is same as in [19]. |

Theorem 10. For each I'-ideal I there exists a minimal I'-prime ideal of I in
an ordered I'-AG-groupoid S

Proof. The proof is same as in [19]. ]

Definition 15. An ordered I'-AG-groupoid (S,T', <) is called regular if a €
((aT'S)Ta] for every a € S, or

(1) For every a € S there exist z € S and 8,y € T" such that a < (afz)va.
(2) AC ((AT'S)I'A] for every A C S.

Definition 16. An ordered I'-AG-groupoid (S,T', <) is called weakly regular if
a € ((aI'S)T'(al'S)] for every a € S, or
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(1) For every a € S there exist x,y € S and 8,7, € T such that a <
(afz)d(avyy).
(2) AC ((ATS)[(AT'S)] for every A C S.

Definition 17. An ordered I'-AG-groupoid (5,I',<) is called intra-regular if
a € ((ST'(ada))I'S] for every a € S and § € T, or

(1) For every a € S there exist x,y € S and 8,7, € T such that a <
(zB(ada))vy.
(2) AC ((ST(AT'A))I'S] for every A C S.

Definition 18. An ordered I'-AG-groupoid (S5,T", <) is called right regular if
a € ((ada)T'S] for every a € S and § € T, or

(1) For every a € S there exist x € S and 3,6 € I such that a < (ada)Sz.

(2) AC ((ATA)T'S] for every A C S.

Definition 19. An ordered I'~AG-groupoid (S,T", <) is called left regular if a €
(ST'(ada)] for every a € S and § € T', or

(1) For every a € S there exist x € S and 3,9 € I such that a < zf(ada).
(2) A C (ST (AT'A)] for every A C S.

Definition 20. An ordered I'~AG-groupoid (5,T", <) is called left quasi regular
if a € ((STa)['(STa)] for every a € S, or

(1) For every a € S there exist z,y € S and f,7,§ € T such that a <
(zBa)d(yya).
(2) AC ((STA)I'(STA)] for every A C S.

Definition 21. An ordered I'-AG-groupoid (S,T', <) is called completely regular
if S is regular, left regular and right regular.

Definition 22. An ordered I'-AG-groupoid (S,T",<) is called (2,2)-regular if
a € (((ada)T'S)T'(ada)] for every a € S and § € T, or

(1) For every a € S there exist z € S and (,7,d € I" such that
a < ((ada)Bx)y(ada).

(2) AC (((ATA)T'S)I'(AT'A)] for every A C S.

Definition 23. An ordered I'~AG-groupoid (S,T, <) is called strongly regular if
a € ((aI'S)T'a] and afx = xfa for every a € S and 5 €T, or
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(1) For every a € S there exist € S and 3, € I such that a < (afz)ya and
afr = xfa.

(2) A C ((ATS)T'A] for every A C S.

Example 1. Let us consider an ordered AG-groupoid S = {1,2,3} in the fol-
lowing multiplication table.

Let us define I' = {a, 8,7} as follows.

all 2 3 Bl1 2 3 |1 2 3
11 11 12 2 2 12 2 2
21 1 1 212 2 2 212 2 2
3]1 1 1 312 2 2 312 2 3

Here S is a I'~AG-groupoid because (afb)yc = (¢fb)vya for all a,b,c € S and S is
non-associative, because (1a2)83 # 1a(233). We define order < as:

<= {(17 1)’ (2’ 2)’ (3’ 3)7 (2’ 1)7 (27 3)’ (37 1)}

Clearly (S, <) is a poset and for all a,b and = € S, a < b implies afz < bz and
xfBa < xPb for some § €I so S is a ordered I'-AG-groupoid.

Note that S is a I'-ideal itself so by Lemma 1, (ST'S] C S.

Lemma 11. If S is reqular, weakly reqular, intra-regular, right regular, left reg-
ular, left quasi regqular, completely regular, (2,2)-reqular and strongly regular or-
dered T'-AG-groupoid, then S = (ST'S].

Proof. Assume that S is a regular ordered I'-AG-groupoid, then (ST'S] C S
is obvious. Let for any a € S, a € ((aI'S)l'a], then there exists x € S and
B,y € T such that a < (afz)va. Now a < (afz)ya € STS, thus a € (STS].
Similarly if S is weakly regular, intra-regular, right regular, left regular, left

quasi regular, completely regular, (2,2)-regular or strongly regular, then we can
show that S = (ST'S]. |

The converse is not true in general, because in Example 2, S = (ST'S] holds but S
is not regular, weakly regular, intra-regular, right regular, left regular, left quasi
regular, completely regular, (2,2)-regular and strongly regular, because 1 € S is
not regular, weakly regular, intra-regular, right regular, left regular, left quasi
regular, completely regular, (2,2)-regular and strongly regular.
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Example 2. Let us consider an ordered I'-AG-groupoid S = {1,2,3,4} in the
following Cayley’s table.

|1 2 3 4
1[4 4 2 4
214 4 1 4
311 2 3 4
414 4 4 4

Let us define I' = {a, 8,7} as follows:

all 2 3 4 Bl1 2 3 4 y|[1 2 3 4
11 1 11 12 2 2 2 12 2 2 2
21 1 1 1 212 2 2 2 212 2 2 2
311 11 312 2 2 2 312 2 2 2
411 1 1 1 412 2 2 3 412 2 2 4

Here S is a I'~AG-groupoid because (afb)yc = (¢fb)vya for all a,b,c € S and S is
non-associative, because (1a2)83 # 1a(233). We define the order < as:

={(1,1),(2,2),(3,3), (4,4), (1,4),(2,4), (3,4) }.

Clearly (5, <) is a poset and for all a,b and z € S, a < b implies afz < bz and
xfa < xfb for some B € T so S is a ordered I'-AG-groupoid. A = {1,2,4} is an
ideal of S as AI'S C A and ST A C A, also for every 1 € A there exists 4 € S
such that 4 < 1 € A implies that 4 € A, similarly for every 4 € A there exists
2 € S such that 2 < 4 € A implies that 4 € A.

Theorem 12. If S is an ordered I'-AG**-groupoid, then S is an intra-reqular
if and only if for all a € (5], a < (xBa)d(avyz) holds for some x,z € S and
B,v,0 €.

Proof. Assume that S is an intra-regular ordered I'-AG**-groupoid. Let a €
((ST'(aya))T'S] for any a € S and y € T', then there exist x,y € S and ,7,0 € T’
such that a < (zf(avya))dy. Now by using Lemma 11, y < uyv for some u,v € S.
Thus by using (2), (1) and (4), we have

zB(aya))dy = (af(xya))dy = (yf(zya))da = (yf(zya))d((xf(ava))dy)
(uy)B(270))5((xB(ava))dy) = ((ayz)B(vyu))d((xf(ava))dy)
(ay)Bt)o((2f(aya))dy) = (xS (ava))dy)Bt)d(aye)
(t0y)B(xB(aya)))d(aye) = (((aya)dz)p(ypt))d(ayx)

a

IN

IN

(
(
< (
(
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< (((ava)a)Bs)3(ara) = ((s62)B(ava))d(ara) = ((ada)B(avs))d(ara)
< ((ada)Bw)d(aya) = ((wda)Ba)d(aya) < (zBa)d(aya)
— (2Ba)d(ar2),

where vyu < t, yBt < s, xys < w and wda < z for some t,s,w,z € S.
Conversely, let for all a € (S], a < (zfa)d(ayz) holds for some z,z € S and
B,7,9 € T'. Now by using (3), (1), (2) and (4), we have

a < (wBa)d(arz) = ad((wBa)yz) < (xBa)d(ay2))d((zBa)y=)
ad((x8a)y2))5((wBa)yz) = ((wBa)y2)d((xha)yz))a
(xBa)y(25a))3(272))0a = (((afw)y(afa))d(zv2))da

)

)
ay((afx)Br))é(zvz))da zv2)8((afx)Br))ya)da

)

)

(
(
(
(aBz)6((27v2)bx))va)da = (((((272)bx)fr)da)ya)da
((zBx)B(2v2))da)ya)da = ((ada)y((xfx)B(272)))da

ay((zfx)B(272)))d(ada)
avyt)é(ada), where (xfx)B(zyz) <t for some t € S.

((
((
((
((
((

~—~ I~ N N N o~ o~

<
Now by using (4) and (1), we have

a

IN

at)d(ada) < (((avt)dé(ada))yt)d(ada) = (((ava)d(tda))yt)d(ada)
((ava)d(téa))vt)é(ada) = ((to(tda))y(ava))d(ada)

(
(
(
(

< (uy(avya))dv, where td(tda) < u and ada < v for some u,v € S
€ (ST'(avya))TS.
Which implies that a € ((ST(aya))I'S], thus S is intra-regular. |

Theorem 13. If S is an ordered I'-AG**-groupoid, then the following are equiv-
alent.

(i) S is weakly regular.

(ii) S is intra-regular.

Proof. (i)=>(ii) Assume that S is a weakly regular ordered I'~-AG**-groupoid.
Let a € ((aI'S)T'(al'S)] for any a € S, then there exist x,y € S and 8,v,6 € T
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such that a < (afz)d(avyy). Now by Lemma 11, let x < syt for some s,t € S,
¥ €T and tys < u € S, then by using (4) and (1), we have

a < (afz)é(avy) = (yfa)d(zya) = ((xya)Ba)dy < (((spt)ya)Ba)dy
= ((ava)B(s¢t))oy = ((tys)B(ava))dy = ((tys)B(aya))dy < (uf(atpa))dy
€ (ST(ava))TS.

Which implies that a € ((ST'(a®a))I'S], thus S is intra-regular.

(il)==(i) is the same as (i)==(ii). ]
Theorem 14. If S is an ordered T'-AG**-groupoid, then the following are equiv-
alent.

(i) S is weakly regular.
(ii) S is right regular.

Proof. (i)=>(ii) Assume that S is a weakly regular ordered I'~-AG**-groupoid.
Let a € ((aI'S)I'(al'S)] for any a € S, then there exist x,y € S and 8,v,6 € T
such that a < (afz)d(ayy) and by using Lemma 11, let zyy < t for some t € S.
Now by using (2), we have

< (afz)d(avy) = (aBa)d(zvy) < (aBa)dt € (aBa)l'S

Which implies that a € ((aBa)I'S], thus S is right regular.
(ii)==(i) It follows from Lemma 11 and (2). ]

Theorem 15. If S is an ordered T'-AG**-groupoid, then the following are equiv-
alent.

(i) S is weakly regular.
(ii) S is left reqular.

Proof. (i)=>(ii) Assume that S is a weakly regular ordered I'-AG**-groupoid.
Let a € ((aI'S)I'(al'S)] for any a € S, then there exist x,y € S and 8,v,6 € T
such that a < (afz)d(avyy). Now let ySz <t for some t € S then by (2) and (4),
we have

a < (aBz)é(avy) = (aBa)é(zvy) = (yBz)d(avya) = (yBz)d(aya)
< té(avya) € ST (ava).

Which implies that a € (ST'(ava)], thus S is left regular.
(il)==(i) It follows from Lemma 11, (4) and (2). ]
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Lemma 16. Every weakly reqular ordered I'-AG**-groupoid is reqular.

Proof. Assume that S is a weakly regular ordered I'-AG**-groupoid. Let a €
((aT'S)T'(al’'S)] for any a € S, then there exist x,y € S and 3,7,0 € I" such that
a < (afz)d(ayy). Let zyy <t € S and by using (1), (2), (4) and (3), we have

< (afz)d(avy) = ((ayy)Bz)da = ((xyy)Ba)da < (tBa)da

< (tB((afx)d(avy)))da = (tB((afa)d(zyy)))da

= (tB((yBx)d(ava)))da = (tB(ad((yBz)ya)))da

= (aB(té((yBx)ya)))da < (afu)da, where té((ySzx)ya) <u € S

€ (aI'S)Ta

Which implies that a € ((aI'S)[a), thus S is regular. n

The converse of above Lemma is not true in general, as can be seen from the
following example.

Example 3 [24]. Let us consider an AG-groupoid S = {1,2, 3,4} in the following
Cayley’s table.

|1 2 3 4

112 2 4 4

212 2 2 2

311 2 3 4

411 2 1 2

Let us define I' = {a, 8,7} as follows:

all 2 3 4 Bl1 2 3 4 7|1 2 3 4
1 (1 1 1 1 112 2 2 2 1(2 2 2 2
211 1 1 1 212 2 2 2 212 2 2 2
3|11 1 1 1 312 2 4 4 312 2 2 2
411 1 1 1 4 (2 2 2 2 412 2 3 4

Here S is a I'-AG-groupoid because (af8b)yc = (¢8b)ya for all a,b,c € S. We
define order < as:

<= {(17 1)7 (27 2)7 (373)7 (474)7 (17 2)7 (47 2)}

Clearly (S, <) is a poset and for all a,b and = € S, a < b implies afz < bz and
xfBa < zPb for some B € I' so S is a ordered I'-AG-groupoid. Also S is regular,
because 1 < (la3)al, 2 < (281)72, 3 < (383)y3 and 4 < (4v3)44, but S is not
weakly regular, because 1 ¢ ((1I'S)I'(1T'S)].
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Theorem 17. If S is an ordered I'-AG**-groupoid, then the following are equiv-
alent.

(i) S is weakly regular.
(i1) S is completely regular.

Proof. (i)=>(ii) It follows from Theorems 14, 15 and Lemma 16.
(ii)==(i) It follows from Theorem 15. ]

Theorem 18. If S is an ordered T'-AG**-groupoid, then the following are equiv-
alent.

(i) S is weakly regular.
(ii) S is left quasi reqular.
Proof. The proof of this Lemma is straight forward. [ |

Theorem 19. If S is an ordered T'-AG**-groupoid, then the following are equiv-
alent.

(i) S is (2,2)-regular.
(ii) S is completely regular.

Proof. (i)=(ii) Assume that S is a (2, 2)-regular ordered I'-"AG**-groupoid. Let
a € (((a0a)I'S)I'(ada)] for any a € S and § €, then there exist € S and 5,7 € T’
such that a < ((ada)Bz)y(ada). Now let (ada)fzr <y € S, then we have

a < ((ada)pzx)y(ada) < yy(ada) € ST (ada).

Which implies that a € (ST'(ada)], thus S is left regular. Now by using (4), we
have

o < ((6da)Br)y(ade) = (aa)(#6(ada))
< (ada)yz, where zd(ada) < z€ Sand § €T
€ (ada)r'sS.

Which implies that a € ((ada)T'S], thus S is right regular. Now let x < wipv for
some u,v € S and ¢ € T, then by using (4), (1) and (3), we have

o < ((68a)Br)r(ada) = (aBa)y(rd(ade)) < (aba)y((upv)d(ada)
= (afa)y((arpa)d(vou)) < (afa)y((arpa)dt), where véu <t € S
(((agpa)dt)Ba)ya = ((adt)B(ata))ya = (af((adt)ya))ya
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< (aPy)vya, where (adt)pa <y € S
€ (al'S)la.

Which implies that a € ((aI'S)['a], so S is regular. Thus S is completely regular.
(il)=>(i) Assume that S is a completely regular ordered I'~AG**-groupoid . Let

€ ((a’'S)la], a € ((ada)T'S] and a € (ST(ada)] for any a € S, then there
exist x,y,z € S and (,7,1,£,d € T such that a < (afz)va, a < (ada)py and
a < z&€(ada). Now by using (4), (1) and (3), we have

a < (afz)ya < (afx)y(2§(ada)) = ((ada)Bz)y(x€a) = ((z{a)Bz)7(ada)
< ((z€((ada)yy))Bz)y(ada) = (((ada)(z1py))Bz)y(ada)
< (((ada)£t)Bz)y(ada), where zihy <t € S
= ((2¢t)B(ada))y(ada) = ((aga)B(t6z))v(ada)
< ((ata)Bw)y(ada), where t6z < w € S
= ((aga)Bw)y(ada) € ((aga)I'S)I'(ada).

Which implies that a € (((a€a)I'S)I'(ada)], this shows that S is (2,2)-regular. =

Lemma 20. Fvery strongly reqular ordered I'-AG**-groupoid is completely requ-
lar.

Proof. Assume that S is a strongly regular ordered I'-AG**-groupoid, then for
any a € S there exists x € S and 3,7 € I' such that a < (affz)ya and afx = zSa.
Now by using (1), we have

a < (af)ya = (¢Ba)ya = (afa)ye C (afa)lS

Which implies that a € (a?T'S], this shows that S is right regular and by Theorems
14 and 17, it is clear to see that .S is completely regular. [ |
Theorem 21. In an ordered I'-AG**-groupoid S, the following are equivalent.

(i) S is weakly regular,

(ii) S is intra-regular,

(iii) S s right regular,
(iv) S is left regular,
)

(v) S is left quasi regular,
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(vi) S is completely regular,

(vil) For all a € S, there exist z,y € S such that a < (zfa)d(ayz) holds for
some x,z € S and B,7,0 € T,

(viii) S is (2,2)-regular.

Proof. (i)<=(ii) It follows from Theorem 13.
(il)<=(iii) It follows from Theorems 13 and 14.
(iii)<=(iv) It follows from Theorems 14 and 15.
(iv)<=(v) It follows from Theorems 15 and 18.
(v)<=(vi) It follows from Theorems 18 and 17.
(vi)<=(i) It follows from Theorem 17.
(ii)<=(vii) It follows from Theorem 12.
(vi)<=>(viii) It follows from Theorem 19. |

Remark 3. Every intra-regular, right regular, left regular, left quasi regular
(2,2)-regular and completely regular ordered I'-AG**-groupoids are regular.

The converse is not true in general, as can be seen from Example 3.

Theorem 22. Regular, weakly regular, intra-reqular, right reqular, left reqular,
left quasi regular, completely regular, (2,2)-reqular and strongly regular I'-AG*-
groupoids become a I'-semigroups.

Proof. Tt follows from (6) and Lemma 11. |
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