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Abstract

The concept of I'-semigroups is a generalization of semigroups. In this
paper, we associate two transformation semigroups to a I'-semigroup and
we call them the left and right transformation semigroups. We prove some
relationships between the ideals of a I'-semigroup and the ideals of its left
and right transformation semigroups. Finally, we study some relationships
between Green’s equivalence relations of a I'-semigroup and its left (right)
transformation semigroup.
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1. INTRODUCTION

The full transformation semigroup on a set X is the semigroup T’x of all trans-
formations on X (i.e., all mappings from X to itself) under the operation of
composition of mappings. Any subsemigroup of Tx is called a transformation
semigroup. Transformation semigroups are ubiquitous in semigroup theory be-
cause of Cayleys Theorem which states that every semigroup embeds in some
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transformation semigroup. The study of transformation semigroups has applica-
tions in fields as diverse as probability, automata theory, and discrete dynamical
systems.

The notion of a I'-semigroup was introduced by Sen in [10] and [11] that is a
generalization of a semigroup. Many classical notions of semigroups have been
extended to I'-semigroups (see, for example, [4, 9, 12, 13] and [14]). Dutta and
Adhikari have found operator semigroups of a I'-semigroup to be a very effective
tool in studying I'-semigroups [5]. Recently, Davvaz et al. introduced the notion
of I'-semihypergroups as a generalization of semigroups, a generalization of a
semihypergroups and a generalization of I'-semigroups [1, 6, 7].

In this paper, we associate two transformation semigroups to a I'-semigroup
that are called the left and right transformation semigroups. Also, we prove
some relationships between the ideals of a I'-semigroup and the ideals of its left
and right transformation semigroups. Also, some relationships between Green’s
equivalence relations of a I'-semigroup and its left (right) transformation semi-
group are studied.

2. PRELIMINARIES

In this section, we recall some preliminary definitions of I'-semigroups.

Definition [11]. Let S = {a,b,c,...} and I' = {«, 5,7, ...} be two non-empty
sets. Then, S is called a I'-semigroup if there exists a mapping S x I' x S — S,
written (a,7y,b) by avb, such that satisfies the following conditions:

(1) aab € S for all a,b € S and o € T
(2) (aa)Bc = aa(bBe) for all a,b,c € S and o, f €T

A T-semigroup S is called commutative if zay = yaz for every x,y € S and
acl.

Let S be a I'-semigroup. Then, (S, «) is a semigroup for every a € I" and we
denote this semigroup by S,.

Let A and B be two subsets of a I'-semigroup S and A C T". Then, AAB is
defined as follows

AAB ={adb|a€ A,be B and 6 € A}.

For simplicity, we write aAB, AAb and AJB instead of {a}AB, AA{b} and
A{d} B, respectively.

Let S be an arbitrary semigroup and I' be a non-empty set. Define a mapping
SxI'x S — S byaab=abforall a,b €S and o € I'. It is easy to see that S
is a I'-semigroup. Thus, a semigroup can be considered as a I'-semigroup.

In the following, some examples of I'-semigroups are presented.
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Example 1. Let S = {—4,0,i} and I' = S. Then, S is a I'-semigroup under the
multiplication over complex numbers while S is not a semigroup under complex
numbers multiplication.

Example 2. Let S be the set of all m x n matrices with entries from a field F
and I' be a set of n x m matrices with entries from F'. Then, S is a I'-semigroup
with the usual product of matrices.

A non-empty subset T" of a ['-semigroup S is said to be a I'-subsemigroup of S if
TIT CT.

A non-empty subset I of a I'-semigroup S is called a left (right) I'-ideal, “ideal,
for short” of S, if STI C I (IT'S CI).

Definition [11]. Let S be a I'-semigroup. A proper ideal P of S is called a prime
ideal if for any two ideals I and J of S, IT'J C P implies I C P or J C P.

Definition [5]. Let S be a I'-semigroup. Define a relation p on S x I" as follows:
(x,a)p(y, B) <= xas = yPs,Vs € S.

Obviously p is an equivalence relation. Let [z, ] denotes the equivalence class
containing (z,a). Let L = {[z,a] | x € S,a € I'}. Then, L is a semigroup where
[z, a]ly, B] = [xay, 8], for all z,y € S and a, B € T'. The semigroup L is called
the left operator semigroup of S. Similarly, right operator semigroup R of a I'-
semigroup S is defined as R = {[o, 2] | « € T', & € S}, where [a, z][3, y] = [, 2BY],
forall z,y € S and o, 8 € T.

Let S be a I'-semigroup, a € S and «, 3 € I'. Then a is said to be a-idempotent
if aca = a. Also, a is said to be (a, §)-regular if there exists z € S such that
a = aaxfa.

3. MAIN RESULTS

Throughout the paper we assume that S is a ['-semigroup. In this section, we
follow the notations of [3], namely, if f € T’x, then we write

_ [ %
I= < vi )
where, f(x;) = y; and i belongs to an index set I.

For every x € S and a € I' we associate two mappings f; o : S — S by
fra(s) =xzas and foz 1S — S by fau(s) = saz.
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Now, consider two subsets T;.(S) and T;(S) of the transformation semigroup Ts
defined by
Ti(S) = {fra |z € S, €T}

and
T.(S) ={faux | v € S,a €T}

Theorem 3. T}(S) and T,(S) are subsemigroups of the full transformation semi-
group Tys.

Proof. Suppose that f, . and f, 3 are two elements of T;(S) such that z,y € S
and a, 8 € I'. Then, for every s € S, we have

(fr.a 0 fy,8)(8) = fralfyp(s))
= fea(yBs)
= za(ypfs)
= (zay)Bs
= fray,p(s)-
Thus, frao fys = feays € Ti(S). So, T}(S) is closed under composition. There-

fore, Tj(S) is a subsemigroup of Tg. Similarly, one can prove that 7,.(S) is a
subsemigroup of Tg. ]

T;(S) and T,(S) are called the left and right transformation semigroups of S,
respectively.
It is easy to see that if S is a commutative I-semigroup, then 7;(S) = 7,.(.5).

Example 4. Let S = {a,b,c¢,d} and T' = {«, B}. We define the operations « and
B as the following tables

Q.0 o olR
QO oo e
QO oS>
QU O O oo
Q QR
QLo oo |™®
QO O ol
QL O o ol
QO O oo
Q QL QL Q&

then, S is a commutative I'-semigroup and we obtain the transformation semi-
groups of S as follows

mo-{(3 (2t ) (ks D)
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For every A C S, we define
Ti(A) = {foa € T1(S) | zas € A, Vs € S},
T.(A) ={fax € T:(S) | sax € A, Vs € S}.
Also, for every B C Tj(S) and C C T,.(S) we define
Si(B)={z €S| fr,a € B,VaeT},
Sy (C)={z €S| far€CVaeTl}
If there exist elements e € S and d € I' such that edz = x for every x € S, then
S is said to have a left unity. Similarly, if there exist elements e € S and § € T’

such that zde = z for every x € S, then S is said to have a right unity.

Remark 5. If S has a left unity, then f, s is the identity mapping. Also, if S
has a right unity, then fs. is the identity mapping.

Lemma 6. Let A and B be two subsets of S and C and D be two subsets of
Ti(S). Then

(1) Ti(AN B) = Ti(A) N Ty(B);
(2) SI(CND)=5(C)NSD);
(3) SI(C)L'S(D) C Si(C o D);

(4) If S has a left unity, then T;(A) o T;(B) C T;(AT'B).

Proof. The proofs of (1) and (2) are straightforward.

(3) Suppose that C' and D are two subsets of T;(S) and x € S;(C)['S;(D).
Then, there exist y € S;(C) and z € S;(D) and « € I' such that x = yaz. So,
fya € C and for every B € I, f, 3 € D. Thus, f,3 = fya© f.3 € C oD which
implies that x € S;(C o D). Therefore, S;(C)I'S(D) C S;(C o D).

(4) Suppose that f.s = idg, for some e € S and 6 € I'. Let A and B be two
subsets of S. If f; o € T}(A) o T}(B), then there exist y,z € S and 3,7 € I' such
that

Joo = fyp o fory = fypery

where, f, 3 € T}(A) and f. € T}(B). So, yBS C A and 27S C B, thus we have
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zas = fyalS)
= Jfypzn(s)
= (yBz)ys
= yB(zys)
= yB(ed(zys))
= (yBe)d(zys) € ATB.
S0, fr.a € TI(AT'B). Therefore, Tj(A) o T)(B) C T;(AI'B). [ ]

The following examples show that in the parts (3) and (4) of the previous lemma,
the equality does not necessarily hold.

cd

dd '

bbcd
Then, S;(C) =0, Si(D) = {d} and S;(C o D) = {d}. So, we have

Example 7. In Example 3, letC:{(a be d)}andD:{(ZZ

S(C)LS (D) =0 € {d} = Si(Co D).

Example 8. Let S be a closed interval [0, 1] and I' = {1, 2,3}. For every z,y € S
and v € I', we define zyy = % Then, for every x,y,z € S and «, 8 € I', we have

(way)Bz = % = za(yBz).

This means that S is a I'-semigroup such that fi; = idgs.

Now, consider A = {0} and B = {1} as two subsets of S = [0,1]. Then,
T;(A) = {0}, T;(B) = 0 and we have

Ti(4) 0 Ty(B) = 0 C {0} = Ty(ATB).
Lemma 9. The following assertions hold

(1) If A is an ideal of S, then Ti(A) is an ideal of T;(S) and A C Si(T;(A)).
Moreover, if S has a right unity, then A = S;(T;(A));

(2) If B is an ideal of Ti(S), then S;(B) is an ideal of S and B C T;(S;(B)).
Moreover, if S has a left unity, then B = T;(S;(B));

(3) If S has a right unity and P is a prime ideal of S, then Ty(P) is a prime
ideal of Ty(S);

(4) If S has a left unity and Q is a prime ideal of T;(S), then S;(Q) is a prime
ideal of S.
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Proof. (1) Suppose that A is an ideal of S and f, o € T;(A). Then, for every
z,s € S and B € I', we have aa(xzfs) € A s0 foa © fop = faaxps € Ti(A).
Similarly, we can prove that f; g o fo.a = fz8a,a € Ti(A). Therefore, T;(A) is an
ideal of T;(S5).

Now, let x € A. Then, for every s € S and o € I' we have xas € A. So,
frza € Ti(A), thus z € S;(T;(A)), therefore A C S;(T;(A)).

Suppose that S has a right unity so there exist e € S and § € I' such that
soe = s, for every s € S. If x € S;(T;(A)), then for every o € ' we have f, o €
Ti(A). So, x = zde € xzI'S C A, thus S;(T;(A)) C A, therefore A = S;(T;(A)).

(2) Suppose that B is an ideal of T;(S) and = € S;(B). Then, f, . € B for
every a € I'. So, for all s € S and § € I' we have fyns5 = fra0 fsp € B, thus
zas € Si(B). Similarly, we have sax € Si(B). Therefore, Si(B) is an ideal of S.

Now, let fyo € B. Then, for every s € S and § € I' we have fyosp =
fz.a0fsp € B, since B is an ideal of T)(.S). So, xas € Si(B), thus f. o € T;(S1(B)),
therefore B C T;(S;(B)).

Suppose that S has a left unity, then there exist e € S and § € I" such that
eds = s, for every s € S. If f, o € T;(S;(B)), then for every s € S we have
rTas € Sl(B) So, f:r,a = fx,a o fe,(s = fxoee,(s € B.

(3) Suppose that P is a prime ideal of S and C and D are ideals of Tj(S5)
such that C o D C Tj(P). So, by part (3) of Lemma 6 and part (1), we have
S| (CYT'S(D) C Si(T;(P)) = P. Now, since P is prime we conclude that S;(C) C
P or Si(D) C P. So, by part (1), we have C C T}(P) or D C T;(P). Therefore,
T;(P) is a prime ideal of T}(5).

(4) Suppose that @ is a prime ideal of T7;(S) and I and J are ideals of S
such that IT'J C S;(Q). So, by part (4) of Lemma 6 and part (2), we have
Ti(I)oTi(J) C T1(S1(Q)) = Q. Now, since @ is prime we conclude that 7;(I) C @
or T;(J) C Q. So, by part (2), we have I C S;(Q) or J C Si(Q). Therefore, S;(Q)
is a prime ideal of S. [ ]

Theorem 10. There is an inclusion preserving bijection between the set of all
ideals of S and the set of all ideals of T;(.S).

Proof. Suppose that Z(S) and Z(T;(S)) are the sets of all ideals of S and T;(.5),
respectively. Then, it is easy to see that the mapping

T;: 2(S) — Z(Ti(9))
I—T(1)
is well-defined and is an inclusion preserving mapping. It remains to show that
T; is monotone. Since S has a left unity, there exist e € S and § € I" such that
eds = s, for every s € S. Let I and J be two ideals of S such that T;(1) = T;(J).

Then for every a € S we have a € I if and only if f,s € T;(I) if and only if
fas € Ty(J) if and only if a € J. Hence I = J and so T; is monotone. [ |
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In the following theorem, we prove that two semigroups associated to a I'-
semigroup in Definition 2 and Theorem 3 are isomorphic.

Theorem 11. The left transformation semigroup and the left operator semigroup
of S are isomorphic.

Proof. Suppose that T;(.S) is the left transformation semigroup and L is the left
operator semigroup of S. Then, the mapping

p:Ti(S)— L
Sp(fz,oz) - [m,a]

is well-defined, as if f, o = fy g for some z,y € S and o, 3 € I, then for every
s € S we have zas = fr.q(s) = f,(s) = yBs and so [z,a] = [y, B]. Also, for
every z,y € S and «, 8 € I' we have

Sp(fx,a © fy,ﬁ) = So(fxoay,ﬁ)

= [zay, B]

= [z,a]ly, f]

= @(fz,0)(fy,p)-
So ¢ is a homomorphism. Obviously, ¢ is one-to-one and onto. Therefore, ¢ is
an isomorphism and 7;(S) = L. ]

Green’s equivalence relations for semigroups, first studied by Green [8], have
played a fundamental role in the development of semigroup theory (for more
details see [3]). Chinram and Siammai have studied Green’s relations for I'-
semigroups [2].

Definition. Let A be a semigroup and a,b € A. Then the Green’s equivalence
relations £ and R are defined by the following rules:

(1) (a,b) € L if and only if < a >=< b >;
(2) (a,b) € Rif and only if < a >,=<b>,.
Green’s relations of a I'-semigroup are defined similarly. Let a € S. Then
<a>=5STaU{a} and <a>,=al'SU{a}.

Thus (a,b) € L if and only if a = b or there exist z,y € S and «, 8 € I" such that
a = xab and b = yfa. Similarly, (a,b) € R if and only if a = b or there exist
z,y € S and a, 8 € I' such that a = bax and b = afy.
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In the following, we study some relationships between Green’s relations of a I'-
semigroup and its left (right) transformation semigroup. The notations L£g and
Rs are used for Green’s relations of a I'-semigroup S. Similarly, £7, and R,
are used for Green’s relations of the left transformation semigroup of S. Also,
L7, and R, are used for Green’s relations of the right transformation semigroup

of S.

Lemma 12. Let x be an element of S and o and B be two elements of I'. Then

1) If x is a-idempotent, then f; o is idempotent;

(1)
(2) If x is (o, B)-regular, then fq.o is regular.
(3) If x is a-idempotent, then foz is idempotent.
(4) If x is (o, B)-regular, then fg, is reqular.
Proof. (1) Since x is a-idempotent, fr o © foo = fraza = [fra- S0 fra 1S
idempotent.

(2) Since x is (o, B)-regular, there exists y € S such that z = zayfzx. So
fra© fy0 fr,a = feayBo,a = fr,o and thus f, . is regular.

(3) The proof is similar to (1).

(4) The proof is similar to (2). ]

Theorem 13. Let a and b be two elements of S. Then

(1) If (a,b) € Rg, then (fa,a, fap) € L1, for every o € T
(2) If (a,b) € Lg, then (fo,a, fo.a) € L1y, for every o € T;

(3) Let a be a-idempotent and b be B-idempotent for some o, f € I' such that
(fa,a fo.8) € Ryy. Then (a,b) € Rs.

Proof (1) If (a,b) € Rg, then there exist z,y € S and v, \ € T such that

= byr and b = aly. Thus for every s € S, we have saa = sabyr and
sab = saa)y which implies that foo = fy,20fap and fop = fiy0 fa,a- Therefore,
(fa,aa fa,b) € RT['

(2) If (a,b) € Lg, then there exist z,y € S and v, A € I such that a = zvyb and
b = yAa. Thus for every s € S, we have aas = xvybas and bas = yAaas which
implies that fo.o = foy © fo,0 a0d foo = fyr © fa,a. Therefore, (fao,a, fo,0) € L.

(3) Suppose that (fa,a, fo,.8) € Rr,. Then there exist z,y € S and v, A € T’
such that fo.o = fo.p0 fory = fopey and fo 3 = faa © fyx = faay- Thus

a = aca = fa,a(a) = fb,é’x,'y(a) = 55(90’700 €E<b>,
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and
b="06b= f1,8(0) = faayr(b) = ac(yAb) €< a >, .

Therefore, (a,b) € Rgs. [ ]

Let p be an equivalence relation on a set A and a € A. Then the p-class containing
a is denoted by [pala-

Theorem 14. Let o be an element of I' and x be an a-idempotent element of S.
Then for every y € S the following assertions hold

(1) y € [Ls]e if and only if fy o € [L1)]f, .05
(2) y € [Rsly if and only if fo, € ['CTr]fa,z~

Proof. (1) y € [Lg], if and only if there exist z,t € S and v, A € I' such that
x = zyy and y = tAx if and only if for every s € S,

fra(s) = zas = (2vy)as = fzy0 fyal(s)
and
fy,a(s) =yas = (t)w)as = ft,)\ S fx,a(s)
if and only if
fx,oc = fz,v o fy,oc e< fy7o¢ >1

and
fy,a = ft,>\ © f:r:,a e< fx,oa >1

if and only if f, » € [L1)]f, .-
(2) y € [Rg], if and only if there exist z,¢t € S and 7, A € T such that = yyz
and y = zAt if and only if for every s € S,

fau(s) = sax = sa(yyz) = f5,2 © fay(s)
and
fa,y(s) = say = Sa(xAt) = f>\7t o fa,x(s)

if and only if
fa,w = fﬂﬁz 0 fa:y E< fa7y >l

and
foz,y = f)\,t o fa,x e< foz,a: >1

if and only if fo, € [L1, ]}, .- [ ]
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It is necessary to note that all facts that mentioned and proved for the left
transformation semigroup of a I'-semigroup are hold for the right transformation
semigroup of a I'-semigroup and proved in similar ways.
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