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Abstract

We extend the notion of the exocenter of a generalized effect algebra
(GEA) to a generalized pseudoeffect algebra (GPEA) and show that ele-
ments of the exocenter are in one-to-one correspondence with direct decom-
positions of the GPEA; thus the exocenter is a generalization of the center
of a pseudoeffect algebra (PEA). The exocenter forms a boolean algebra and
the central elements of the GPEA correspond to elements of a sublattice of
the exocenter which forms a generalized boolean algebra. We extend the
notion of central orthocompleteness to GPEA, prove that the exocenter of
a centrally orthocomplete GPEA (COGPEA) is a complete boolean alge-
bra and show that the sublattice corresponding to the center is a complete
boolean subalgebra. We also show that in a COGPEA, every element ad-
mits an exocentral cover and that the family of all exocentral covers, the
so-called exocentral cover system, has the properties of a hull system on a
generalized effect algebra. We extend the notion of type determining (TD)
sets, originally introduced for effect algebras and then extended to GEAs


http://dx.doi.org/10.7151/dmgaa.1194

14 D.J. FouLis, S. PULMANNOVA AND E. VINCEKOVA

and PEAs, to GPEAs, and prove a type-decomposition theorem, analogous
to the type decomposition of von Neumann algebras.

Keywords: pseudoeffect algebra, generalized pseudoeffect algebra, center,
exocenter, central orthocompleteness, type determining set, type decompo-
sition.
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1. INTRODUCTION

Our purpose in this article is to define and study extensions to generalized pseu-
doeffect algebras of the notions of the center, central orthocompleteness, central
cover, type determining sets and type decompositions for an effect algebra, resp.
for a pseudoeffect algebra (see [10, 11, 13, 14, 16, 18]).

Effect algebras (EAs) [9] were originally introduced as a basis for the repre-
sentation of quantum measurements [1], especially those that involve fuzziness or
unsharpness. Special kinds of effect algebras include orthoalgebras, MV-algebras,
Heyting MV-algebras, orthomodular posets, orthomodular lattices, and boolean
algebras. An account of the axiomatic approach to quantum mechanics employing
EAs can be found in [4].

Several authors have studied or employed algebraic structures that, roughly
speaking, are EAs “without a largest element.” These studies go back to M.H.
Stone’s work [34] on generalized boolean algebras; later M.F. Janowitz [21] ex-
tended Stone’s work to generalized orthomodular lattices. More recent develop-
ments along these lines include [9, 20, 24, 25, 28, 30, 33, 35].

The notion of a (possibly) non-commutative effect algebra, called a pseu-
doeffect algebra, was introduced and studied in [5, 6, 3]. Whereas a prototypic
example of an effect algebra is the order interval from 0 to a positive element
in a partially ordered abelian group, an analogous interval in a partially ordered
non-commutative group is a prototype of a pseudoeffect algebra. Pseudoeffect
algebras “without a largest element”, called generalized pseudoeffect algebras,
also have been studied in the literature [7, 8, 31, 36].

The classic decomposition of a von Neumann algebra as a direct sum of
subalgebras of types I, II and III [29], which plays an important role in the
theory of von Neumann algebras, is reflected by a direct sum decomposition of the
complete orthomodular lattice (OML) of its projections. The type-decomposition
for a von Neumann algebra is dependent on the von Neumann-Murray dimension
theory, and likewise the early type-decomposition theorems for OMLs were based
on the dimension theories of L. Loomis [26] and of S. Maeda [27]. Decompositions
of complete OMLs into direct summands with various special properties were
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obtained in [2, 23, 32] without explicitly employing lattice dimension theory.
More recent and considerably more general results on type-decompositions based
on dimension theory can be found in [17]. Dimension theory for effect algebras
was developed in [12].

As a continuation of the aforementioned work, the theory of so called type
determining sets was introduced and applied, first to obtain direct decomposi-
tions for centrally orthocomplete effect algebras [10, 11], and later for centrally
orthocomplete pseudoeffect algebras [16]. While direct decompositions of effect
algebras and pseudoeffect algebras are completely described by their central el-
ements [3, 18], for the generalized structures without a top element, we need
to replace the center by the so called exocenter, which is composed of special
endomorphisms, resp. ideals [13, 22].

The present paper is organized as follows. In Section 2, we introduce basic
definitions and facts concerning generalized pseudoeffect algebras (GPEAs). In
Section 3 we introduce the notion of the exocenter of a GPEA and study its
properties. Section 4 is devoted to central elements in a GPEA and relations
between the center and the exocenter. The notion of central orthocompleteness
is extended to GPEAs in Section 5 where it is shown that the center of a centrally
orthocomplete GPEA (COGPEA) is a complete boolean algebra. In Section 6
we introduce the exocentral cover, which extends the notion of a central cover
for an EA. In Section 7, we develop the theory of type determining sets for
GPEAs and show some examples. Finally, in Section 8, we develop the theory
of type decompositions of COGPEAs into direct summands of various types.
We note that COGPEAs are, up to now, the most general algebraic structures
for which the theory of type determining sets has been applied to obtain direct
decompositions.

2. GENERALIZED PSEUDOEFFECT ALGEBRAS

We abbreviate ‘if and only if’ as ‘iff’ and the notation := means ‘equals by
definition’.

Definition 2.1. A generalized pseudoeffect algebra (GPEA) is a partial alge-
braic structure (E,®,0), where @ is a partial binary operation on E called the
orthosummation, 0 is a constant in F called the zero element, and the following
conditions hold for all a,b,c € E:

(GPEAL) (associativity) (a ®b) and (a®b) @ c exist iff b c and a® (b® ¢) exist
and in this case (a®b)®c=a® (bD c).

(GPEA2) (conjugacy) If a @ b exists, then there are elements d, e € F such that
adb=dda=bDe.
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(GPEA3) (cancellation) f a®b=a® ¢, or b® a = c® a, then b = c.
(GPEAA4) (positivity) If a ® b =0, then a = b = 0.
(GPEA5) (zero element) a ® 0 and 0 @ a always exist and are both equal to a.

As a consequence of (GPEA3), the elements d and e in (GPEA2) are uniquely
determined by a and b. Following the usual convention, we often refer to a GPEA
(E,®,0) simply as E.

If £ and F are GPEAs, then a mapping ¢: E — F' is a GPEA-morphism iff,
for all a,b € E, if a @ b exists in F, then ¢(a) @ ¢(b) exists in F and ¢(a B b) =
#(a) @ ¢(b). If ¢: E — F is a bijective GPEA-morphism and ¢~1: F — E is also
a GPEA-morphism, then ¢ is a GPEA-isomorphism.

Standing Assumption:

In what follows, (E,®,0) is a generalized pseudoeffect algebra. In general, lower
case Latin letters a,b,c,...,z,y,z, with or without subscripts, will denote ele-
ments of F. If we write an equation involving an orthosum, e.g. * @y = z, we
tacitly assume its existence.

Definition 2.2. The relation < is defined on the GPEA F by
a<bifa®z=0>forsomex € F

or equivalently (in view of (GPEAZ2)), by
a<biff y® a=>for some y € E.

If a < b, then by (GPEA3) the elements x and y such that a®z =y @ a = b are
uniquely determined by a and b, and we define the (left and right) differences

a/b:=xz and b\a :=y.
In the event that a < b and a/b coincides with b\a, we also define
boa:=a/b=0b\a.

We say that elements p and ¢ in E are orthogonal, in symbols p L ¢, iff p® ¢
and ¢ @ p both exist and are equal. The GPEA E is commutative iff p L ¢ holds
whenever p @ ¢ is defined.

Evidently, if either a/b or b\a exists, then both exist and a < b; conversely, if
a < b, then both a/b and b\a exist and b = a @ (a/b) = (b\a) ® a. Also, if bS a
exists, then a,bca <b,a l (bcSa)and a® (b a)=(b&a)®a=>b. We note
that a commutative GPEA is the same thing as a generalized effect algebra [33].
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The GPEA FE is partially ordered by < and 0 is the smallest element in E. The
cancellation laws in (GPA3) are easily extended to < as follows:

Ifadb<a®corifb®da<c®a, thenb<ec.

An existing supremum (resp. infimum) in the partially ordered set (poset) E of
elements a and b is denoted by a V b (resp. by a A b). We say that a and b are
disjoint iff a Ab = 0. We note that a GPEA-morphism preserves inequalities and
corresponding left and right differences.

An important example of a GPEA ([7], Example 2.3) is a subset of the
positive cone in a partially ordered group (po-group). Let (G, +,0,<) be a po-
group with G := {g € G : 0 < g}. Let G° be a nonempty subset of G* such that
for all a,b € G, if b < a then —a + b, b —a € G°. Then (G°,®,0), where & is
the group addition restricted to those pairs of elements whose sum is again in G°,

is a GPEA whose partial order coincides with the group partial order restricted
to GO.

Lemma 2.3. Let a,b,c,d € E with a <b. Then:
(i) b\a, a/b<b and (b\a)/b=">b\(a/b) = a.
(i) d<a/bsadd<bed<banda<b\d.

(iii) If b @ d exists, then a/(b® d) = (a/b) & d, a ® d exists, and a ®d < b P d.
Also, if d®b exists, then (ddb)\a = d®(b\a), dda ezists, and dda < bDa.

(iv) Ifa<b<c, then a/c=a/b@® b/c and c\a = c\b® b\a.

Proof. (i) Asb = b\ada, we get (b\a)/b = a, and b = a®a/bimplies b\ (a/b) = a.

(ii) If d < a/b, then 3z € E with d®x = a/b, so (a®d) Pz =a® (ddz) =D,
and therefore a®d <b. If a®d <b,then Iy € E, y® (a®d) = (yda)dd=0>b,
whence d < b, y ®a = b\d, and a < b\d. Thusd < a/b=a®dd <b=d<
b and a < b\d. Proofs of the converse implications are straightforward.

(iii) Assume that b d exists. Thena < b < bPdand aPa/(bdd) =bDd =
(a®a/b)®d = a®((a/b)®d), whence a/(bdd) = (a/b)®d by cancellation. Also,
as a < b, we have b\a®a = b, whence bddd = (b\a®a)Dd = b\a® (a®d), whence
a @ d exists and a  d < b @ d. The remaining assertion is proved analogously.

(iv) Asa <b<c¢, wehave a® (a/bDb/c) = (a D a/b) Db/c=bDb/c=c=
a ® a/c, whence a/b® b/c = a/c by cancellation. The second equality is proved
similarly. [ |

Lemma 2.4. Let e € E, and let (fi)icr be a family of elements of E such
that the supremum [ := \/,c; fi exists in E. Suppose that e & f (resp. f @ e)
exists. Then e ® f; (resp. f; @ e) exists for all i € I, the supremum \/;c;(e @ f;)
(resp. the supremum \/;c;(fi ®e)) exists in E, and e ® f = \/;c;(e ® f;) (resp.
foe=Vi(fide)).
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Proof. We prove the lemma under the hypothesis that e @ f exists. The proof
under the alternative hypothesis is similar. For each ¢ € I, we have f; < f,
and therefore e @ f; exists and e @ f; < e ® f (Lemma 2.3 (iii)). Suppose that
e®fi <be Eforalli€ I, i.e., there exists z; with b = (e® f;)®x; = e®(fi Dxy).
Then e < b and f; < f; ®x; = e/b for all i € I, whence f < e/b, and it follows
from Lemma 2.3 (ii) that e ® f < b, proving that e ® f = \/,.;(e ® f). |

By (GPEAL1), we may omit parentheses in expressions such as a®b®c. By recur-
sion, the partial operation & can be extended to finite sequences eq,es,..., €, as
follows: The orthosum e; @ - - - @ e, exists iff the elements f :=e; Pea®---Dey_1
and f @ e, both exist, and then e; ®--- P e, := f De,. In general, the orthosum
may depend on the order of its orthosummands.

In a similar way, by recursion, we also define orthogonality and the corre-
sponding orthosum for a finite sequence of elements in F, and it turns out that
the orthosum does not depend on the order of the orthosummands. Therefore,
in the obvious way, we define orthogonality and the corresponding orthosum for
finite families in E. (We understand that the empty family in E is orthogonal
and that its orthosum is 0.) The notion of orthogonality and the orthosum for
arbitrary families is defined as follows: A family (e;);er in E is said to be orthog-
onal iff every finite subfamily (e;);er (I 2 F is finite) is orthogonal in E. The
family (e;);ecr is orthosummable with orthosum @;cre; iff it is orthogonal and the
supremum \/ p;(@icre;) over all finite subsets F' of I exists in F, in which case

Dicre; == \/Fg(@ieFei)-

Lemma 2.5. Lete,f € E. Ife L f and eV f exists in E, then e A\ f exists in
E,(evf)L(eAf),anded f=(eV [f)D(eNf).

Proof. Ase L f,wehavee®f = f@e. Evidentlye, f < e®f,s0e <eVf <edf,
and by Lemma 2.3 (iv), e/(eV f) @ (e V f)/(e® f) = e/(e ® f) = f, whence
(eVv f)/(e® f) < f. Likewise, (e V f)/(e ® f) < e. Suppose that d < e, f. By
Lemma 2.3 (iii), f < f@ (e\d) = (f @ e)\d = (e ® f)\d. Likewise, e < (e ® f)\d,
and we have eV f < (e® f)\d; hence by Lemma 2.3 (ii), d < (eV f)/(e® f). This
proves that (eV f)/(e® f) = e f, from which we obtain e® f = (eV f)® (e A f).
Similarly, by considering (e® f)\(eV f), which is again under e and f, and arguing
that (e® f)\(eV f) =eA f, we find that e ® f = (e A f) D (e V f). n

Definition 2.6. A pseudoeffect algebra (PEA) is a partial algebraic structure
(E,®,0,1), where @ is a partial operation and 0 and 1 are constants, and the
following hold:

(PEAL1) a® b and (a®b) @ c exist iff b® ¢ and a @ (b @ ¢) exist, and in this
case (a®b)dc=a® (bdc).
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(PEA2) There is exactly one d € E and exactly one e € E such that a ®d =
e®a=1

(PEA3) If a®b exists, there are elements d, e € E such that a®b = d®a = bde.
(PEA4) If 1@ a or a @1 exists, then a =0

The partial ordering for a PEA is defined in the same way as the partial ordering
for a GPEA. It is easy to see, that a PEA is the same thing as a GPEA with a
greatest element. We claim the following statement from ([7], Proposition 2.7):

Proposition 2.7. Let (E,®,0) be a GPEA andletu € E. Then (E[0,u], ®,,0, u)
is a PEA, where E[0,u] := {a € E : a < u} and where a &, b is defined for
a,b € E0,u] iff a® b exists in E and a ® b < u, in which case a @, b:=a ®b.

Definition 2.8. An ideal of the GPEA F is a nonempty subset I C F such that:
(I1) faeI,be E,and b < a, then b € I.
(I12) If a,b € I and a & b exists, then a ® b € I.

If I is an ideal in F, then [ is said to be normal iff,
(N) whenever a,z,y € Eand a®z=y®a, thenx € [ &y e I.

Definition 2.9. We say, that an ideal S in the GPEA F is central, or equivalently,
that it is a direct summand of E, iff there is an ideal S’ in F such that

(1) aeS;be S"=a Lb, and

(2) every a € E can be uniquely written a an orthosum a = a; @ ag with
“coordinates” a; € S and as € S’.

We write E =S @ S iff (1) and (2) hold.

If E=S®5’, then S’ is also a central ideal (direct summand) in E, S’ is uniquely
determined by S (cf. the proof of [14, Lemma 4.3]), and all GPEA calculations
on E can be conducted “coordinatewise” in the obvious sense. If £ = S @ S’, we
refer to S and S’ as complementary direct summands of E.

Proposition 2.10. Any central ideal (direct summand) of a GPEA E is normal.

Proof. Let S be a central ideal of E with S’ as its complementary direct sum-
mand, and assume that a,z,y € E with a ® x = y & a. We can write a uniquely
as a = a; ® as with a; € S and ag € S’. Then a1 D as Dz = y D ay D as.
Suppose that z € S. Then, as as € S’, we have x L as, S0 as ® x = x @ ao,
whence a1 Dz D as = y D a1 P ag, and by cancellation a1 &z = y B a;. Therefore,
y<a ®zecs, and it follows that y € S. By a similar argument, if y € .5, then
xeS. [
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The notion that E is a direct sum E = S @S’ of two central ideals is extended to
finitely many direct summands £ = S1®S,®- - -P S, in the obvious way, each S;,
i=1,2,...,n, being a central ideal (direct summand) in F with complementary
direct summand (S;) = S1®---Si—1 D Sit1-- D Sn-

3. THE EXOCENTER OF A GPEA

Definition 3.1. The exocenter of the GPEA E, denoted by I« (E), is the set of
all mappings 7 : ¥ — FE such that for all e, f € E the following hold:

(EXC1) 7 : E — E is a PGEA-endomorphism of E, that is: if e & f exists,
then e @ 7 f exists and w(e ® f) = e B 7 f.

(EXC2) 7 is idempotent (i.e., w(me) = me).
(EXC3) 7 is decreasing (i.e., me < e).

(EXC4) 7 satisfies the following orthogonality condition: if re = e and 7 f = 0,
thene L f (e, e® f=fDe).

If 7 € Tx(FE) and e € E, then as me < e by (EXC3), we can (and do) define
n'e := (me)/e for all e € E.

Lemma 3.2. If 7 € [«(F) and e € E, then t'e = (me) /e = €\(we) = eSme and
me L mle with mre@n'e=n'e ® me =e.

Proof. Let m € [x(F) and e € E. As me < e, both w’e = (me)/e and e\ (we) are
defined, and with x := (we)/e and y := €\(7we), we have re ®x = e = y ® me. We
apply the mapping 7 and obtain we & nx = me = 7wy @ we; hence mx = 7y = 0
and by (EXC4), te @z = x @ me = e and also me ® y = y @ me = e. Therefore
by cancellation, w’e = (we)/e = x = y = e\(7e) = e & 7e, and we L 7'e with
re®dnm'e=nm'e® e =c. [ ]

Theorem 3.3. If m € [« (E), then for all e, f € E the following hold:
(i) w(w'e) = x'(mwe) = 0.
(ii) 7' € Tx(F) and (') = .

)
)

(ili) Ife < 7f, then e = me.
iv) Ife< f, thenme=eAnf.
) m(E) = {me:ec E} = {e € E:e=me} is an ideal in E.
1)

m(E) is sup/inf-closed in E (i.e., w(E) is closed under the formation of
existing suprema and infima in E of nonempty families in w(E)).
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(vii) Ifee n(E) and f € ©'(E), thene L fie® f=eV f andeA f =0.

(viii) For each element e € E there are uniquely determined elements e; €
7(E),eq € ' (E) such that e = e1 @ ea; in fact, e; = we and ea = w'e.

(ix) If e=e1 D ea, f = f1 D fa, where ey, f1 € w(E), ea, fo € 7'(E), thene® f
exists iff both e1 @ f1 and eq & fo exist.

(x) 7'"(E)={feE:fAe=0,Veecn(E)}.

Proof. (i) m(n'e) = n(e\me) = me\nme = me\we = 0 and 7/(we) = we\nme =0
too.

(ii) By Lemma 2.3 (i), (7')'e = e\r’e = e\(mwe/e) = we. To prove that '
is a GPEA-endomorphism of F, suppose that e @ f exists. Then by (EXC1)
m'le®d f) = (e ® f)\(me ® 7w f), whence 7'(e ® f) D e dnf = e® f and so
by Lemma 2.3 (iii), 7'(e ® f) @ me = (e ® f)\nf = e® (f\nf) = ed7'f.
As e = mwe and by (i), 77’(e ® f) = 0, we have e L «'f by (EXC4), whence
wedn (edf) =n'(edf)Pre = e’ f,ie., 7' (edf) = me/(e®dn'f), and a second
application of Lemma 2.3 (iii) yields 7'(e® f) = (we/e)®n'f = n'e® 7’ f. Thus,
n’ satisfies (EXC1). Moreover, by (i), n'(n’e) = n'(e\me) = w'e\nw'me = n'e,
whence 7/ satisfies (EXC2). Obviously, (EXC3) holds for 7’. Finally to prove
that 7w/ satisfies (EXC4), suppose that 7’e = e and 7'f = 0. Then me = 0
because 7'e = e\me = e and wf = f because 7w'f = f\rf = 0. Therefore,
since 7 satisfies (EXC4), we have e L f, and 7’ also satisfies (EXC4). Therefore,
! € Tex(E).

(iii) If e < 7 f, then e\me = w’e < 7w'wf = 0, whence e = 7e.

(iv) Suppose that e < f. Then me < e and me < wf. Suppose that d < e, 7w f.
Since d < 7f, (iii) implies that d = nd < we, so me = e A7 f.

(v) If e = me, then e € w(E). Vice versa, if e € m(F), then e = 7 f for some
feE some=nrf=mnf=e, and we have 7(E) = {e € E : e = me}.

(vi) Assume that (e;)ic;r € 7(E) and e = \/,c;e; exists in E. As ¢; < e,
we have e; = me; < me for all ¢ € I, whence e < me. But also me < e and
thus me = e € w(F). Since 7(F) is an ideal, it is automatically closed under the
formation of existing infima in F of nonempty families in 7(F).

(vii) Let e € w(E) and f € 7/(E). Then e = we, and v f = nr’f = 0, whence
by (EXC4) e L f. Clearly, e, f < e® f. lf now e, f < d € FE, then e = e < nd
and f=7'f <7'd, thuse® f < wd ® 7'd = d, whence e ® f = eV f. Finally,
by Lemma 2.5, e A f = 0.

(viii) Obviously, e = we @ w'e, me € w(F) and w’e € 7/(F). Suppose
e = el @ eg with e € w(E), ea € w/(E). Then ey = mey, ea = w'eg, me =
me1 D mey = eq, and e = w'e; @ wles = eo.

(ix) Suppose e = e1 @ eg and f = f1 & fo, with ey, f1 € 7(E), eq, fo € 7/ (E).
If e; @ f1 and ez @ fy both exist, then ey @ f1 € 7(E) and e2 & fo € ©/(E) by
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(v). Then by (vii) (e1 & f1) L (e2® f2), so (e1 ® f1) ® (e2 @ f2) exists and equals
e1®(fite)Dfo=e1®@ (2D f1)Dfo=(e1Dea) @ (f1® f2) =e® f. If, on the
other hand, e ® f exists, then e; @ ea @ f1 B fo exists and equals e; ® f1 D ea D fo,
which implies that e; @ f1 and ex @ f2 both exist.

(x) Assume that f Ae=0for all e € 7(F). As f = f1 @ fo with f1 € 7(E),
fo € ©/(E), we have fi = f A fi = 0, whence f = fo € ©/(E). The converse
follows from (vii). ]

Lemma 3.4. Let £, 7 € [x(E). Then:
(i) §OW:ﬂOf€FeX(E).

(ii) {=fom & {e<me,Vee E & {(E) Cn(E).

Proof. (i) Since &(me) < me, part (iii) of Theorem 3.3 yields &(me) = w(&(me)).
Also, since me < e and both, 7w and £ are order-preserving mappings, it follows
that &(me) = w(&(me)) < w(&e). By symmetry w(€e) < &(me), which gives {om =
mok.

Obviously, & o 7 is a GPEA-endomorphism. Furthermore, (£ o) o ((om) =
Eomommolé =Comol =Eo0fom=¢Eom, whence £ o7 is idempotent. Moreover,
((ome=¢&(me) < me < e, so (EXC3) holds. Finally, suppose that e, f € E with
e = ¢&(me) and &(mf) = 0. Then e = 7(&e), so e = e = me. We put d := 7f,
sothat £d =0,d < f,d=nd =nf,and 7'f = (xf)/f = f\nf =d/f = f\d.
Therefore, 7'f ®d=d®rn'f = f. As e = &e and &d = 0, (EXC4) implies that
eld ie,edd=dde. Also, m(e®d)=me®nd=e®d, and it follows from
(' f) =0 and (EXC4) that (e®d) L 7’f. Consequently,

e®f=edd®r'f=n1'fOedd=n'fOdDe=fDe,

proving that £ o 7 satisfies (EXC4).

(ii) If ¢ = Lo, then e = {(me) < me for all e € E. Conversely, if e < me for
all e € F, then e = £(&e) < E(me). Also, as {(me) < Ee always holds, e = £(me)
for all e € E, which means that £ = £ ow. Now if e < me for all e € E,
then if e € {(F), we get e = {e < e, whence me = e € 7(E). Conversely, if
E(E) C w(E), then every e € w(E), thus by (i), e = w(&e) = &(me) < me. |

Theorem 3.5. Let m,& € [x(E) and let e € E. Then Ix(E) is partially ordered
byl <me =ECom & e < me,Ve € E & &(F) C w(E), with 0 (the
zero mapping) as the smallest element and 1 (the identity mapping) as the largest
element. Moreover, Tox(E) is a boolean algebra with = — 7w’ as the boolean
complementation, with m N{ =mof =Eom, and withmVE=(n'0&’).
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Proof. Let 7,& € Tx(E). By Lemma 3.4, < is a partial order on Iy (F) and
0 < 7 <1 holds for every 7 € I x(FE). Clearly, m o ¢ is the infimum 7 A § of 7
and & in [x(E). We also have w A £ = 0 iff w(€e) = 0 for every e € E, which is
equivalent to m(e\le) = me, Ve € E. But this means that 7n({’e) = me, Ve € E,
that is mo &’ = 7, which holds iff 7 < ¢’. So by [19, Theorem 4, p. 49], [k (E) is
a boolean algebra, 7’ is the complement of 7 in [ (F), and 71 VE = (7/0&’). m

Lemma 3.6. Let 7,§ € Ik (E) with m N =0 and let e, f € E. Then:

(i) Ifeen(E),f €&(E), thene L f ande®d f € (nVE)(E),ed f=eV f and
eNf=0.

(ii) we L e, (mV&)e=meV e =me ® e and me A\ e = 0.

Proof. (i) By the hypotheses ¢ = we and f = f. As nf = w({f) = 0 (by
Theorem 3.5), we get 7'f = f\rf = f. Therefore, f € 7/(F), and by Theorem
33 (vil)ye L fredf=eVfandeA f=0. Alsoe=me < (mVE)e < e, whence
(mV&)e =e. Likewise, (nVE)f = f, whence e® f = (nVE)(ed f) € (nVE)(E).

(ii) We need only replace e by me and f by &e in (i) to obtain me L Ee,
re®Ee =meVEe and meANfe = 0. As 7 A& = 0 in the boolean algebra Ik (E), we
have m < &', whence me = (r A¢')e = (mo&')e = w(£’e). Thus, combining the
equalities e @ &'e = e and e B (7' o e =7(fe) B w'({'e) = £'e, we obtain
Ce®@me® (' o&’)e = e. Therefore, as (7' o &’)ed (7' 0&')e = e, we infer by
cancellation that (7 V&)e = (7' 0&')e =me ® e = me V Ee. |

Theorem 3.7. Let 71, ma,..., T, be pairwise disjoint elements of the boolean
algebra Tk (E) and let e € E,e; € m(E) fori=1,2,...,n. Then:

(i) (ei)i=1,2,....n is an orthogonal sequence in E and &} e; = \/I_; e;.

(ii) (mie)l_y is an orthogonal sequence in E and (mVmaV.. . Vmy)e = @ me =

Vi mie.

Proof. For n = 1 the assertions hold trivially, and the results for n = 2 are
consequences of Lemma 3.6. The results for an arbitrary n € N then follow from
a straightforward induction argument. [ |

Theorem 3.8. Let 71,79, ..., 7, € Lex(E), e € E. Then:
(i) (m AmaA...Amp)e =me Amee A ... \Tpe.

(ii) (m VmaV...Vmy)e=meV meV ...V me.
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Proof. We will prove the assertions for n = 2 and the general cases will then
follow by induction.

(i) Obviously, (7 A &)e < e, e. Suppose now that f < mwe,{e. Then f =
wf = &f by Theorem 3.3 (iii) and therefore f = (70§)f < (mof)ée = (mofof)e =
(moé)e=(mA&)e.

(ii) Working in the boolean algebra I« (E), we can write 7 V £ as a pairwise
disjoint supremum:

aVE=(mAE)V (T AE )V (n! AE).
Then we use Theorem 3.7 to get
(rv&e=(mAEeV (TAENeV (r' Ne

where me = (T AE)eV (mAE )e and Ee = (mA)eV (' A€)e. Therefore (mVE)e =
me V €e. [ |

As is easily confirmed, a cartesian product of GPEAs, with the obvious pointwise
operations and relations, is again a GPEA.

Theorem 3.9. Let 71, 7a,...,m, be pairwise disjoint elements of Tox(E) such
that T V ma V ...V m, = 1 and let X be the cartesian product of m;(E) for
i=1,2...,n. Then for (e1,e2,...,en) € X, the sequence (e;)_, is orthogonal

in E and &' e; = /I, e;. Moreover, ® : X — E defined by ®(e1,ez,...,e,) :=
e1®es® ... D ey, is a GPEA-isomorphism and for every e € E, & le =
(me,me, ... ,mhe) € X.

Proof. The first part has already been proved in Theorem 3.7. To prove that ®
is a GPEA-morphism, let (e1,e2,...,¢e,), (f1, fo, ..., fn) € X and let ¢; ® f; exist
foralli =1,2,...,n. Then (e1D f1,e2® fa,...,en® fn) € X and so (e;® fi)™ is
an orthogonal sequence. Using Theorem 3.3 (ix) and induction, we get @', (e; &
fz) = 69?:_11 (67; S fz) Dend fn= (@?:_1161') S (@?:_11 z) ® en @ fr. But, since f; for
1=1,2...,n—1 are all orthogonal to e,, we have (@?:_lle,-)@(@?:_llfi)@en@fn =
(@7 le) ®en @ (@) @ fr = (B ) ® (B, f;), whence & : X — F is a
GPEA-morphism. Define ¥ : E — X by ¥(e) := (me, m2e,...,me) foralle € E.
Then ¥ is also a GPEA-morphism and by Theorem 3.7 (ii), ®o WV is the identity on

E. Now consider m;e; for 4,5 =1,2,...,n. We have me; = m;(mje;) = (m; A7j)e;.
Thus me; = 0 for i # j and me; = e; for i = j and so ¥ o @ is the identity on
X. Consequently ¥ = &~ ! and ® is a GPEA-isomorphism. [ |

According to the previous theorem, we may consider E as a direct sum E =
T (E)®m(E)®...&nw,(F) whenever 7; are pairwise disjoint elements of Ty (E)
and /!, m = 1. In particular, E = n(E) @ n'(E) for every = in the boolean
algebra Iy (F).
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Theorem 3.10. If S C E, then the following statements are equivalent:
(i) S is a central ideal (direct summand) of E.

(ii) There exists m € Ix(E) such that S = w(E).

Proof. Assume that E =S @& S’. We define for e € E: me := s where e = s ® t,
s €S, te 8. Then 1 € [x(F). Indeed, (EXC1) and (EXC2) hold trivially
and since s < s @ ¢, (EXC3) also holds. If e, f € E are such that me = e and
7f =0, thene e Sand f € 5, thus e L f and so (EXC4) holds too. If, on the
other hand, 7 € [x(F) and S = 7(E), then E =S @ 7/(E) and so S is a central
ideal. ]

Corollary 3.11. If m € [« (FE), then 7(E) is a normal ideal in E.

Proof. By Theorem 3.10, w(E) is a central ideal in F, and by Proposition 2.10,
every central ideal in F is normal. [ |

Corollary 3.12. Let us partially order the set C' of all central ideals (direct sum-
mands) of E by inclusion. Then there is an order isomorphism between Iy (E)
and C given by: 7 <> S iff 7(E) = S. Moreover, if m(E) = S, then n'(E) is the
direct summand S’ of E that is complementary to S.

Theorem 3.13. Let m € Tk (E) and let (e;)icr be a family of elements in E.
Then:

(i) If Vier ei exists in E, then so does \/;c;me; and w(\/;cpei) =V ep e

(i) If I # 0 and N\;crei exists in E, then so does \;c;me; and m(N\;cpei) =

(iii) If (€;)ier is orthosummable, then so is (me;)icr and w(Dicre;) = Dierme;.

Proof. (i) Put e := \/,c;e;. As e; < e, we also have me; < me for all i € I.
Now suppose that we; < f for all ¢ € I. Then Vi € I: we; = w(we;) < 7f.
But we also have w’e; < w'e for all i € I. So by (vii) and (viii) in Theorem
33, ¢, =me; drle; =me; Ve, < wfVrnle=nf@®n'e for all i € I. Thus
e<nf@n’esome <nf@®mn(n’e)=nf < f. Hence me = \/,; 7e;.

(ii) Put e := A,cei- As e < e;, we have me < me; for all @ € I. Suppose
f € Ewith f < me; for alli € I. As I # (), Theorem 3.3 (iii) implies that f = 7 f.
Because me; < e;, we have f < e; for all i € I. Therefore f <eand nf = f < 7e.

(iii) For any finite subset F' of I, as 7w is a GPEA-endomorphism, 7(®;cre;) =
Dicrme;.  As Dicrme; = Vp®Bicrme; = Vpn(®@icrei) = 7\ p(Bicre) =
(Vs €i), the desired result follows from (i). [ ]
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4. 'THE CENTER OF A GPEA

Definition 4.1. An element ¢ € F is central iff for every a,b € F, the following
hold:

(C1) There exist aj,as € E such that a; < ¢, ag @ ¢ exists and a = a1 @ as.

C2) If a < c and if b @ c exists, then a L b.

(C2)
(C3) If a,b < cand a ® b exists, then a ® b < c.
(C4)

C4) If a®c, bd c and a @ b exist, then a ® b D ¢ exists.

We denote the set of all central elements of the GPEA E by I'(E).

Lemma 4.2. Let a,z,y € E and let ¢c € T'(E). Then:

(i) The elements a1 and ag in (C1) of Definition 4.1 are unique and a1 L as.
(i) Va € E, a® ¢ exists iff a L ¢ iff ¢ ® a exists.

(iii) If x @ y exists in E and at least one of the elements x, y is central, then
zLy.

Proof. (i) Suppose that aj,a2,b1,bo € E with a = a1 @ aa = by @ by, where
a1,b; < ¢ and both ay @ ¢ and by @ ¢ exist. Then by (C2), we have a; L ay and
b1 L by, whence a = a1 ®as = ao®ay = b1 Dby = by ®b1. As a1 < ¢, there exists
d € F such that a1 ©d = c and we have as ®c=as P a1 Hd = by P by d. Since
bi,d < ¢, (C3) implies that by @ d < ¢, whence ag @ ¢ < by @ ¢, and it follows
by cancellation that as < by. By symmetry, by < a9, so ag = bo, and therefore
a1 = by by cancellation.

(ii) If a & ¢ exists, then as ¢ < ¢, we have a L ¢ by (C2). Asa L ¢, then c®a
exists. Finally, suppose that ¢ @ a exists. Then by (C1), there exist dy,ds € E
with ¢ ® a = di1 ® ds, where di < c and dy @ ¢ exists. As ¢ < ¢ and dy @ ¢ exists,
(C2) implies that ¢ L do. Also, by part (i), di L d2, and since d; < ¢, we have
cha=d Ddy=do®d; <do®c=c®ds, whence a < dy by cancellation.
Thus, a < dy and d2 L ¢, so a & c exists by Lemma 2.3 (iii). Part (iii) follows
immediately from (ii). |

Theorem 4.3. If c € E, then the following are equivalent:
(i) c is central, i.e., c € T'(E).
(ii) E[0,c] is a central ideal (direct summand) of E.

(iii) E decomposes as a direct sum E = E[0,c]®{f € E: f L c}.
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Proof. (i) = (ii): If ¢ is central, then by (C3), E[0,c| is an ideal. We prove
that it is moreover a central ideal; that is, there exists another ideal, namely
E[0,c] :={e € E:e L ¢}, such that E = E[0,c] ® E[0,c|’. By Definition 4.1
and Lemma 4.2 (ii), for every e € E there exist e, e € E such that e = e; @ eq,
where e; € E[0,c] and ea € E[0,c]'. It will be sufficient to show that E[0,¢]’ is
an ideal in E. If d < e and e € E[0,c|, then by Lemma 2.3 (iii), d @ ¢ exists;
whence, as ¢ € I'(E), we have d € E[0,c|. Finally, suppose that e, f € E|0, ]
and e @ f exists. Then by (C4), e® f @ c exists, and again, as ¢ € T'(E), it follows
that e ® f € E[0,c]'.

(ii) = (iii): If E[0,c] is a central ideal in E, then there is an ideal E|0,c|
such that E = E[0,¢|® E[0, ¢|'. Evidently, if f € E[0,c|, then f L ¢. Conversely,
if fe FE with f L ¢, then f =s®t, where s <cand t € E[0,¢]/. As s < f and
f L e, weget s L cand since E|0,c| is an ideal, s @ ¢ < ¢, which entails s = 0.
Thus f =t € E[0,c] and E[0,c] ={f € E: f Lc}.

(iii) = (i): Let E = E[0,c]® {f € E: f L ¢}. We prove (C1)—(C4). (C1)
follows directly from the fact, that every e € E can be written as e = e1 @ eg,
where e; € E[0,c] and ex € {f € E: f L ¢}. To prove (C2), suppose that
a < c and b @ c exists. Then, we can write b ® ¢ = e; @ fi where e; € E|0, ¢,
fie{feFE:fLc} and ey L fi. Therefore, bdc = fide < fiDec, so
b < f1 by cancellation; hence, since {f € F : f L ¢} is an ideal, it follows that
be{feFE:fLc} Nowwehavea € E[0,c]andbe {f € E: f L c}, whence
a L b, proving (C2). Because E[0,c] is an ideal, (C3) follows immediately. For
(C4), suppose a ® ¢, b@ ¢ and a @ b all exist. As a consequence of (C2) and the
fact that ¢ < ¢, wehavea L cand b L ¢, ie.,a, b€ {f € E: f L ¢}. Again, since
{f €FE:fLc}isan ideal, we infer that a® b L ¢, so a ® b @ c exists, proving
(C4). [ ]

Definition 4.4. If ¢ € T'(E), then by Theorems 4.3 and 3.10, there exists uniquely
determined mapping in I« (E), henceforth denoted by m., such that w.(E) =
E[0,c].

Corollary 4.5. Let m € [ x(E). Then the following statements are equivalent:
(i) There exists a largest element ¢ € w(E).
(ii) 7(E) = E[0,].

(i) ce T(E), m =7, and ' (E)={f € E: f Lc}.

Proof. Since w(FE) is an ideal in E, 7(E) = E|0, ¢| iff ¢ is the largest element in
m(E). The rest follows by Theorem 3.10, Theorem 4.3, and Definition 4.4. [ ]

If ce T'(F) and d € E with ¢ < d, then there exists x := d\c € E with x ®c=d,
and since ¢ € I'(E), it follows from Lemma 4.2 (iii) that = L ¢, whence c@z = d
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also holds, i.e., x = ¢/d. Consequently, d © ¢ = d\c = ¢/d exists (Definition 2.2).
In particular, d © ¢ is defined for ¢,d € T'(F) iff ¢ < d, and if ¢ < d, then by part
(x) of the next theorem, d © ¢ € T'(F) and we have d = c® (dS¢) = (dSc) D ec.

We omit the proofs of the following two theorems as they can be obtained
by easy modifications of the proofs of [13, Lemma 4.5, Theorem 4.6].

Theorem 4.6. Let c,d € I'(E), e € E. Then:
(i) mee=eANc.

(il) med = mgc = c A d.

(i) eANe=0 < e€ (n.)(E) & e Le

(iv) eNd e T(E) and Tepng = 7e N 7g.

(V) eNd=0 < 1. Amg=0 < cLd.

(vi) If e L d, thenc®d=cVdeT(E) and Tegpq = Tevg = Te V 4.
(vii) mc is the smallest m € Ik (E) such that mc = c.

(viii) If m € Iix(E) and h € E, then h € T'(E) iff te = e A h for alle € E, and
in this case, m = my,.

(ix) c<d & 7w < 7g.
(x) If ¢ <d, then d© ¢ exists, d© c € T'(E) and Ty, = g N (7).
(xi) eV d ezists in E, cvVde'(E) and moyg = T V 4.

Theorem 4.7.

(i) {mc: c € T'(E)} is a sublattice of the boolean algebra Iy (E), and as such,
it is a generalized boolean algebra.

(ii) T(E) is a commutative lattice-ordered sub-GPEA (hence sub-GEA) of E.

(iii) The mapping ¢ — m. from I'(E) onto {m. : ¢ € T'(E)} is a lattice isomor-
phism.

(iv) T(E) is a generalized boolean algebra, i.e., a distributive and relatively com-
plemented lattice with smallest element 0.

(v) Eis a PEA iff {m.:c € T'(E)} = L[«(E).
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If ¢ is a mapping defined on E and S C E, then ¢|s denotes the restriction of ¢
to S. The proofs of parts (i)—(iv) of the next theorem are easy modifications of
the proofs of [14, Theorem 4.13, (i)—(iv)]; part (v) follows as in the proof of [14,
Lemma 4.5 (iii)]; and with the aid of part (v), part (vi) follows as in the proof of
[14, Theorem 4.13 (v)].

Theorem 4.8. Let {, 7 € [x(E). Then:
(i) €lr(m) € Lex(m(E)).
(ii) If 7 € Tx(n(E)), then T o € [y (E).
(iii) &+ &lx(g) is a surjective boolean homomorphism of Tex(E) onto Lex(m(E)).

(iv) If p € m(E), then w(E)|[0,p] and E|0,p] coincide both as sets and as pseu-
doeffect algebras.

(v) If p € E, then n(E[0,p]) = E[0,np] = m(E)|0, 7p].

(vi) D(n(E)) = D(E) N n(E).

Lemma 4.9. If m € Tx(E) and k € E, then w|gp ) € Lex(E[0, k]).

Proof. We prove that 7|g ) satisfies (EXC1)-(EXC4) for the PEA E[0, k]. Let
a,b € E[0,k]. We have 7|gp e = ma < a < k, so w|gpu: £[0,k] — EI0, k].
To prove (EXC1), suppose that a ©x b = a © b < k. Then 7|g4(a Ok b) =
m(a®b) = m(a)©7(b) < adb < k, so 7|k is a GPEA-endomorphism of EI0, k].
Conditions (EXC2) and (EXC3) hold trivially. To prove (EXC4), suppose that
7|goke = ma = a and 7|gjo b =70 = 0. Thena L b, so a® b =">b®da. Also
7'b ="b, and by Lemma 3.6 (i) with £ := 7/, a®b=b®a = a Vb < k. Therefore,
a@rb=a®b=>bda=">bda, ie., a is orthogonal to b in E[0, k|, proving
(EXCA). n

5. CENTRAL ORTHOCOMPLETENESS

Definition 5.1. We say that elements e, f € E are [x-orthogonal iff there are
7, & € Iex(F) such that 7A§ = 0, me = e and £f = f. More generally, an arbitrary
family (e;);er in E is Tux-orthogonal iff there is a pairwise disjoint family (7;);cr
in [x(E) such that me; = e; for all i € I.

As is easily seen, elements e, f € E are [x-orthogonal iff there is a direct sum
decomposition F = S @ S’ such that e € S and f € 5.
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Lemma 5.2.

(i) A finite family (e;)}_, in E is pairwise Iex-orthogonal iff it is Ix-orthogonal
and then it is orthogonal with & je; = \/7_, €;.

(ii) If an arbitrary family (e;)ier € E is Lex-orthogonal, then it is orthogonal and
it is orthosummable iff its supremum exists in E, in which case ®;cre; =

vie] €i-

Proof. (i) Clearly, a subfamily of a Itx-orthogonal family is Tiy-orthogonal. It
is also clear from the definition, that every Iy-orthogonal family is pairwise [y~
orthogonal. We prove both the converse and orthogonality by induction on n. For
n = 1 the assertion obviously holds. Suppose now the statement holds for (n—1)
elements, n > 1 and assume that (e;); ; is a pairwise I.x-orthogonal family. Then
by the induction hypotheses, (ei)?z_ll is orthogonal, @?:_1161' = \/?:_11 e;, and there
exist pairwise disjoint mappings &; € Iux(F) with &e; =¢; fori=1,2,...,n— 1.

Moreover, e¢; and e, are Iy-orthogonal for ¢ = 1,2,...,n — 1; hence there exist
a;, i € Tex(F) with a; A B; = 0, avje; = e;, and Bie,, = €,,. Fori=1,2,...,n—1,
put m; := & A o; and put w, := /\?;11 ;. Then m; € Tk (F) are pairwise disjoint
and me; = e; for i = 1,2,...,n, so the family (e;)?; is Iix-orthogonal. We

now put 7 := \/?;11 m; to get m A, =0, W(@?;llei) = @?;1171'61' = 6]9?;11@, and
Tnén = €n; hence by Lemma 3.6 (i), (EB?:_lle,;) 1 e, and @ je; = (@?;fei) De, =
(\/?gllei) Vep, =V e

(ii) If (e;)ier is Tex-orthogonal, then every finite subfamily is Iex-orthogonal
and by (i), ®ierei = V,cpei, where F is any finite subset of I. Therefore

Vie[ € = VF(VieF e;) = \/F(@z'eFei) = Dicré€;- [ ]

Lemma 5.3.
(i) ¢,d € I'(E) are Ix-orthogonal iff mc Amqg =0 iff c L d iff cANd=0.

(ii) A family of central elements is Lex-orthogonal iff it is orthogonal iff it is
pairwise orthogonal iff it is pairwise disjoint.

Proof. (i) If m. A mq = 0, then ¢ and d are Tx-orthogonal by definition. If ¢, d
are Ioy-orthogonal, then there exist 7, & € Ik (F) such that ¢ = ¢, £d = d and
7 ANE =0. But 7. < 7 and 7y < £ by Theorem 4.7 (vii), thus 7. and 7, are
disjoint too. The remaining equivalences follow from Theorem 4.6 (v).

(ii) If the family (c;);es of central elements in E is Ig-orthogonal, then by
Lemma 5.2 (ii) it is orthogonal. If it is orthogonal, then by the definition of
orthogonality it is pairwise orthogonal. If it is pairwise orthogonal, then by
Theorem 4.6 (v) it is pairwise disjoint. Finally, suppose that (¢;);er is pairwise
disjoint. Then by Theorem 4.6 (v) again, (7, )icr is a pairwise disjoint family in
Iex(F) such that m.,c; = ¢; for all i € I, so (¢;)ier is Tex-orthogonal. ]
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Definition 5.4. The generalized pseudo-effect algebra F is centrally orthocom-
plete (COGPEA) iff it satisfies the following conditions:

(CO1) Every Ix-orthogonal family in E is orthosummable, i.e. (Lemma 5.2
(ii)), it has a supremum) in E.

(CO2) If e € E is such that e @ e; (resp. e; @ e) exists for every element of a
[ex-orthogonal family (e;);c; C E, then e @ (Bicre;) (resp. (Bicre;) @ e)
exists in F.

Theorem 5.5. Let E be a COGPEA and (m;)icr a pairwise disjoint family in
Iex(E). Let (€;)icr, (fi)ier be families of elements in E such that e; & f; exists
for alli €I and e;, f; € m;(E). Then:

(i) (ei)ier, (fi)ier, and (e; @ f;)icr are Lex-orthogonal, hence orthosummable.
(i) ®ierei = Vierei» @ierfi = Vier fi and @icr(ei © fi) = Vierlei @ fi).
(iii) (@z‘elei> &) (@ie[fi) exrists.
(iv) (Dicre:) ® (Dierf;) = Bier(ei ® fi) = Ve (€ @ fi).

Proof. Since e¢;, f; belong to m;(E) for every i € I, so does e; @ f;. Thus (i)
follows directly from (CO1) and the definition of Ty-orthogonality, and (ii) is
implied by Lemma 5.2 (ii).

(iii) Put e := @jcre; = Verei and f := @ierfi = V7 fi- By hypotheses
e; ® f; exists for every i € I, and for i # j, e; @ f; also exists by Lemma 3.6 (i).
Applying (CO2) we find that e; @ f exists for all ¢ € I, and applying (CO2) once
more we conclude that e @ f exists too.

(iv) As e ® f exists, so does e; @ f for every i € I, and therefore by Lemma
2.4, ;8 f =V, (ei @ fj). Therefore a second application of Lemma 2.4 yields

(1) eof= (\/ei) of=\(enH=\\Veon=\ (.
iel iel i€l jer ijel

Also, by Lemma 3.6 (i), for all i,5 € I,

(2) i#j?ei@fj :ei\/fj < (eiEBfi)\/(ejGij) < \/(eZEBfZ)
i€l

Combining (1) and (2), and using (ii) above, we conclude that e ® f = \/,;(e; ®
fi) = Gier(e; ® fi). u
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Theorem 5.6. If E is a COGPEA and (m;)ics s a pairwise disjoint family
of elements in Iox(E), then the supremum \/,.; m; exists in the boolean algebra
Lx(E) and for every e € E, (\/;,c; mi)e = \,cp mie = Dicrmie.

Proof. Let e, f € E and i,j € I. The family (m;);cs is pairwise disjoint and
mi(mie) = me for every i € I, whence (m;e);er is a Iix-orthogonal family in E.
Thus by (CO1) (m;e)icr is orthosummable with @;crmie = \/;c; me (Lemma 5.2
(ii)). We define m: E — E by me := \/,.;mie = @iermie. It will be sufficient to
prove that 7 is in [x(E) and that it is the supremum of (m;);ecr in Tk (E).

Suppose e @ f exists, so that mi(e ® f) = me @ m; f for all i € I. In Theorem
5.5, put e; := me and f; ;= m;f for all ¢ € I to infer that me & 7 f exists and

me®rwf = (EB@'TF@'@) & (@iﬂ'if) = @i(ﬁie S sz) = @i(ﬂ'i(e %) f)) = 77(6 @ f)’

which proves that m satisfies (EXC1). We also have m;(me) = m o mje =
V ey mimje = me by Theorem 3.13 (i), whence m(me) =V, mi(me) = ;o mie =
me, proving (EXC2). Moreover, as me < e for all i € I, it follows that me =
Vicr mie < e and therefore (EXC3) holds. To prove (EXC4), suppose that e = e
and 7f = 0. Then \/;c;mf =0, so mf =0 foralli € I. As m;(me) = me,
(EXC4) implies that me L f for every ¢ € I. But then, by (CO2), e = me L f,
and (EXC4) holds for 7 too.

Evidently, m;e < me for every e € E, whence m; < « for all i € I. Also, if
m; <& € Lx(E) for all i € I, then me < &e, so me = \/,.;mie < e foralle € £
and thus 7 < §. So 7 = \/,; ;. ]

Since a boolean algebra is complete iff every pairwise disjoint subset has a supre-
mum, Theorem 5.6 has the following corollary.

Corollary 5.7. The exocenter Ix(E) of a COGPEA E is a complete boolean
algebra.

We may now extend Theorem 5.6 in the same way as in [13, Theorem 6.9] for an
arbitrary family (7;);cs in the complete boolean algebra Iy (E).

Theorem 5.8. Suppose that E is a COGPEA, let (m;)icr be a family in Ty (E),
and let e € E. Then:

(i) Vierme exists in E and (\/;c; mi)e = ;o mie.

(i) If I #0, then \;c;mie exists in E and (N\;c;mi)e = N\;ep mie.

The proof of the next theorem, which extends Theorem 3.9 to arbitrary direct
sums, is analogous to the proof of [13, Theorem 6.10].
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Theorem 5.9. Suppose that E is a COGPEA, let (7;)ier be a pairwise disjoint
family in the complete boolean algebra oy (E) with  := \/,.; m;, and consider the

cartesian product X := X icrmi(E). Then each element in X is a Iex-orthogonal
(hence orthosummable) family (e;)icr and Dicre; = \/;cpei- Define the mapping
®: X — w(E) by ®((€i)icr) == Picrei- Then ® is a GPEA-isomorphism of X
onto ©(E) and if e € 7(E), then ®~le = (me)ier € X.

Corollary 5.10. Let E be a COGPEA, let (p;)icr be a nonempty Lox-orthogonal
family in E with p := \/,c;pi, let (m;)icr be a corresponding family of pairwise
disjoint mappings in Tex(E) such that p; = mp; for all i € I, and let X be the
cartesian product X := X icrE[0,pi]. Then:

(i) If (ei)ier € X, then e; = me; for all i € I, so (e;)ier is a Tex-orthogonal,
hence orthosummable family in E.

(ii) If (e;)ier € X with e := ®cre;, then me = e; for all i € 1. In particular,
mip = p; for alli e I.

(ili) Ife € E[0,p], then mie = eAp; for alli € I, (mie)icr € X and \/ ;o) mie = e.

(iv) The mapping ® : X — E[0,p| defined by ®((ei)icr) := Dicrei = ey i is
a PEA-isomorphism of X onto E[0,p] and ®1(e) = (mie); € I € X for all
e € E[0,p].

The following theorem can also be proved using the same arguments as in the
proof of [13, Theorem 6.11]

Theorem 5.11. Suppose that E is a COGPEA and (¢;)icy is a family of elements
in the center I'(E) of E. Then:

(i) If I #0, then c :== \;c; ¢ exists in E, c € T(E), mc = N\;c; Te; and c is the
infimum of (¢;)ier as calculated in T'(E).

(ii) If (ci)ier is bounded above in E, then d := \/,c;c; exists in E, d € I'(E),
7q = Vier Te; and d is the supremum of (c;)icr as calculated in I'(E).

The next theorem extends the results obtained for centrally orthocomplete GEAs
in [14, Lemma 7.5, Theorem 7.6]. Here we give a simplified proof.

Theorem 5.12. Let E be a COGPEA. Then:
(i) There exists a largest element v € T'(E) and T'(E) C 7, (F) = E[0, u].

(ii) The center T'(E) is a complete boolean algebra.
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Proof. (i) We apply Zorn’s lemma to obtain a maximal pairwise disjoint fam-
ily of nonzero elements (¢;);er € I'(E). (Note that (¢;);er could be the empty
family.) By Lemma 5.3, (¢;)ier is Tox-orthogonal, and since F is a COGPEA,
u = \/;c; ¢ = Dierc; exists in K. Thus the family (c;)ier is bounded above
by u in F, and we infer from Theorem 5.11 (ii) that v € I'(E). Let ¢ € T'(E).
Working in the generalized boolean algebra I'(E) (Theorem 4.7 (iv)), we have
¢ = (cANu)Vd, where d := ¢S (cAu) € T'(E). AsdAu =0 and ¢; < u,
it follows that d A ¢; = 0 for all ¢ € I, whence d = 0 by the maximality of
(¢i)ier, and it follows that ¢ = ¢ A u < u. Consequently, m. < 7, and therefore
c € E0,c¢] = m.(E) C my,(E) = E[0,u].

(ii) Since the generalized boolean algebra I'(E) has a unit (largest element),
it is a boolean algebra, and it is complete by Theorem 5.11. [ |

Theorem 5.13. Let u be the unit (largest element) in the complete boolean al-
gebra T'(E) of the COGPEA E. Then:

(i) The PEA E[0,u] = m,(E) is a direct summand of E and the complementary
direct summand is (m,) (E) ={f € E: f Lu} ={e& (uie):ec E}.

(ii) The center of E[0,u] is T'(E), the complementary direct summand (m,) (E)
is centerless (i.e., its center is {0}), and no nonzero direct summand of
(my)(E) is a PEA.

(iii) If E = H & K where the direct summand H is a PEA and K is centerless,
then H = E0,u] and K ={f € E: f L u}.

Proof. As u € I'(F), we have m, € Ix(E) as per Definition 4.4, by Theorem
4.3, the PEA FE|0,u] = m,(F) is a direct summand of E, and its complementary
direct summand is (m,) (F) = {f € E: f L u}. If e € E, then by Theorem 4.6
(i), mue = u A e, whence (m,)'e = mye/e = e\mye = e S mue = e © (uAe), and it
follows that (m,)'(E) ={e© (uNe):e€ E}.

(ii) As a consequence of Theorem 5.12 (i), we have I'(E) C 7, (E) = E|0, u.
Therefore, by Theorem 4.8 (vi), I'(E[0,u]) = I'(m,(E)) =T'(E) N7, (E) = T'(E).
Also by Theorem 4.8 (vi), I'((my) (E)) = T'(E) N (7)) (E) C mu(E) N (7)) (E) =
{0}.

(iii) Assume the hypotheses of (iii). By Theorem 3.10, there exists m € Ik (E)
with m(E) = H, so K = n/(E). Since H is a PEA, there is a largest element
c € H = mw(E); hence by Corollary 4.5, H = n(E) = E[0,¢], c € T'(E), 7 = =,
and K = (n.)(E) = {f € E: f L c}. Also, since u is the largest element in
['(E), we have ¢ < u, whence u © ¢ € T'(E) by Theorem 4.6 (x). Furthermore,
(usc) L ¢, therefore u© ¢ € K, and by Theorem 4.8 (vi) we have u & ¢ €
NEYNK =T(E)N (r.)(E) = T'((m.)(E)) = I'(K). Consequently, as K is
centerless, u©c=0,s0 c=wu, H=F[0,u],and K ={f € E: f L u}. [
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6. THE EXOCENTRAL COVER

Definition 6.1. If ¢ € F, and if there is the smallest mapping in the set {7 €
I[x(F) : me = e}, we will refer to it as exocentral cover of e and denote it by ~e.
If every element of E has an exocentral cover, we say that the family (ve)eep is
the exocentral cover system for E, and in this case, we also denote the set of all
mappings in the exocentral cover system by ©, := {v. : e € E'}. (We note that
it is quite possible to have v, = v; with e # f.)

Theorem 6.2. If E is a COGPEA, then the exocentral cover -y, exists for every
e€ E and ve = N{m € Tx(E) : me = e} € Tx(E).

Proof. Let e € E and put v := A{r : 7 € Ix(E), e = e}. As the identity
mapping 1 is in the set {7 € [«x(F) : me = e}, it is nonempty, and by Theorem
5.8 (ii),

= (/\{7’[' € [k (E), me = e})e = /\{ﬂ'e € [x(E), me = e} =e.

Therefore, v is the smallest mapping in the set {m € Ik (E) : me = e}, 80 7. = 7.
| |

Theorem 6.3. Let E be a COGPEA ande, f € E. Then:
(i
(ii

(ii}) €< f =7 <77

(V) Yyef =YeOVf =Ye Ay
(Vi) Yy s = (ve) 07 = (7e) Ay

)
)
) e
(iv) If e® f exists, then Yeof = Ve V s
)
)
(vii) ve Ay € ©5.
)

(vili) (7e) Ay € ©,.

Proof. Parts (i) and (ii) are obvious from Definition 6.1.

(iii) If e < f = 7 f, then by Theorem 3.3 (iii), 7re = e. But since 7. is the
smallest mapping in Iy (E) that fixes e, it follows that v, < v¢.

(iv) Suppose that e @ f exists. We have (7. Vyf)e = v.eVyre=eVyre=ce
because vre < e. Similarly (ve V) f = f. Thus (e V)€ ® f) = (Y Vf)e @
(Ve V) f =e® f, and 50 Yegs < e V ¥f. On the other hand, e, f < e® f, so
by (iii), Ve, V¢ < Yewr and thus ve Vv < Yegs-
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(v) Since ve € Tex(E), Ye(Vef) = vef and (Ve f) = ve(vrf) = 7ef. There-
fore v, < ve Ay = ve0vy. To prove the reverse inequality, consider f = . f ®

(7e)'f and (iv) to obtain vy = v, 5 V Yy s Also (7e) ((e)' f) = (7¢)'f, and as
Y(v.) s is the smallest mapping in Tex (E) that fixes (ve)'f, we have v,y 5 < (7e)".
But then ve Ay, = 0 and thus ye oy = Ye Avp = (Ye AVaef) V (Ve AV(reyp) =
Ye A\ f}/’Yef ’Y'ch

(vi) By (v), (ve)' AYyer = (ve) Ave A 7f = 0. Also, as in the proof of
(v), we have 'yf = Yy f V Yrer and Yy p < (7e). Therefore, (ve) Ay =

[(Ve) Aoy )V IO) A el = Aeys VO = Y05
Parts (Vu) and (viii) follow immediately from parts (v) and (vi). ]

Corollary 6.4. With the partial order inherited from I'x(E), ©y = {y. : € € E}
is a generalized boolean algebra.

Proof. By [15, Theorem 3.2] with B := '« (F) and L := ©,, it will be sufficient
to prove that, for all e, f € E, (i) ©4 # 0, (ii) e, f € E = (v.) Ay € O, and
(ili) ve Avf = 0 = 7 Vv € ©,. Condition (i) is obvious and (ii) follows from
Theorem 6.3 (viii). To prove (iii), suppose that v, A vy = 0. Then, as e = v.e
and f = v¢f, Lemma 3.6 (i) implies that e L f; hence by Theorem 6.3 (iv),
Ye V' Yf = Yeaf € O, proving (iii). [ ]

The following definition, originally formulated for a generalized effect algebra
(GEA) [13, Definition 7.1] as a generalization of the notion of a hull mapping
on an effect algebra [12, Definition 3.1], extends to the GPEA E the notion of a
so-called hull system.

Definition 6.5. A family (7e)ecr is a hull system for E iff (1) no = 0, (2)
ecE=ne=eand 3)e,fEFE = Mnef = Ne 0 ny. If (Ne)eck is a hull system
for E, then an element e € E is n-invariant iff nof =e A f for all f € E.

Theorem 6.6. If E is a COGPEA, then (Ve)ecr is a hull system for E, the
center I'(E) is precisely the set of ~y-invariant elements in E, and for ¢ € T'(E),

Ye = Tc-

Proof. That (Ve)ecr is a hull system for E follows from parts (i), (ii), and (v)
of Theorem 6.3, and the remainder of the theorem follows from parts (i), (vii),
and (viii) of Theorem 4.6. ]

Theorem 6.7. Let E be a COGPEA and (e;)icr € E. Then the family (e;)icr
is Tex-orthogonal iff Ye, ANve; = 0 for alli,j €1, i # j.

Proof. 1If (v.,)icr is pairwise disjoint, then since 7., e; = e;, it follows that (e;)ier
is Tex-orthogonal. Conversely, suppose that (e;)icr is Tex-orthogonal. Then there
exists a pairwise disjoint family (7;);e; € [ex(E) such that me; = e; for all i € I.
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But then v, < m; for all ¢ € I, and therefore the family (7, )iecr is also pairwise
disjoint. [ |

In view of Theorem 6.7, a [x-orthogonal family of elements of the COGPEA E
will also be called y-orthogonal.

7. TYPE DETERMINING SETS

Definition 7.1. Let £ be a COGPEA and @, K C E. Then we consider four
closure operators on the set of all subsets @ of E:

(1) [Q] is the set of all orthosums (suprema) of y-orthogonal families in @,
with the understanding that [@], = {0}.

(2) @ ={rq:e€ E,q€Q}.

(3) Q" :=Uyeq EI0,4].

(4) Q" :=(Q"), where Q' :={e€ E:qNe=0forall ¢ € Q}.
We say that

(5) K is type-determining (TD) set iff K = [K], = K7,

(6) K is strongly type-determining (STD) set iff K = [K], = KV
We note that Q CQ", PC Q= Q C P',and Q' =Q".

Theorem 7.2. Let E be a COGPEA and let Q, K C E. Then:

(i) If ¢ € [Qly, then there is a y-orthogonal family (¢;)icr in Q such that
q = ®ie1qi = ;e Gi; moreover, if e < q, then (e A g;)icr is a y-orthogonal
family in Q% and e = Sicr(e A q;) = Vierle Agi).

(ii) [K7]y is the smallest TD subset of E containing K.

(iii) [KY], is the smallest STD subset of E containing K.

(iv) K' = (K')¥ = (K*) is STD.

(v) K'=([K"],)" = ([K],)".
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Proof. (i) By the definition of [(Q],, there exists a family (¢;)ier in @ such that
(Vg Jier is a pairwise disjoint family in Iox(E) and ¢ = ®icrq; = \/;c; ;- By The-
orem 3.13 (i), for each i € I, Va:d = qui(\/jeI Qj) = \/jeI Y. d5 = \/je[ fVQi(’Vquj) =
¢i- Therefore, as e < ¢, we can apply Theorem 3.3 (iv) to obtain v,e = e Av,,q =
e A g € Q' By Theorem 6.3 (iil), Yenq; < Vg S0 the family (e A g;)ier is -
orthogonal. Let us define 7 := \/,.; 74, in the complete boolean algebra Iy (E).
Then by Theorem 5.6, 7¢ = \/;c; 74,4 = Vicr @ = ¢, hence, as e < g € 7(E), it
follows by Theorems 3.3 (iii) and 5.6 that e = me = \/,c; 7,6 = Vier(€ A ;).

(ii) From the definition it is clear that [K7], is contained in every TD set
containing K. It is also easily seen that K C [K7], and [[K"],], C [K7],. To
prove that ([K7],)Y C [K"],, let e € ([K7])Y. Then there exists h € E and
q € [K7], with e = v,¢ < q. By (i) with @ := K7, we find that there exists a -
orthogonal family (g;)ics in K7 such that ¢ = \/;c; ¢; and e = \/,.;(eAg;). Thus,
as ¢; < q for all i € I, Theorem 3.3 (iv) implies that vxq; = ¢; Ayrg = g; A e for all
1€ 1. Also, as ¢; € K7 for every i € I, there exist h; € F and k; € K such that
¢ = Yn;ki, and we have e A ¢; = Wi = WYnki = (W A Yn) ki = Yynki € K7
Therefore the elements of the v-orthogonal family (e A ¢;)icr all belong to K7
and so e € [K7],.

We omit the proof of (iii) as it is similar to the proof of (ii).

(iv) Evidently, K’ = (K')¥ = (K*)". It remains to prove that [K'], C K'.
Let ¢ € [K']y, k € K, and e € E with e < ¢, k. By (i) with Q := K’, there
are v-orthogonal families (¢;)icr € K’ and (e A ¢;)ier such that ¢ = \/,.; ¢; and
e = V,er(e Ag). Since e < k and kA ¢g; = 0, it follows that e A ¢; = 0 for all
i1€1,s0e=0. Thus ¢ A k =0, whence ¢ € K'.

(v) We have K C K" and as K" = (K')’, it is STD by (iv), hence it is TD.
But then by (ii), [K7], € K", therefore K’ C ([K7],)’. We also get ([K"],) € K’
because K C [K7],,. Similarly, K C [KV],, whence ([K*],)’ € K’ and by (iv) and
(i), [K+¥], € K”; hence K’ = K" C ([K*],)". n

Corollary 7.3. If A (which may be empty) is the set of all atoms in E, then the
STD set A’ is the set of all elements in E that dominate no atom in E, and the
STD set A” is the set of all elements p € E such that either p = 0 or the PEA
E[0,p] is atomic.

Theorem 7.4. The set T'(E) of central elements of a COGPEA E is a TD subset
of .

Proof. Obviously I'(E) C [I'(E)], and by theorem 5.12 (ii), [I'(F)], C I'(F). To
prove that T'(E)Y C T'(E), let ¢; € T'(E)?, so that ¢; := ~.c for some e € E and
c € I'(F). We claim that ¢; is the greatest element of ., (E); hence by Corollary
4.5, it is a central element of E. Indeed, if f € v, (E), then f = ¢, f = Yy.ef =
Ye(Vef) = Ye(e A f) < vec = ¢1 by Theorem 6.3 (v) and Theorem 4.6 (i). ]
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Definition 7.5. A nonempty class K of PEAs is called a type class iff the follow-
ing conditions are satisfied: (1) K is closed under the passage to direct summands.
(2) K is closed under the formation of arbitrary nonempty direct products. (3)
If F1 and Es are isomorphic PEAs and FE; is in K, then Ey € K. If, in addition
to (2) and (3), K satisfies (1') H € K,h € H = H[0,h] € K, then K is called a
strong type class.

Theorem 7.6. Let K be a type class of PEAs and define K :== {k € E : E[0,k] €
K}. Then K is a TD subset of E, and if K is a strong type class, then K is STD.

Proof. Suppose k € K and e € E. Then E[0,k] € K, 7. € [x(E), and by
Lemma 4.9, Ye|gjo,x) € Tex(£10, k]). Thus by Theorem 4.8 (v) and Definition 7.5
(1), E[0,7ek] = ve(E[0, k]) = Yel o1 (E[0, k]) € K, so K7 C K. If K is a strong
type class, it is clear, that K¥ C K. Finally, suppose that k € [K],. Then
there exists a y-orthogonal family (k;);cr in K such that k = \/,.; k;. Thus by
Definition 7.5 (2), X := X rE[0, k] € K and by Corollary 5.10, X is PEA-
isomorphic to E[0, k], whence by Definition 7.5 (3), E[0,k] € K, and therefore
ke K. ]

Example 7.7. The class IC of all EAs is a strong type class of PEAs; hence by
Theorem 7.6, the set K of all elements k£ € E such that E[0, k] is an EA is an
STD subset of F.

Standing Assumption:
From now on we will assume that K is a TD subset of the COGPEA FE.

Definition 7.8. K := K NT(E).

Theorem 7.9. There exists k* € K such that vy« is the largest mapping in
{w:keK}={ve:ee€ Ee<k*} =0,[0,v=], which is a sublattice of Tex(F),
and as_such, it is a boolean algebra. Moreover, K is a TD subset of E, there
erists kNE K such that i is the largest mapping in {y : k € K} = {7, : e €
E,e <k} = ©,[0,7;], which is a sublattice of [x(E), and as such, it is a boolean
algebra.

Proof. Let us take a maximal ~y-orthogonal family (k;);e; € K and set k* :=
Vier ki- Then k* € K, because K is TD subset of E. Let k € K. As vk = k and
(ve=)'k < k, we have (v A (v<)")k = ek A (ve+)'k = kA () k = (3)'k. Also,
by Theorem 6.3 (vi), v A (k)" = 74, where d:= (k) 'k, and since K7 C K, it
follows that k := (v )'k = 4k € K with vg«k = v« ((7%+)'k) = 0. Therefore,

by Theorem 6.3 (v), vz A Y+ = Voeh = 0, and since k; < k*, it follows that

Y5 Ak, = 0 for all i € I. Consequently, (yx+)'k = k=0 by the maximality of
(ki)icr, therefore k = yp«k, whence v < .
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Suppose k € K and put e := y,k*. Then e < k™ with 74 = Y AYer = Vypr =
Ve, whence {7 : k € K} C {y.:e € E,e <k*}. If e € E and e < k*, then
Ye < Y, 50 {e e € Eie <k} C{ye:e € E,ve <y} = 04[0,74+]. Finally,
suppose ¢ € E with v, < v+, and put k := v k*. Since K is TD, we have k € K;
IMOreover, Ye = Ye A Vi = Yk, S0 O4[0,v4+] C {7y : k € K}.

By Corollary 6.4, ©, is a generalized boolean algebra; hence the interval
O4[0,74+] = {m € ©5: 0 <7 <+ } is a boolean algebra with unit .

That K is a TD subset, follows from Theorem 7.4 and the fact that K =
K NT(F). Thus we obtain the second part of the theorem by applying the first
part to K. [ ]

Since 7j+ € [ex(E) is the largest element in {v;, : k € K}, it is uniquely deter-
mined by the TD set K. Likewise, k is uniquely determined by K = K NT'(E),
hence it also is uniquely determined by K, and we may formulate the following
definition.

Definition 7.10. With the notation of Theorem 7.9, (1) vk = 7+ and (2)
’yf( = ")/']; .

Corollary 7.11. ©,[0,vk] is a boolean algebra and we have:

(i) vz <7k € 64[0,7k] C Tex(E).
(i) v& = Vier V&
)
) Y

(iii) vk is the smallest mapping ™ € Lk (E) such that K C w(E).

(iv \/keK Y € Tex (E).

(v) vz is the smallest mapping ™ € ©, such that K C n(E).

Proof. (i) This is clear by Theorem 7.9, because {7y : k € K} C {vx : k € K}.

(ii) By Theorem 7.9, vk is the largest mapping in {7 : k € K}, from which
(ii) follows immediately.

(iii) First we show that K C yg(FE). Indeed, if k£ € K, then v < vk, so
k = vk < vkk < k, and therefore k = yxk € yx(E). Suppose K C w(E) for
some m € [oy(F). Then, k* € K C 7(E), so k* = wk*. But 7+ is the smallest
mapping in Tk (E) with the latter property, whence g+ < 7.

Proofs of (iv) and (v) are similar to (ii) and (iii) with K instead of K.

Definition 7.12. Let 7 € I'x(E). Then:
(1) = is type-K iff there exists k € K such that 7 = ;.

(2) 7 is locally type-K iff there exists k € K such that m = .
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(3) 7 is purely non-K iff 1 Ayg =0, ie., iff 7 < (yg)'.
(4) mis properly non-K iff T Ayzp =0, ie., iff 7 < (7).

Remark 7.13. Directly from Definition 7.12 and Corollary 7.11, we have the
following for all 7, & € [« (E):

(i) If 7 is type-K, then 7 is locally type-K.
(ii) If 7 is purely non-K, then 7 is properly non-K.
(iii) If 7 is both type-K and properly non-K, then = = 0.
(iv) If 7 is both locally type-K and purely non-K, then 7 = 0.
(v) If ¢ € ©, and 7 is type-K or locally type-K then so is m A €.
(vi) If 7 is purely non-K or properly non-K, then so is m A &.
)

(vii) If both 7 and £ are type K, locally type K, purely non-K, or properly
non-K, then so is 7 V &.

Theorem 7.14. Let m € Ty (F). Then:
(i) 7 is type-K iff T € ©, and m < 5.
(ii) If K is STD and 7 is type-K, then m(E) C K.

)

)
(ili) 7 is locally type-K iff m € ©, and m < yi.
(iv) If m is purely non-K, then K N7(E) = {0}
)

(v) if m is properly non-K, then K Nw(E) = {0}.

Proof. (i) By Theorem 7.9 and Definition 7.10, {v; : k € K} = 0,00,v%] =
{Ve e € E,7e < v}, from which (i) follows immediately.

(ii) If 7 is type-K, then m = 7y, for some k € K NT'(E), whence by Theorem
6.6, m = v = 7k, and therefore, since K is STD, n(E) = E[0,k] C K.

(iv) Suppose that 7 is purely non-K, i.e., # A yx = 0. Thus if k¥ € K, then
Y < Vi, whence m Ay, = 0. Therefore, if k € K N7(E), then k = kA k =
Tk Ayk = (m Ak = 0.

The proofs of (iii) and (v) are analogous to those of (i) and (iv). |

Definition 7.15. An element f € E is faithful iff v; = 1.

As is easily seen, if 7 € Tk (F), then an element f € n(F) is faithful in the GPEA
n(E) iff vy = 7.
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Theorem 7.16. Let m1 € ©, and put k' = wk*, where k* € K is the element
in Theorem 7.9. Then k¥ € K N7 (E) and the following conditions are mutually
equivalent:

(i) m is locally type-K.
(i) kF is faithful in the direct summand w(E) of E (i.e., vz = ).

iii) If € € ©, with ¢ A # 0, then k¥ has a nonzero component 0 # £k* in the
v
direct summand &(n(E)) of the GPEA n(E), and ¢k* € K.

Proof. As m € ©,, there exists d € E with 7 = 74. Since K is TD and £* € K,
we have kf = 7k* = ygk* € K. Also, k! = nk* € n(E), whence k! € K N7(E).

(i) = (ii): If m = 4 is locally type-K, then 74 < yx = Y+ S0 Yt = Ve =
Yd N Vkr = Vd = T

(ii) = (iii): Assume (ii) and the hypotheses of (iii). Then ¢kf = &nk* €
E(n(E)), v = m, there exists e € E with £ = 7., and 0 # £ AT = 7. A
Vit = Vook# = Vek#» SO £k# # 0. Also, since K is TD and k% € K, we have
kT = k7 € K.

(iii) = (i): Assume (iii). We have 7 = 4, and since k# € K, we also have
Y# < VK ; hence, by Theorem 7.14 (iii), it will be sufficient to show that v4 < v,%.
Aiming for a contradiction, we assume that v4 € v;#, i.e., by Theorem 6.3 (vi),
€= = (V) Nya # 0, where e := y4d. Then £ <y =m,s0 AT =& #0.
But ¢ < () implies €kF = 0, contradicting (iii). [ ]

Corollary 7.17. If m € I« (E) is locally type-K and § € © with { Aw # 0, then
the direct summand &(w(E)) of m(E) contains a nonzero element of K.

Proof. The nonzero element ¢k# € K in Theorem 7.16 belongs to &(7(E)) . =

Lemma 7.18.

(i) There exists a unique mapping © € ©., namely ™ = vi, such that w is
locally type-K and ' is purely non-K.

(ii) There exists a unique mapping {& € ©,, namely § = vz, such that § is
type-K and &' is properly non-K.

Proof. By Theorem 7.14 (iii), 7 is locally type-K iff 7 < vy and by Definition
7.12 (3), 7' is purely non-K iff 7/ Ay = 0, i.e., iff yx < 7, from which (i)
follows. Similarly, (ii) follows from Theorem 7.14 (i) and Definition 7.12 (4). m
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8. TYPE-DECOMPOSITION OF COGPEA

We maintain our standing hypothesis that K is a TD subset of the COGPEA
FE. According to Lemma 7.18, we have two bipartite direct decompositions F =
m(E)®7'(E) and E = {(E)®¢'(E), corresponding to m = v and £ = vz. Thus
we may decompose F into four direct summands:

E=(nAE)D (rAENE) D (r' A(E) @ (r Ag)(E)

one of which, namely (7’ A £)(E) is necessarily {0}, because by Corollary 7.11
(i), & < w. Therefore we have the following fundamental direct decomposition
theorem for a COGPEA E with a TD set K C E.

Theorem 8.1. There exist unique pairwise disjoint mappings 71, 7o, 73 € Lux(F),
namely m = vz, T2 = 7k A (Vg)', and w3 = (vi)', such that:

(i) m Vma Vg =1 so that E = w1 (E) & ma(E) & m3(E), and

(ii) 71 is type-K, my is locally type-K but properly non-K, and s is purely
non-K.

Proof. For the existence part of the theorem, put 71 = vz, m2 = vk A (v5)', and
m3 = (yK)'. Obviously, my, ma, and 73 are pairwise disjoint, and since vz < vk,
it is clear that m; V mp V 3 = 1. Evidently, 7 € ©,, and by Theorem 6.3 (viii),
mp € ©4. Thus, by Theorem 7.14 (i), m is type K, and by Theorem 7.14 (iii)
my is locally type K. Also, by parts (3) and (4) of Definition 7.12, 73 is purely
non-K and my is properly non-K.

To prove uniqueness, suppose that w1, 7o, T3, are pairwise disjoint mappings
in the boolean algebra I (F) satisfying (i) and (ii). Then 7, < vz by Theorem
7.14 (i), m2a < YK A (7)) by Theorem 7.14 (iii) and Definition 7.12 (4), and 73, <
(vk)" by Definition 7.12 (3). Thus after an elementary boolean computation, we
finally get m1 = 714, o = Toq and 73 = mW3,. [ |

In what follows we will obtain a decomposition of the COGPEA FE into types I,
IT and IIT analogous to the type decomposition of a von Neumann algebra. We
shall be dealing with two TD subsets K and F' of E such that K C F. For the
case in which F is the projection lattice of a von Neumann algebra, one takes K
to be the set of abelian elements and F' to be the set of finite elements in F.

Thus, in what follows, assume that K and F are TD subsets of the COGPEA
E such that K C F. By Theorem 8.1, we decompose FE as

E =m(F) ®ma(e) ®m3(F) and also as E = &1(F) @ &(F) @ £3(F) where

™ =g T2 =7k AN(Vg), ™= (&),

&L= =7 AN0g)s &=0F).
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As K C F, it is clear that vk < vr, 7z <75, (97) < (k) and (vg) < (vg)"
Applying Theorem 8.1, we obtain a direct sum decomposition

E=111(E) & m1(E) © 722(E) ® 731(E) @ m32(E) & T33(E),

where 7;; = m; A§j, fori,7 = 1,2,3. Evidently, 711 = 71, 733 = &3 and 110 = 713 =
723 = 0.

Definition 8.2. [([12, Definition 6.3], [15, Definition 13.3])] Let m € [ (E). For
the TD sets K and F with K C F:

o 7 is type-I iff it is locally type-K, i.e., iff r € ©, and m < k.

7 is type-1I iff it is locally type-F, but purely non-K, i.e., iff 7 € ©, and
™ <r A (7K)"

7 is type-III if it is purely non-F, i.e., iff 7 < (yp)'.

7 is type-Ir (respectively, type-1Ir) iff it is type-1 (respectively, type-1I) and
also type-F, ie., iff 7 € ©, and 7 < v Ay (respectively, 7 € ©, and
T <yr A (Vk) AV

7 is type-I.p (respectively, type-II_r) iff it is type-I (respectively, type-1I)
and also properly non-F, ie., iff 7 € ©, and @ < i A (7z)" (respectively,
iff 7€ O, and 7 <y A (vr) A (vg))-

If 7 is type-I, type-11, etc. we also say that the direct summand 7(F) is type-I,
type-I1, etc.

The following theorem is the I/II/III - decomposition theorem for COGPEAs.

Theorem 8.3. Let E be COGPFEA and let K and F' be TD sets in E with K C F.
Then there are pairwise disjoint mappings 7y, 7rr, 7111 € Lex(E) of types 1, 1T and
11, respectively, such that E decomposes as a direct sum

FE = W[(E) &) W[[(E) D TI'III(E).
Such a direct sum decomposition is unique and
/

T =k, T =y A (vx), T = (vr)'.

Moreover, there are further decompositions

m(E) =7 (E) © 1, (E), 7r1(E) =71, (E) © 7 (E),



THE EXOCENTER AND TYPE DECOMPOSITION OF GPEA 45

where Tr,, Ty TI1p, TI1. . ore of types Ip, [ p,IIp, 11, respectively. These
decompositions are also unique and

Tre =YK NVg, T =7k A (Vg),

Tir, =g AN (K)s T = A () A (k)

Proof. For the existence part of the theorem, we put 7y := 711 V 701 V To9,
Ty i= 731V T32, W[ i= T33, T, = Ti1 V T21, T, = T22, M1, = 731, and
Il ‘= T32. Evidently, all the required conditions are satisfied. The proof of
uniqueness is also straightforward. [ |
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