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Abstract

Chou, Hsu and Shiue gave some applications of Faa di Bruno’s formula to
characterize inverse relations. Our aim is to develop some inverse relations
connected to the multipartitional type polynomials involving to binomial
type sequences.
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1. INTRODUCTION

The partial (exponential) multipartitional polynomial

Bnl,...,nr;k (xO,...,O,la vee 7xn1,...,n7-)
in the variables xo,. 0.1,-..,%n,,.. n, is defined by the sum
(1) By one ik (T0,..0,1,%0,..,0,25 - - - Ty oomy)

k
_Z nyl--np! (l‘o ,,,,, 0,1)k0 ,,,,, 01 @ngng )
- ko,...,0,1'ko0,....0,2"kny,... ! \ OL--011 ]

AAAAA
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where the summation is extended over all partitions of the multipartite number
(n1,...,n,) into k parts, that is, over all nonnegative integers ko . 0.1, .-, kny,...n,
solution of the equations

R, N1, Tir
(2) Z ijh,...,ir =Ny, J]= 17 - T Z ki17---7i1" =k
01500080 =0 0150008 =0

with convention kg . o= 0.
The exponential generating function for B,,, ., x is given by

t?l thr
T
E , BN17---,W7/€ (m07~~~70,17 s 7xn1,---7nr) T
n! ;!
ni+etng >k
(3) k
1 i tir
_ e S
k! Z Liy, 7ZT’L'1! i
i1+t >1

From the above definition, the partial multipartitional polynomials generalize the
partial Bell polynomials introduced by Bell [3], see also [5, 9] and [10]. Chou et
al. [4] gave some inverse relations related to Faa di Bruno’s formula. They have
proved that any function F' having power formal series with compositional inverse
F&U | gatisty

n
Yn = Z DE_ F(2) B,y (x1,29,...),
k=1

T =Y Dh_p(yFY (@) Bug (y1,90, ).
k=1

In this paper, we show the role of the binomial type sequences to develop some
inverse relations related to the multipartitional polynomials. In other words, we
connect some inverse relations with the multipartitional polynomials and with
some results given in [6] and [8] related to partial Bell polynomials.

2. MULTIPARTITIONAL POLYNOMIALS AND INVERSE RELATIONS

Theorem 1. Let a be a real number and F be a function such that F (a + x)
admits formal power series in x and let F&U denote the compositional inverse
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of F so that (F o F&D) (2) = (F<*1> oF)(z) =w. Let

t?l thr
Px (tla---7tr) = 5 Tng,...;np s ;
n! n,!
ni+-+ny>1
tnl tn»,«
— 1 r
Py (tla---7tr) = § Yni,...ne .
n! ;!
ni+-+ny>1

Then we have the pair of inverse relations

ni+--+ny
(4) Yni,ny = Z Dg:aF(x)Bm,---,nr,k (.%'07___7071, o 7wn17---7nr) )
k=1

ni+-+ny
k —1
Tny,..ong = Z Dm:F(a)F< >($)Bn1,...,nr,k (yO,...,O,la cee ayn1,...,nr) >
k=1

or equivalently
(5) F(a+ ¢z (ti,....t;) = F(a) + ¢y (t1,...,t).

Proof. The given conditions of the theorem ensure that there holds a pair of
formal series expansions

tnl tnr ni—+--+nr
1 r k
oyt ot = 3 LN ph ()
711! nr!
ny+-+ny>1 k=1
Bnly"'ynT7k (xovvo IR 7xn17"'7n7")
o© n1 n
t ter
:E DF_ F(z) E e S
n! n,!
k=1 ni+-+ny>k
Bnly"'ynT7k (xovvo IR 7xn17"'7n7")

=a (‘T) H Z wzl,...,iri_l!”‘ ﬁ

o
k=1 o\ 4>l
o0

ot t)E
(w)(w(lk! )
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which states that

@p (t1,. . t,) = FTU(F(a) + o, (t,...,t,) —a

00 k
_ k -1 (pr (tla atr))
- ZDm:F(a)F< > (x) k! )
k=1
so, we have
D s
wnlv ST "”TL'
ni+otne>1 v "
tnl e ni+-+ny
— L I k <71>
- Z ny! i Z DI*F(Q)F (2)
ni+-+n,>1 k=1
X Bnl, N,k (yO,...,O 1, 7yn1, 777,7-)
ni+--+n,
Then . n, = > DI;:F(a)F<_1> (x)Bm7---7nr,k(y0,---,071’ s ,?/m,...,nr)-
k=1
| ]
Remark 1. Replacing
Tny,...,ny by nl! ce nr!'xnl,...,nr and Ynq,...nr by n1! cee nr!ynl,...,nra

relation (4) may be expressed in terms of the multivariate Faa di Bruno’s formula,
as follows

DF_ F(z
Yni,ony = Z e m'—'a ( ) ' (wo,...,O,l)kO’m’O’l . (wn1,...7nr)km AAAAA e

k

" _Z Dm:F(a
N1,y ™ L
0

where the summation is extended over all nonnegative integers ko . 0.1, ...,
kn, ..n, solution of equations (2) and over k=1,...,n1 + - +n,.

Also, the pair of inverse relations given by relation (4) implies that for any
sequence of real numbers (z,) we have the following identity:

)F<—1> (z)

k k
Lok 7 (40,0, (Y, )
JUUUN O IR A% 7 S TR o P

Z DI;:F(Q)F<71> ('I)Bn,k (yl’ oo ayn) = Tn.
k=1

where y, =37, Dj—oF(x)Bp (21, - - ., Tn).
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Corollary 2. We have the pair of inverse relations

ni+-+nr
(6) Yny,...one = Z Bm,...,nr,j (xO,...,O,la ce 7$n1,...,nr) s
=1

ni+-+ny )
'CL"I’LI,...,TLT = Z (_1).]71 (‘7 - 1)!Bn17"'7n7‘7j (yoy"'70717 st 7yn17---7n7‘) °
j=1
Proof. Tt suffices to take in (4) F' (z) = exp (z) and a = 0. |

Corollary 3. We have the pair of inverse relations
ni+-+ny

(7) Yny,...one = Z (a)k Bnl,...,n»,-,k (xO,...,O,ly cee 7xn1,...,nr) )
k=1
ni+-+nr 1
Tny,..np = Z <E>k Bnl,...,nr,k (yO,...,O,ly cee ,ynl,...,nr) 5
k=1
where (a), =a(a—=1)---(a—k+1),k>1, and (o) =1, a€C.
Proof. Tt suffices to take in (4) F (z) = 2* and a = 1. |
Remark 2. For a = —1 in (7), we obtain
ni+-+ny
(8) Yni,my = Z (=1)* B1Boy .y (20,.0,15 - - > Ty o) »
k=1
ni+--+nyr
k
Tny,...onp — Z (_1) k!Bnh...,nr,k‘ (yO,...,O,ly e 7yn1,...,nr) .
k=1

The inverse relations (8) are equivalent to

g g
r r =
<1 _|_ an17...,nrn_1! o nrl) <1 + Zynh...,nrn_l! LRI nrl) — 17

where the summations are taken over all nonnegative integers such that ni+---+
ng > 1.

Corollary 3 can be generalized by the following;:

Corollary 4. We have the pair of inverse relations

+-tny
1™ AN
ynl,...7n7- = E Z - « Bnl,...,nr,k (‘TO,...,O,17 e 7xn1,...,n,n) )
k=1 k

«

1 ni+-+nr a

k

Tng,ne — — Z - B Bnl,...,nr,k (yO,...,O,la ce 7yn1,...,n»,-) .
- Bk
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/o
Proof. Tt suffices de take in (4) F (z) = M#, a,B € C, af # 0, and

a=0. [ |

Theorem 5. Let {f, (x)} be a polynomial sequence of binomial type. Then we
have the pair of inverse relations

Jo—1(a(k—1) +2)
(9) ynh ST T Z ka (k _ 1) Ty Bn1,...,nr,k (x07...70,17 s 7‘%.77,17...777,7-) )
fk kx
Tng,...,n, Z kx 1 ) _) br )Bnl,...,nr,k (yO,...,O,ly ce. 7yn1,...,n,~) 5

where the summations are taken over k from 1 tony + -+ n,.

Proof. From Corollary 2 given in Mihoubi [7], the compositional inverse function
of i
F(t) = _— -1 il
n>1
is given by

n

P @) ==Y e (e = 1) =)

n—1)—nz n!
n>1

Then, it suffices to use the last function F' in the pair of inverse relations given

by (4). ]
Remark 3. For z = 2a in (9), we obtain the remarkable inverse relations
ni+--+ny 2k
Yni,eone = Z fk‘ 1 ( ( 1)) Bnl,---mr,k (xov"'70717 oo 7x7l17---7n1") )
k=1
ni+-+ng, 2%
LTng ey = kzl Tt 1fk—1 (—CL (kj + 1)) Bnh---mr,k (yO,...,O,la A ’yn17~~~7n7‘) .

We have binomial-type sequence of polynomials for

fu(x) = 2",
fa(@) = (a2) (4 = az(ax —1) - (ax —n+1) for n > 1 and (z) ) =1,
funlx) = (ozx)(") = ).+ (ax+n—1) forn>1 and (x)(o) =1,

(@) = n! (i)q = Bn,j(G>q, il C)q @),

where B, ( { } and ( ) are, respectively, the single variable Bell polynomials,
the Stlrhng numbers of second kind and the ordinary multinomials.
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The ordinary multinomials, see Belbachir et al. [1], are defined by the following

k
<1+w+w2+---+wQ)k=Z< > o
q

n
n>0

with (5)1 = (L) ((5) being the usual binomial coefficient) and (g)q = 0 for

a
a > qL. Using the classical binomial coefficient, one has

(0,72, GG (5)

J1tiattig=a

This last identity justify the extension of ordinary multinomials to real or complex
values by replacing L by a real or complex value, one can see [2].

We deduce the following results:

Corollary 6. Let a, a(# 0) and = be real numbers, for f,(x) = a", we get
ni+-+nr
Yni,..one = zk (a(k—1)+ x)k72 X
k=1
(10) Bnl,...,nr,k (‘TO,,O 1y--- 7x77,1,...,77,1~) bl
ni+--+ny
Loy, mn = — ak(a(k—1) — kz)F 2 x
k=1

for fo(z) = (z)(,) , we get

ni+-+nr kx
Yni,.ony = Z alh—1)+x (a(k—1)+z)4_q) ¥
k=1
(11) Bnl,...7n7-,k ('IO,...,O,I, cee ,xnl,---,nr) )
ni+-+nr kw
Tng,ny = — m (a(k—1)— kx)(kq) x
k=1

Bm,---,nr,k‘ (yO,...,O,la oo 7yn17---7n7') )
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for fn(x) = (m)(") , we get

ny+-+ne . (b—1)
Yni,.ny = kz:l P s (a(k—1)+x) X
(12) Bnl,...,nr,k (xO,...,O,la s ,xn1,...,nr) 5
ni+4--+ne L -
Tny,..ny = — m (a (k —-1)— kx)( ) «
k=1

Bnl,..-7nr,k (yO,...,O,la s ayn1,...,nr) )

ni+-+n, ko (CL (k _ 1) + 1E> y
q

Ynayewinr = p alk—1)+x k—1
(13) B,k (20,015 -+ + s Ty ) 5
o o SYTKa <a (k—1) - k:x) )
Y — a(k—1)—kx E—1 .

Bnl,..-7nr,k (yO,...,O,la s ayn1,...,nr) )

: kx
T —— B k—1
Yni,...nr ! a(k:—l)—l—m k l(a( )—'—ﬂ?)x
(14) Bnl,...,nr,k ((EO,...,O,M oo 7xn1,...,nr) )
ni+-+nr kx
= — " B i(ak—1)—k
€z 1yeeeyNr p a(k:—l)—k‘x k 1(0’( ) ,I)X

Bnl,...,nr,k (yO,...,O,la cee ayn1,...,nr) .
Example 1. For a =0, z = 1 in (11) and using the fact that

Bm,---,nml ($0,---70,1’ s ’xnl,---,nr) = Tny,..,n, and
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1 ni Ny
Bnl,...,nr72 (wO,...,O,h cee 7xn1,...,n,~) = 5 Z . s i
r

1
1<in - tip <naedne—1 N ©

X Tiy, iy —ig,..nr—irs
we obtain

Yni,onr = Tny,on, T+

ni Ny
Z Z o Z xil,--.,’irxnl—i17...7nr—ir7
1<ty +oip <npdedng—1 S r

ni+-+nr
o (2 —2)!
Tnyome = Y, (=1) 1W3m,...,nr,k (Y0,.,0,15 -+ -+ Ynyooomy) -
k=1 ’

Now, consider 6 : N — {0, 1} be the application satisfying
0(0)=0 and d(n)=1 for n>1.

Theorem 7. Let u,r, s be nonnegative integers urs # 0, and {u,} be a sequence
of real numbers with uy = 1. Then

ni+-+ny

Y =s Z ﬁBUHk—LUk (1,ug,us,...) "
N1yeeyp A
o Uk ( A )
(15) Bnl,...,n»p,k (3307“.,071, e ,ﬂj‘n17...’nr) ,
T =y § % gmznr k By, 4k-1,v, (1,u2,us3,...)
N1y — YN, N P Y
= Ve (" i )

Bnl,...,nr,k (yO,...,O,la ce ,ynl,...,nr) s

whered =6 (ni+--+n,— 1), U= (r+2s)(k—1)+sand Vi = (r+s)(k—1)—
s.

~1
Proof. Let z, (r) := i((rﬂ)") B iynnr (Lug,uz,...), n>1, r integer > 1,

nr nr

and let the binomial type polynomials {f, (z)} defined by

fn (x) := Zank (z1(r), 22 (r),...) 2", n>1, with fo(z) =1,
k=1
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see [10]. Then from [6, 8] or [7], we have the identity

Z B (z1(r),z2(r),...) P
k=1

s (r+1)n+s
C nr+s nr+s

-1
> (r+1)n+s, nr+s (17 U2, U3, - . ) )
where 7 is an integer > 1 and s is an integer, such that nr + s > 1. Then we get

s (r+1)n+s
nr—+s nr—+s

(16)  fu(s) =

-1
) (r+1)n+s,nr+s (17 U2, U3, - . ) .

To obtain (15), it suffices to replace in (9) a by zero, f, (x) by the expression of

fn (s) given by (16) and r by r + 2s. [ |
Example 2. From the well-known identity B, (1!,...,il,...) = (}) %, we
get

ni+--+nr

(r+2s+1)(k—1)+s— 1)
= k
I ome = kzl (r+29) (k-1 +s)!
Bnl,...,nr,k (330,...,0,1, cee a'rnl,...,nr)

(r+s+1)(k—1)—s—1)!
s o=

ni+-+nry

Ty, = Yna,ony — 0 XS E
k=2

Bnl,...,nr,k (?/0,...,0,1, e ,ynl,...,nr) s

where 6 =d(ny+---+n, —1).

We can obtain similar relations for the Stirling numbers (respectively the
absolute Stirling numbers) of the first kind and the Stirling numbers of the second
kind by setting u, = (—=1)""' (n —1)! (respectively u, = (n—1)!) and u, =
1, n>1.

Corollary 8. Let u,r,s be nonnegative integers, a,« be real numbers, such that
aurs # 0, and {f, (x)} be a polynomial sequence of binomial type. Then

oy
LS DR i (T 4 0
Yni,...on, =S aTk_“(k_l)Tk
k=1
By, ke (20,015 -+ + s Ty )
_ 5o N~ kDG (€ fio (Rix + z5a))
Tni,oonr = Yna,ony, — 08 ]; afs—u(k=1) R, :

Bnl,...,nr,k (yO,...,O,h e 7yn1,...,nr) )
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whered =6 (n1+---+n, — 1), Ty = (u+r+2s)(k—1)+sand Ry = (u+r+s)(k—1)—
s.

Proof. In Theorem 7 set

Up = (wn— 7;) 1) aD:(:%*l)qu (e foc1((u(n—=1)+1) x4+ z;a))

and use the first identity of [8, Theorem 2]. ]

Corollary 9. Let u,r, s be nonnegative integers, such that urs # 0, a be a real
number and {f, (z)} be a binomial type polynomials. Then
. "*Z:* " RIDE ook (T + 23 0)
Ynoonr = ale—uk=1) (T}, + k — 1)!T},

k=1

Bnl,...,nr,k ('IO,...,O,L e ,xnl,...,nr) s

5 s "+Z+ " RIDR fr ko1 (Rpz + z;a)
aft—ulk=1) (Ry + k — 1)!Ry

Tny,nr = Ynqyne —
k=2

Bm,---,nr,k‘ (yO,...,O,la oo 7yn17...,nr) )

whered =6 (n1+--+n, — 1), Ty =(u+7r+2s)(k—1)+sand Ry = (u+7r+s)(k—1)—
S.

Proof. In Theorem 7 set

W n!DZg(L)_l)Hf((u+1)(n—1)+1) (u(n—=1)4+1)x+ z;a)
" (u+1D)(n—1)+ ) (u(n—-1)+1)a

and use the second identity of [8, Theorem 2]. |

3. POLYNOMIALS OF MULTIPARTITIONAL TYPE AND INVERSE RELATIONS

For any sequence u = (uy,, . n,) of real numbers, let

t?l tn»,«
u(t) = u(ts,... t) = Z unl,...,nrm"‘#
nit-tne>1 1 r
and for any sequences u(!) = <u£tll)nr) v ul®) = (uﬁfl),__,nr) of real numbers,

let be defined the polynomials of multipartitional type

Boynr [ G100 <“(1)’ e ’“(S)>
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by
tnl tn»,«
(17) > Boroomr /v <u(1>7 . ,u(s)) R
ety > > 1 e M
_ (SDU(D (tlﬂ s ’tT))jl . (SDU(S) (tl’ o ,tr))ys
Ji! J! ’
with

1) (8)>: Lif ny+--+np =0,
Bnl,...,n,ﬂ/O,...7O <u yeeey U { 0 if ny4 -+ n > 1.

Theorem 10. Let a =(ay,...,as) be a vector of R® and F = (Fy,...,Fs) :
I —J be a bijective function with I, J C R® such that F (a+ x) admits formal
power series in each composite xy of x and let G = (Gy,...,Gs) denote the
compositional inverse of F' so that (F o G) (x) = (G o F) (x) = x. Then, we have
the vectorial pair of inverse relations

aF]1++]s

1 1 s

u7(11),---,nr = Z(‘)xﬁl o ax]’s (a) Bnl,...,nr / Jlyeds (U( )7 e 7U( )> )
J 90 s

o i
(s) — s (D (s)
Unl,...,n,n - ;axil - axss (a) Bnl,...,n,ﬂ / J1,--Js (U yeeay U > s

if and only if

(1) G]H— “+Js W (*)
,Unl,...,n,,n - Zax ax‘;s F (a)) Bnl,...,nr / J1,--Js ('LL yeees U ) )

8Gj1+"'+js
(s) - s (D (s)
Unl,...7n',~ - ;ax{l o axss (F (a)) Bnl,...,nr / T1yeensds (u yeoey U ) s

where J = {(j1,...,js) EN*: 1 <j1+---+js<ni+--+n.}.
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Proof. We have

tyr
fur (B) = D> Uny
n!  ny!
ni+-+ne>1
t?l tnr 8F]g1+~~+]s
n ! n ! J1 “ e 3
mitetne2l ! " it <na oty axl Oz
1 s
X Bm,---,nr / Jiseeds (U( ),...,v( )>

aF]1++]s tnl tn,,n
D DR sl AN DR o
axl . axs n s

Jitetik>1 1>,

< Buyoom /1o (Uu), . ,v(s>>

B aFlg1+~'+js
- Z jl ‘s (a)
Oxy' - - Oxs

Jit4ie>1

(o () (g0 (1))
jll ]s'

= Fi, (a+ (¢,0) (£) ..., 0y (£))) — Fi (a)

which implies

(Fr(a)+ .0 (£),..., Fs(a) + o e (t))

= (Fl (a+ ((pv(l) (t) 1oy Pols) (t))) s F (a+ ((pv(l) (t) y e Pols) (t))))

or equivalently

F(a)+ (@, (t), ..., 0ue (£) = F (a1 + @0 () ,...,as + @, ()

197
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Then, applying G to the two sides of this equality, we obtain

_ OGP e () (e ()
oy (B) = D o (F(a)) S P
it ggaz1 01 - O J1: Js:

aG Tt e

= Z —ax{l T ouh (F(a)) Z e R X

Jitetis>1 it ng > g1+ s

Bnl,...7n7- / Jiyeensds (u(1)7 BRI 7u(8))
j1++7Js
OG-

o

ni: s
! "< ja <y

ni+-+ne>1
B . . oY) (s)
N1yeersr [ Jlyeesds (U s, U .

Corollary 11. Let A = (o), ., j<s be a nonsingular matriz of real numbers and
B = A71 = (B;) be the inverse matriz of A. Then we have the vectorial pair of
inverse relations

u5111),---,n7" — ; (all)jl e (als)js Bn1,...,nr / J1yensdis (’U(l), .. ,U(S)) ,

u%51)7...7n7‘ = ; (a51)j1 e (ass)js Bnl,...,nr / J1se-eds (U(l)7 e 7?}(5)) )

if and only if

U7(111)7---7nr = Z (511)]'1 T (ﬁls)js Bnl,...,n»,- / J1ye-ds <u(1)’ cee au(8)> )

J

Ur(zsl)7...,n,~ = Z (581)]‘1 T (588)]'5 Bnl,...,n,ﬂ / J1y--sJs (u(l)’ cee ’u(S)) .
J

Proof. The corollary follows by setting, in Theorem 10, a =(1,...,1) and F' (x) =

a1 00 As1 | 0
(] xgts, L, o xdss) . ]

Remark 4. If we set s = 1 in Theorem 10, we obtain Theorem 1, and, if we set
s =1 =1 in Theorem 10, we obtain Theorem 1 given in [7].
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