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1. Introduction

Given a function f, the essential variables in f are defined as variables which
occur in f and weigh with the values of that function. The number of essen-
tial variables is an important measure of complexity for discrete functions.
Some deep results characterizing such variables and sets of essential vari-
ables are known ([2, 3, 8, 9, 10]). Similar problems about terms in universal
algebra are discussed in [7, 11, 12] and about tree automata in [13]. So,
any opportunity to reduce the number of essential variables in discrete func-
tions is an important procedure in theoretical and applied computer science
and modeling. There are two ways to decrease this number - by replacing
some variables in function with constants or with other variables (i.e. with
identification of variables).

M. Couceiro and E. Lehtonen classify finite valued functions on a finite
set A in terms of their arity gap ([6]). The aim of the present paper is
the representation and description of such functions. We shall use the well
known fact that each n-ary function f : A™ — A can be represented as sums
of conjunctions.

In Section 2 we introduce the basic definitions and some preliminary
results concerning k-valued functions.

In Section 3 we study the essential arity gap of functions. Here a com-
plete description of the functions in k-valued logic depending essentially on
all of its n variables whose essential arity gap isequaltop with2 < p <n <k
is obtained.

In Section 4 we consider the class GQ i of n-ary k-valued functions which
have essential arity gap equal to 2 when k£ > 2. This class is presented as
union of two subclasses which are investigated.

In Section 5 we discuss a special class of the ternary k-valued functions
which have essential arity gap equal to 2. The number of functions in this
class is found.

2. Preliminaries

Let k£ > 2 be a natural number. Denote by K = {0,1,...,k — 1} the set
(ring) of remainders modulo k. A function (operation) on K is a mapping
f+ K™ — K where n is a natural number, called the arity of f. The set
of the all such functions is denoted by F;'. Operations from Pj' are called
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Boolean functions.
Let X,, = {x1,...,2,} be the set of n variables and f € P’ be a k-valued
function.

Definition 2.1. A variable x; is called essential in f, or f essentially
depends on x;, if there exist values a1,...,a,,b € K, such that

f(al, ey Qi—1,Q5, Q41 - - - ,an) 7§ f(al,. .. ,ai_l,b, (07 P ,an).

The set of all essential variables in a function f is denoted by Ess(f) and
the number of its essential variables is denoted by ess(f) = |Ess(f)|. The
variables from X, which are not essential in f € P are called fictive and
the set of fictive variables in f is denoted by Fic(f).

Let z; and x; be two distinct essential variables in f. We say that the
function g is obtained from f € P’ by the identification of the variable x;
with x;, if

glar,...,ai—1,0;, i1, .. ay) = f(ar,...,aqi—1,a5,0i41,...,0n),

for all (ai,...,a,) € K™

Briefly, when ¢ is obtained from f, by identification of the variable x;
with x;, we will write g = f;; and g is called the identification minor of f
and Min(f) denotes the set of all identification minors of f.

We shall allow formation of identification minors when x; or z; are not
essential in f, also. Such minors of f are called trivial and they do not
belong to Min(f). For instance, if 2; does not occur in f, then f;; := f.

Remark 2.1. Let ¢ and j be two natural numbers with 1 < j,i <mn, i # j.
Then we have:

(i) ess(fi—j) < ess(f), because x; ¢ Ess(fij), even though it might be
essential in f.

(ii) If z; is an essential variable in f then Ess(fij—;) C Ess(f).

Definition 2.2. Let f € P be an n-ary k-valued function. Then the es-
sential arity gap (briefly arity gap or gap) of f is defined as follows

gap(f) = ess(f) — o ess(g).



220 S. SHTRAKOV AND J. KOPPITZ

We say that the function f has non-trivial arity gap if gap(f) > 2.

We let Gm denote the set of all functions in P;' which essentially depend
on m Varlables whose arity gap is equal to p i.e. G} = ={fe P |ess(f)=
m & gap(f) = p}, with m < n.

The set of all n-ary k-valued functions which essentially depend on m
variables is denoted by P\ ;. ie. Py, ={f € P |ess(f)=m}, m <n.

An upper bound of gap(f) for Boolean functions is found by K. Chimeyv,
A. Salomaa and O. Lupanov [4, 10, 9]. It is proved that gap(f) < 2, when
fery, n>2.

This result is generalized for arbitrary finite valued functions in [5]. It
is shown that gap(f) < k for all f € P

In [5] the Boolean functions whose arity gap is equal to 2 are described.
In [14] the class G%, is investigated, also. Several combinatorial results
concerning the number of the functions in this class are obtained.

The case 2 < p < k < n is fully described in [15] where it is proved that
gap(f) <2 and if f € Gy then f is a totally symmetric function.

So, in the present paper we shall pay attention to the case 2 < k and
n < k.

We show that if f € G;k, 2 <p<n<kthen f = h®g where
ess(h) =n —p and g € G . which arises in this way, solving the following
problem: ’

For each 1 < p < k, determine explicitly the functions f € P whose arity
gap is equal to p, p > 2 ([5], p. 6, Problem 1).
Let m € N, 0 < m < k™ — 1 be an integer. It is well known that for

every k,n € N, k > 2 there is an unique finite sequence (aq,...,a,) € K"
such that
(1) m=oa1k™ 1+ k" 2+ .. +ay.

The equation (1) is known as the representation of m in k—ary positional
numerical system. One briefly writes m = agaz ... a, instead (1).
Given a variable z and o € K, % is an important function defined by:

1 if rz=«

0 if x#a.
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In this paper we shall use sums of conjunctions (SC) for representation of
functions in P;'. This is the most natural representation of the functions in
finite algebras. It is based on so called operation tables of the functions.

Theorem 2.1. Each function f € P’ can be uniquely represented in SC-
form as follows

-1 _
2) f=apad.. 20 @. . Dapat . 2@ Dagn ik
with m =&y ... 0, aym € K, where” ®” and”.” are the operations addition

and multiplication modulo k in the ring K.

A fact we shall use repeatedly is this: A variable z; is fictive (inessential) in
the function f € P, if and only if

flxy,... zp) = wg.fl D .Z'il.fg...@x?_l.fk,

with fi = fo = ... = f; and x; ¢ Ess(f;), where f; are n — l-ary k-valued
functions with set of variables {x1,...,z;—1,Tit1,..., 2z} for j =1,2,... k.
Consequently, if f,g € P}, x; € Fic(f) and x; € Fic(g), then z; €
Fic(f & g).
Let us note that if fi.; = giej and «; = o; then f(ou,...,q ...,
Qiy ooy ) = g(O, . QG e, Oy, ).

Lemma 2.1. Let f and g be two k-valued functions, depending essentially
onn, n > k+ 1 variables. If fi«j = gij for all 1,5 with 1 < 3,7 < n and
1 #£ j, then f=g.

Proof. Let (a1, ao,...,a,) € K™ be an arbitrary n-tuple of integers from
K. Since n > k+1 it follows that there exist two natural numbers i, j with
1<j<i<nand o; = aj. Then f;; = g;j implies

flon, .., 06,0 0p) = glan, ..o 0,00 Qe Q).

Consequently f = g. [
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Example 2.1. Let us consider the functions f = 292929 ® x12922 and

g = 292928 ® 2%232% from PJ. It is not too hard to show that fi; =
Gij = x?m%ﬁ where m € {1,2,3} \ {i,;} for all 4,7 with 1 < 5,4 < 3 and
i # j. On the other hand we have f # g. This example shows that n > k41
is an essential condition in Lemma 2.1.

Lemma 2.2. Ifx; ¢ Ess(f) and f € P’ then f = fij, forallj € {1...n},
i # .
Proof. Without loss of generality assume that j = 1 and ¢ = 2. Then we
have

f(ala a2,03,. .. 7an) = f(a17527a37 s 7an)7

for all a1, a9, as,...,0n, 0 € K.
Let v1,72,73, ..., € K be arbitrary n integers from K. Then we have

f(717717fy37 s 7771) = f('Yl7'Y2a’Y37- .. 7771)

Consequently f = for 1. [ |

Lemma 2.2 implies that if z; ¢ Ess(f) then Ess(f) = Ess(fi—;j), for all
je{l...n} withi# j.

3. Essential arity gap of k-valued functions

We are going to study the n-ary k-valued functions whose arity gap is
equal to n. The set of all strings over K with length m, m > 1 will be denoted
by K™.

Given two natural numbers k,n > 2, Eq;’ denotes the set of all strings
over K ={0,1,...,k—1} with length n which have at least two equal letters
ie.

Eq; ={a1...0p € K" | o; =a;, for somei,j <n, i#j}.

Lemma 3.1. If f € G}, and 2 < n <k, then f(a1,...,an) = f(0,...,0)
forall oy ...op € Eq.
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Proof. Let ajas...ap be an arbitrary string from Egq;'. Without loss

of generality let us assume that oy = ag. Since f € G7, it follows
that the function fo. 1 = f(x1,21,23,...,2,) does not essentially depend
on any of its variables z1,z3,...,2,. So, we have f(ai,az,a3,...,q,) =
flag, a1, as,...,ap) = f(0,...,0). [ ]

Theorem 3.1. Let f € P, be a function which depends essentially on all
of its n variables and 2 < n < k. Then f € G}, . if and only if it can be
represented as follows

(3) f= GD ara . 2P| @ ag. @ I el I

61...Bn¢Eqk al...an€Eqy

where r = By ... By and at least two among the coefficients

{ao}U{a, | 7=B1...Bn, & Br...0, & Eq}}

are distinct.

Proof.” =7 Let f € G, be represented in its SC-form as follows

k"—1

/= EB am.wfl...xg" where m = B; ... Bp.
m=0

By Lemma 3.1 we have f(ai,...,a,) = f(0,...,0) = ag for aq ... a, € Eqj.
This shows that f has to be in the form (3 1). Moreover, at least two among
the coefficients {ag} U {a, |7 =B1... B8, & Bi1... B, € Eq}} are distinct.

7 <7 Let f be represented in the form (3). Then f depends essentially
on all of its variables since at least two among the coefficients {ao}U{a, | r =
BB, & P1...0n ¢ Eq}}, are distinct. We have to prove that for all 4, j
with 1 < j,4 < n and ¢ # j the functions

fiej = ag. EB xllejxlﬁlxgn
Bi=PB;

do not depend on any of their variables.
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Without loss of generality let us prove this for j = 1 and ¢ = 2. Then

foe1 :a0.<w?@x%@...@x’f_l) EB xg“‘xg” =qg.1.1 = ag.
ﬁ3...ﬁn€K”*2
Hence ess(fa1) = 0. This completes the proof of the theorem. [ ]

Corollary 3.1. For every n, k, with 2 < n < k the functions

0 pnea) = @ ama o a
ar..op¢Eqy

with a,, € K, have the essential arity gap equals to n, excluding when all
am’s are equal to 0 and py(x; = x;) =0 for all 1 < 4,5 < n with i # j.

Theorem 3.2. If 2 < n <k then

G | = k(1) g

Proof. The number of coefficients a; in (3) is equal to (Z) .n!+ 1 and they

: nl+1]

can be chosen in kl(») ways. There are k ”forbidden” cases, when ag

and a,’s in (3) are the same. |

Lemma 3.2. Let f € P}’ be a k-valued function. If x; ¢ Ess(fu«v), with
1 <du,v <n, u#wvandi ¢ {u,v} then fucoy = [ficjluc, for all j,
jef{l...n}, j#i.

Proof. Suppose with no loss of generality that w = 2, v = 1 and i = 3.
Then for 1 = f(x1,21,23,24,...,2,) and from x3 ¢ Ess(fo1) we have

f(x17x17a7x47"' 7xn) = f($1,$1,5,$4,...,$n)

for all o, 8 € K.
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Let j € {1,...,n} and j # 3. Then we have

[f3<*j]2<*1 = f($1,$1,$j,$4, cee ,,In) = f(xlyxlyx3ax4a cee 7$n) = f2<—1-
[ |

Lemma 3.3. Let f € P be a k-valued function. If v, ¢ Ess(fu«s) for
some u,v < n, then fucy = [focjluci = [fucijloeyj, for all j, 7 € {1...n},
j # u,v.

Proof. Without loss of generality assume that u =2 and v = 1.
Then for 1 = f(x1,21,23,...,2,) and from x1 ¢ Ess(fo«1) we obtain

foc1 = fla,a,xs,...,xn) = f(B,B,23,...,2)

for all o, 8 € K.
Let j > 2 and by symmetry, we may assume j = 3. Then we obtain

[fiesloes = [f(z3, 20,23, 24, ..., Tn)]2e3 = f(xs, 23,23, 24,...,Tp)

:f(Oé,Oé,flfg,...,xn) = f2<—1-
| |

We are going to describe the basic properties of the functions f whose arity
gap is non-trivial i.e. gap(f) = p with 2 < p < n < k, in the rest of the
paper.

Theorem 3.3. Let 2 < p < n < k. Then for each f € GZ’k there is a
function h € P! with

(i) ess(h)=n—p;
(i) fiej="h foralll <i,j <n withi+# j and x; € Fic(h).

Moreover, for all 1 < uw,v < n with v # u and z, € Fic(fycny) holds
ficej = Juew for all 1 < 4,5 < n with i # j and x; € Fic(fuey) as well as

esS(fuew) =n —p.

Proof. Let f € G\ and 1 < 1,5 < n with ¢ 7 j and ess(fij) = n —p.
Let us set h = fi ;.
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First, we shall prove that there are 1 < r,s < n with r # s, ess(frs) =n—p

and x5 & Ess(fros).

If z; ¢ Ess(fi—;) we are done in this part of the proof.

Furthermore, let us assume that z; € Ess(fj;). Since n > p > 2, i.e.
n > 3 there are 1 < r,s < n with r # s and z,, x5 € Fic(h)\ {z;}. We shall
prove that ess(frs) =n —p and zs & Ess(frs).

By Lemma 3.2, we have

fi<—j = [fr<—s]i<—j-

This gives n — p = ess(fij) < ess(fres) < n — p since gap(f) = p,
ie. ess(fres) = n —p. Further, let x,, € Ess(h) \ {z;}. Assume that
T & Ess(fr—s). Then

fr<—5 = [fr<—s]m<—i and thus [fr<—8]i<—j = Hfr’<—s]m<—i]i<—j-

Moreover, h = hy. s since x, ¢ Ess(h). Because of r # i, we have
hres = [fres]iej and thus h = [[fres]mez]zey

Since x,, # x; we have z, & Ess([[freslmeilij), i.e. £pm ¢ Ess(h), which
is a contradiction. This shows that

Ess(h) \ {z;} C Ess(fres) andthus Fic(frs) C {x;} U Fic(h).

Now let us prove that s ¢ FEss(frs). For suppose this were not true
ie. xy € Ess(fr«s). Because of n —p = ess(frs) = ess(fi;), then
xs & Fic(frs) implies Fic(fres) = ({;} U Fic(h)) \ {xs}. This provides
zi,xj € Fic(frs). Then we have fr s = [frslicj. Moreover, h = hys.
Since r # i, we have [frs]icj = hrs. Altogether, this provides f,.s = h.
This shows that Fiic(h) = Fic(fr«s), and in particular, z; € Fic(h) which
is a contradiction. Hence x5 ¢ Ess(fres).

Second, we shall prove that h = f,., for all 1 < w,v < n with u # v
and x,, € Fic(h).

Let 1 <r,s <nwithr # s and x, € Fic(h). Assume that r # i. By the
same arguments as in the previous, we can show that Ess(h) C Ess(fres).
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Because of gap(f) = p, this implies Ess(h) = Ess(fy«s). Let us assume
that s # i. Since x, ¢ Ess(h) and x; ¢ Ess(h) = Ess(fres), we have

h=hps and fres = [fres]zk—l

for I € {j,s}. Since s # i and r # ¢, it is easy to see that hy s = [frslic;
when r # j and hys = [freslics when r = j. Altogether, this gives
fr<—5 = h.

Next, let us assume that s = i. Since z; ¢ Ess(h) = Ess(frs), we
have frcs = [fres)js. Moreover, z;, z, ¢ Ess(h) implies h = [hpes)js-
Since s = i, we have

[fres]jes = [hres]jes and thus ~ fros = h.

Finally, assume that » = ¢ and s # i. Because of z; ¢ FEss(h), we have
in particular h = fj.; where z; ¢ Ess(h) = Ess(fj«i) (as we have shown
in the previous). We might choose h = [ji (instead of h := f;;) and
obtain fj.; = fi«s by the previous considerations. Altogether, we have
h = fics. u

Lemma 3.4. Let f € G, . Then the following conditions hold:

(i) If2 < p < n then there exist u,v € {1,...,n} such that fy., depends
essentially on n — p variables and x, € Ess(fu«y);

(i1) If2 < p < n then there exist u,v € {1,...,n} such that fy, depends
essentially on n — p variables and x, ¢ Ess(fucv)-

Proof. By Theorem 3.3, there are u,v € {1,...,n} such that ess(fuo) =
n—pand fuyeo = fij for 1 <i,j <n with i # j and 2; € Fic(fuco)-

(i) Since p < n, there is an [ € {1,...,n} with z; € Ess(fy<). Then
Juerw = fuei since x,, € Fic(fucyp). This shows x; € Ess(fy) where
ess(fuct) =n—p.

(ii) It was already proved in Theorem 3.3.
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Theorem 3.4. Let f be a k-valued function which depends essentially on
the all of its n variables and 2 <p < n < k. Then f € G}, if and only if
there exist n — p variables yy,, ..., yi,_, € Xn such that

(5) f=hag,

where Ess(h) = {yy,---,u,_,} and g € G}, .. Moreover, g, j = 0 for all
1<4,j<n withi#j.

Proof.” < 7 Let f be represented in the form (5), where h depends
essentially on all of its n — p variables and g € G&k. With no loss of
generality we might assume that h is an (n — p)-ary k-valued function.

Again, without loss of generality, let us assume that y;,,...,y,_, =
L1y ,xn,p.

Since 2 < p < n < k there is at least one variable z; € X, on
which A does not depend essentially i.e. n —p < j < n. Then from
Lemma 2.2 we have FEss(hj;) = FEss(h) for all i, 1 < i < n — p.
Since g € Gz,k it follows that ess(guy«s) = 0 for all w and v with
1 <wu,v <nand u # v. Hence ess(fucv) = €88(hycy) for all u, v with
1 < wu,v <nand u # v. On the other hand ess(hy<y) = n — p when
u > n — p. Consequently,

teﬁ?n}%f)ess() n—p and hence gap(f)=rp

7 =7 From Lemma 3.4 (ii) it follows that there are u,v € {1,...,n}
such that f,., depends essentially on n — p variables and =, ¢ Ess(fy«y).
With no loss of generality let us assume that (v,u) = (n — 1,n) and let
h:= fpen—1, where Ess(h) = {x1,...,2p_p}.

Let g € P’ be the function defined by

(6) g:=foh
i.e. g is the unique function in P such that g ® h = f.

We have to prove that g € G, i.e. Ess(g) = X, and g;; = 0 for all
i, j with 1< j,i <nand i J.
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First, {zp—pt1,...,2n} C Ess(g) because Ess(f) = X, and {zp_p11
yeeos Tt N Ess(h) = 0.

Second, to prove that {z1,...,2,—p} C Ess(g) we shall suppose that
this is not the case and without loss of generality assume that z1 ¢ Ess(g).
Then from Theorem 3.3 we obtain

fnel - h(xlyx% o 7$nfp) @ In+—1 = h(xlyx% o 7xnfp)-

Since K is an additive group it follows that g,. 1 = 0. Consequently g1, =
0 and from Lemma 2.2 we obtain g = ¢g1., = 0 which is a contradiction.
Hence {z1,...,2n—p} € Ess(g) and Ess(g) = X,,.

To prove that ess(gi«;) = 0 for all 4,5 with 1 <1i,j <n and i # j, we
shall consider several cases.

Case 1. Let n —p < j,i < n and ¢ # j. According to (6) we have
nen—1 = fnen—1 © h = 0. From Theorem 3.3, it follows that f;; =
fnen—1 and from Lemma 2.2 we have h;; = h which implies g;; = 0 i.e.
ess(gi«j;) = 0 for all 4,5 with n —p < j,i < n and i # j.

Case 2. Let j < n—p < i. We may assume that j = 1 and ¢ = n. Since
xn ¢ Ess(h), we have h = f«n—1 = fne1 by Theorem 3.3. Moreover, from
Lemma 2.2 we have h = hy,. 1. Thus gpe1 = fre1©hne1=hoh=0.On
the other hand we have

h1<—n - [fn<—n—1]1<—n - [fn<—1]1<—n - f1<—n7

ie. hicp = fien and thus g1en = fien © h1enn = 0. Hence g1, =
gne—1 = 0.

Case 3. Let 1,5 <nm —p and i # j. By symmetry we may assume that
j =1 and i = 2. We have to prove that go. 1 = 0.

First let us assume that there is some u > n — p such that z, ¢
Ess(fa1). According to Case 2 we have

Gu1 = Gu+2 = Jleu = J2¢u = 0.

From Lemma 3.3 we obtain go., = [g2c1]uc1 and Lemma 2.2 implies
921 = [92-1]uc1. Hence goryy = gar1 = 0.
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Second, assume that {z,_pi1,...,2,} C Ess(fa1). Since p > 3 then
f € Gj . implies ess(for1) <n —2.

Hence in the whole Case 3 the function fs, 1 can essentially depend on at
most n — 3 variables. Then there is a variable x,, 3 < v < n—p, which is not
essential in fo, 1. Without loss of generality let us assume that v = 3. From
Theorem 3.3 we have f,,_1..3 = h and hence f3. ,_1 = hg. 1. This implies
[f3cn-1]2c1 = [h3en—1]2c1. Hence [f3n_1]2c1 = [foc1]3¢n—1 = foc 1 and
(h3en—1]2e1 = [[fo1]3en—1lnen—1. From for 1 = [foc1]3cpn—1 it follows

[h3cn—1]2c1 = [foc1]nen—1 = [fren—1]2c-1 = hoc 1.

Altogether, we have far 1 = hae1, i.e. ga.1 = 0 and ess(g2.1) = 0.
Consequently, g € G7! . and g;.; = 0 for all 1 <4,j <n with i # j.
|

Corollary 3.2. Let f € G;k. Then there is a partition of the set Ess(f) =
{z1,...,2n} into the sets V := Ess(h) and W := Ess(f)\ V, where h is
the function defined in the proof of Theorem 3.4, such that

(25,2;) € W? = (ess(fij) =n—p & x; ¢ Ess(fij))

and
(mi,mj) eW XV = (ESS(fiej) =n-—p & T € ESS(fiej)).

Theorem 3.5. If 2 < p <n <k, then

n

Gl = (0 = 1), 3192 (7 ()

Jj=pr P/ \J

Proof. Theorem 3.1 shows that the function ¢ in (5) is unique which
implies that the representation of f in (5) is unique, also. Let f =h @ g €
Gg,k and g ; = 0 for all 1 <4,j5 < n with i # j. Let a € K be a non-zero
natural number from K i.e. 0 < a <k —1. Then clearly t = g@® a € Gz,k
and t;.j = a for all 1 <1i,7 <n with ¢ # j. According to Theorem 3.2 the
number of functions g € Gz,k with giej =0 forall 1 <4,57 <n wheni # j

is equal to ]ng]/k = (k(ﬁ)"' — 1)_
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It is well known that the number of all functions in P which
depend essentially on exactly n — p variables is equal to \P,;Lp’k] =

S (—1)TP () (7) K

Consequently,

|Gyl = (Gl /R)-(1Prp k)

- B () (e

Jj=p

4. The class ng with 4 <n <k

There are two subclasses of the class G% , with 4 < n < k. First one, consists
of functions satisfying conditions similar as the conditions in Theorem 3.3,
Lemma 3.4 and Theorem 3.4 for p = 2. The second subclass consists of
functions whose behavior is similar to the functions from G%, with n > k
(Theorem 2.1 in [15]). 7

Lemma 4.1. Let f be a k-valued function which depends essentially on all
of its m, n > 3 wariables and gap(f) = 2. Then there exist two distinct
essential variables .y, x, such that ess(fu«y) =n—2, and x, ¢ Ess(fucy)-
Moreover, ess(fucm) = ess(foem) = n —2 for all m, 1 < m < n with

m ¢ {u,v}.

Proof. Since gap(f) = 2, there are 1 < i,j < n with i # j and ess(fi—;) =
n— 2.

If z; ¢ Ess(fij) we are done.

Let us assume that x; € Ess(fi—;). Since gap(f) = 2, there is a
w € {1,...,n}\ {i,j} such that z,, ¢ Ess(fi—;). From Lemma 3.2, we
obtain

[fwejlicj = fic; and  n—2=ess(fij) < ess(fuej)-
Hence ess(fi—j) = ess(fuwej) =n — 2 since gap(f) = 2.

We shall prove that z; ¢ Ess(fuye;j) or x; ¢ Ess(fuwe:) which will
complete the proof.
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For suppose this were not true. Then x; € Ess(fu«;) and z; € EsS(fuei)-
Assume that z; € Ess(fy« ;). Then thereisar € {1,...,n}\ {7, j,w} such

that x, ¢ Ess(fwe;). Then z, ¢ Ess([fujliej), i.e. xr & Ess(fi—j),
which is a contradiction. Hence z; ¢ Ess(fy« ;). By similar arguments, we

obtain that z; & Ess(fu«i)-

Thus we have Ess(fi«;) = Xp \ {@i, 2w}, Ess(fuei) = Xn \ {zj, 24}
and Ess(fuej) = Xn \ {2, 2w}

Since n > 3 it follows that there is at least one essential variable x4 in
fwith s € {1,...,n}\ {4, 4, w}.

Now, the equation Ess(fy«s) = Xy \ {zw} is implicit in [15] (Lemma
1.1 (5)). This equation contradicts gap(f) = 2.

Let m ¢ {u,v} be a natural number with 1 < m < n. Lemma
3.2 implies fucv = [fucmlvem for all 1 < m < n with m ¢ {u,v}.

Hence n — 2 = ess(fucw) = ess([fucmlovem) < ess(fuem). Now,
gap(f) = 2 shows that ess(fycm) = n — 2 and by symmetry we obtain

ess(foem) =n — 2. [

Let us denote by G"Jr the set of all functions f € Gy, for which there
exist ¢ and j with 1 < 4,7 < n, i # j such that xj 6 Ess(fi—j) and
ess(fi—j) =n—p.

G . denotes the set of all functions f € G for which z, ¢ Ess(fucw)
fora111<u ;v < n with u # v.

Proposition 4.1. If3 <n <k then G3; = G"+ U G"

Proof. Clearly, Gglj UGS”; C Gy Let f € G3 ;. Then Lemma 4.1 implies
that there exist two distinct essential variables z,,, , such that ess(fy«o) =
n—2, and =, ¢ Fss(fucy)-

If x; ¢ Ess(fij) for all 1 <i,j <n with i # j then f € G;”;.

Next, assume that there are 1 < 14,5 < n with z; € Ess(fi;). We have
to prove that f € G;: i.e. there exist r,s with 1 < r,s <n, z, € Ess(fscr)
and ess(fser) =n 9.

If {i,7} N {u,v} # 0 we are done because of Lemma 4.1.

Let {, j}n{u,v}=0. From Lemma 4.1 we have ess( fu«i) =ess(fuc;) =
ess(foi) = es8(fveyj) =n — 2. If x; € Ess(fy«j) we are done as above. If
xj ¢ Ess(fi;) then we have x; € Ess(fi;) and ess(fuci) =n — 2. [ |



ON FINITE FUNCTIONS WITH NON-TRIVIAL ARITY GAP 233

Corollary 4.1.

GZ”,: if 2<p<n<k
= GZ:]; if 2<n<k&p=mn) or(n>k)
G"FPUG™  if 3<n<k&p=2.

.k kK

Proof. This representation of the set G" follows by Theorem 3.4, Theorem
3.1, Proposition 4.1, Theorem 3.1 in [14] and Theorem 2.1 in [15]. |

4.1. The subclass G;”,j_

Theorem 4.1 Let4 <n <k and f € P;'. Then the following statements
are equivalent:

(i) feGyys

(ii) There is a function h € P}} with ess(h) =n —2 and frs = h for all
1<r,s<nwithr #s and x, € Fic(h).

Proof. (ii) = (i) is clear.

(i) = (ii). Let ¢ and j be two distinct natural numbers fro which 1 <
i,j < n, x; € Ess(fi—;) and ess(fi—;) = n — 2. Following the proof of
Lemma 4.1 we might conclude that there exists an essential variable x,,
in f such that x, ¢ Ess(fi—j), ess(fwei) = ess(fwej) = n — 2, and
x; ¢ Ess(fui) or x; & Ess(fu«j). Without loss of generality let us assume
that z; ¢ Ess(fyei) i.e. EsS(fuwei) = Xn \ {zw,z;}.

From Lemma 4.1 we have ess(fy«r) = ess(ficr) = n — 2 for all r,
1 <r <nwith r ¢ {w,i}.

First, we shall show that X, \ {zy,zi,z,} C Ess(fuer) and X, \
{zw,xi, 2y} C Ess(fiey) for all 7, 1 < r < n with r ¢ {w,i}. Note that
Xn \{Zw, zi, 2, } # 0 because n > 3. Since z; ¢ Fss(fy«;) and from Lemma
3.3 it follows

fw<—i = [fw<—r]i<—r = [fw<—z]z<—7’
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Let zs be an essential variable in f with s ¢ {w,i,r}. Suppose that

s & FEss(fuer). Hence s ¢ Ess([fuilicr) 1.6. x5 & EsS(fwei), which
contradicts Ess(fui) = Xn \ {Tw,x:i}

Second, we shall prove that x, € Ess(fuwer) and z, € Ess(ficr)
for all r, 1 < r < n with r ¢ {w,i}. Since z; € Ess(fi—;) it follows
that j ¢ {w,i}.

Consider the case r = j. We have known that z; € Ess(fij«;) and from
Tw ¢ Ess(fi—;) we obtain

fz‘<—j = [fz‘<—j]w<—j = [fi<—w]w<—j = fi<—w-

Hence xj € Ess(fu«;)-

Assume that r ¢ {w,i,7}. Suppose that x, ¢ Ess(fir) and from
Lemma 3.3 we have fi, = [ficjlr«j. Since z, ¢ Ess(fi«;) we have
Tw ¢ Ess([fiejlrej) i.e. xw & Ess(fi—r). Then ess(fi—r) = n — 3 because
Ty Tjy Ty ¢ ESS(fier) which is a contradiction. Hence z, € Ess(fi«,). In
a similar way it might be shown that z, € Ess(fycr)-

Hence Ess(ficr) = Ess(fuwer) = Ess(fuyei) for all 7, 1 < r < n with
r & {w,i}.

Finally, let us set h := fy;. Clearly Ess(h) = X,, \ {@w,z;} and
ess(h) =n — 2. Let r and s be two natural numbers such that 1 < r, s < n,
r # s and r € {w,i}. With no loss of generality let us assume that r = w.
Since x; ¢ Fss(fr«;) then Lemma 3.3 implies

h = frei = [fres]ies = [fies]res = fresa

because z; ¢ Ess(frs). [

Corollary 4.2. If f € G;’Ij, n > 3 then there exist x,,x, € Ess(f) such
that frs = fuco = h for all r € {u,v} and s € {1,...,n}, s # r, as well
as ess(fucn) =n —2.

Theorem 4.2. Let f be a k-valued function which depends essentially on
the all of its n variables , n > 3. Then the following sentences are equivalent:
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(i) feGyys

(ii) There exist n — 2 variables yy,, ...,y , € Xp such that
f=hoy,

where Ess(h) = {yi,-..,y, .} and g € G ,. Moreover g;j =0 for
all 1 <4,j <n with i # j.

Proof. We might prove the theorem in a similar way as Theorem 3.4 by
using Theorem 4.1 instead of Theorem 3.3. [ |

Proposition 4.2. ]G;‘Ij\ = (k(fl)"' — 1)_ 2?22(_1)3' (%) (?)kk”ﬂ

The proof can be done in a similar way as the proof of Theorem 3.5.

4.2. The subclass G;”k_
Thus Lemma 4.1 implies Gg,’lj U G;’,; = Gg - We are going to describe the
class G5, when 3 <n < k.

The next theorem is proved for n > k by R. Willard in [15].

Theorem 4.3. Let f be a k-valued function which depends essentially on
all of its n, n > 3 variables. If f € Gy, then each identification minor of
f is a symmetric function with respect to its essential variables.

Proof. Since Gg,’l; C ng then Lemma 4.1 implies that there exist two
distinct essential variables x,,z, such that ess(fu«y) = n — 2, and z, ¢
Ess(fucy). With no loss of generality let us assume that (v,u) = (1,2) and
it is enough to prove that fo, 1 is a symmetric function with respect to the
variables from the set Ess(fo«1). Since Ess(foc1) = {3,...,x,} there is
an n — 2-ary function h : K" 2 — K such that fo. 1 = h(w3,...,2,). By
symmetry, we have to prove that

h(zs, x4, 25,...,2n) = h(T4,23,25,...,Tp).

In fact, we obtain
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h(zs,z4,25...,2,)

=f(z1,21,%3,T4,T5,...,Tp)
=f(x3,x3,%3,T4,T5,...,2,) ( since z1 & Ess(foc1)
=f(x4,23,%4,2T4,25,...,2,) ( since zg & Ess(fi3)
=f(x4,x3,%3,23,25,...,2,) ( since x4 & Ess(fscq)
=f(xq, x4, 24,23, 25,...,2,) (since x3 ¢ Ess(fors)
=f(x1,21, 24,23, 25,...,2,) (since x1 ¢ Ess(for1)
=h(zy,z3,T5,...,Ty).

|
We can now give a representation of the functions in G;’k_ (see also Theorem

16 in [6])

Theorem 4.4. Let f be an n-ary k-valued function with 3 < n < k. Then
the following sentences are equivalent:

() feGu;

(i) f=t®g where g e Gy, and t is an n-ary totally symmetric func-
tion with Ess(ti—j) = Xp \ {zs, 25} for all i, € {1,...,n}, i # j.
Moreover gij = 0 for all 1 <1i,j < n with i # j.

Proof. ”«<" Clearly, ess(ti;) = n — 2 and ess(gjj;) = 0 for all i,j €
{1,...,n}, i # j. Hence ess(fi—;) = n—2and gap(f) = 2. We have to prove
that Ess(f) = X,,. By symmetry it is enough to show that x1 € Ess(t® g).
Since n > 3 we have

f(x1, @0, 0,24, ...,Tp) = f3o =t3c2 @ g3e2
and

Ess(fsca) = Ess(tseo ® gs2) = {r1,24, ..., 20} = Ess(ts—2) C Ess(f).
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"=" Let f € Gg,k. Let us set f =t ® g, where

_ aq .02 Qn
t= @ (7P S

alag...anequ

and

g= EB ar.wf1w§2 xPn
B1B2...BnE Eq}
with m = aqas . .., and r = 8152 ... By.

Note that such representation of f can be obtained after a suitable
reordering of the conjunctions in its SC-form.

Clearly, g« j =0 for all 4,5 € {1,...,n}, i # j.

From Theorem 4.3 it follows that f;; is totally symmetric and
Ess(fi—j) = Xn \ {zi,x;} for all i,5 € {1,...,n}, i # j. Since fij = ti;
from Theorem 4.3 we can conclude that t;; is totally symmetric. We have
to show that t is totally symmetric, also. Since Ess(ti—;) = Xp \ {zi, x;}
there is an n — 2-ary function h such that ¢;.; = h, where h is a totally
symmetric function (according to Theorem 4.3) which depends essentially
on all of its variables. By t(a1,...,a,) =0 when ay ... o, ¢ Eqp it suffices
to prove that

( t(Oél, vee ,aj_l,B,Oéj+1,. . ,Oéi_l,B,OéH_l,. .. ,Oén)
7)

= h(Oél, e Q1 Ay e Q15 Q1 - - 7an)7

forall 4,5 € {1,...,n}, i # j.
First we shall prove (7) for j = 1 and ¢ = 3. Since x1 ¢ Ess(fs1) we
obtain

tlag,a,01,. .., qn) = tlag, ag,an, ..., ap) = h(ag, ..., ap)

as desired.

In a similar way we might show (7) for j = 2 and ¢ = 3. As in the
proof of Theorem 4.3 we may reorder the variables and show (7) for all

i,je{l,...,n},i#] n
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Corollary 4.3. Let f € G}, 3 < n < k and x, ¢ Ess(fuc) for all
v,u € {1,...,n}, u # v. Then there exists an n — 2-ary totally symmetric
function h such that

fz%] = f(xl’ sy Lj—15 LGy g1y e oy Li—15Ljy Lit1, - - ’xn)
= h(,Il, sy Lj—1s Ljtls oo s Ti—1, Lit1, - - 7xn)7
foralli,j € {l,...,n}, i #j.
Remark 4.1. We shall use some notation and results from [1] and [15].

Let Sub(K) denote the set of all subsets of K. Define oddsupp : K™ —
Sub(K) as follows

oddsupp(aq, ... o) = ={ay : {u: 1 <u<n& a, =a,}| is odd}.

A function f is determined by oddsupp if there exists a function f* :
Sub(K) — K such that f = f* o oddsupp. It is easy to see that the func-
tions which are determined by oddsupp are totally symmetric, too. Then
from Theorem 16 [6] it follows that the function ¢ defined in Theorem 4.4 is
determined by oddsupp.

5. The class G’g,k with 2 <n <3<k

Let us note that the class G% i 15 described in Section 3 by Theorem 3.1.
Thus f € G% i if and only if

f= @ arw‘f‘xg @ ag. (x?xg D...0 w’f‘lxlg_1>
aB

where at least two among the coefficients {ag} U {a, | r = a8, & a # 3}
are distinct.

Example 5.1. Let f € P§ be the following function

1 1 1
f= x?xgxg S x?xgxg, S x?x%x% @ x?xng S x?x%xg S xlﬂ:gxg @ x%xgxg.
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It is easy to check that fo. 1 = f3.1 = x(l), f3c0 = xg and hence f € G%’73.
Let g € Pg’ be the following function

1.1 1,.0.1 1.1
g = x?xgxg @ x?x2x3 S x?x%x% @ xlxgxg S xlexg S x%x%x% @ x%x%x%

It is not difficult to see that go, 1 = xg, g3 1 = xg, g3co = x? and hence
gec G:2))73'
Let h € P§ be the following function

1.1 2.2, 101 o 2 0 2
h = 2929 ® 2%232) © 292322 © 2122l @ 2222,

It is clear that ho. 1 = hg o = x?, hge1 = xg and hence h € G%,?f
Let r € P§ be the following function

T = xg &) 2.x%x8x§ &) 2.x%x8x§.

It is clear that r3. 1 = r3.o = xg, Toe 1 = x? and hence r € G%g.

Clearly, the functions f,g and h do not satisfy Theorem 4.1 for n = 3,
and the functions f,h, and r do not satisfy Theorem 4.4 for n = 3, but
g€ Gy, andr € Gyy.

Example 5.1 shows that the case (p,n) = (2,3) is a special case in studying
the functions with non-trivial arity gap.

In this section we shall pay attention to description of the class G;’ i
with k > 2.

Lemma 5.1. If f € Gg,k then ess(fij) =1 for alli,j € {1,2,3}, i # j.

Proof. Since f € G% i there is an identification minor of f which depends
essentially on one variable and let us suppose ess(fo.1) = 1. There are two
possibilities.
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(i) Ess(fac1) = {x3}. Then there are three constants ay,as, 3 € K
such that f(ai, a1, a3) # f(a1, a1, B3).

(ii) PEss(fae1) = {z1}. Then there exist three constants puq, po,vs € K,
such that f(MlaMhVi%) 7é f(M27M27V3)-

Now let us suppose the lemma is false and ess(fs3.1) = 0. This implies that
for all four constants d1,e1,09,19 € K we have f(d1,02,01) = f(e1,12,21)
which contradicts the both inequalities, listed above in (i) and (ii). The
similar arguments work if we suppose ess(f32) = 0. [ |

We are going to describe the properties of the functions from G% ;- For this
we need the following auxiliary functions.

. .00 k-1 k; 1
s(x1,22) =T B ... P ] ,ul (2, @) EB x x2,
Ba
(8) 0 (1, x9) @ xf x2
Ba

For example, let k = 3, then s(x1, z2) = 2929 ® 21230 ® 2223, vV (3, 29) =

2929 @ 2323 and v (23, 19) = xi29 © 23

Theorem 5.1. If

2
_ 7 a1 ag 3
f —@xg @a r7'25%] € Gy s,

1=

where j = ajag, then f has to be represented in one of the following special
forms, up to permutation of variables:

(9) ,

f= EBaéi) [xh.5(z1, 20) ® ahu® (z1, 25) ® 28w (29, 23)] ® p3(a1, 22, 23),
i=0

2

(10) /=D ayal.ah ® 2t (@, w3) @ b (21, 23)] ® p3 (a1, 22, 23),
i=0
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2
(11) f=@Pal[wh.ah ® 2hv® (25, 21) © b (21, 25)] @ p3(@1, 22, 23),
i=0
(12) f =P a[w}.ah @ 2500 (w5, 29) & ah 0 (w3, 21)] & ps(1, 2, 25),
i=0

0 @) (2)

such that at least two among the coefficients ay”,ay’,ay’ are different and
ps are arbitrary functions defined by (4).

Proof. According to Lemma 5.1, for f € G§’73 we need ess(for1) =
ess(fzc1) = ess(fzcg) = 1. This is equivalent to the following conjunc-
tion of three disjunctions:

(21 ¢ Ess(fac1) or x3 ¢ Ess(fa1)) and
(21 & Ess(fse1) or xg ¢ Ess(fs1)) and

(z2 & Ess(fsca) or x1 ¢ Ess(fs2)).

Thus we obtain the following linear systems of equations for the coefficients
of the functions from G§73.

(a) ( ©0) (1) (2)) = ( 0 (1) (2)) = ( 0) (1) (2))

Qg ay Qg Ay a0y ag - ,ag ,ag

(13)
® (@, = (&, al?,al) = (o, al?, al)),
(@  (@),al”,ad) = (@5, a{",al) = (), al?, al?)
(14)

0 1 2 0 1 2 0 1 2
® (@0, a?) = (a?,a'",a?) = @, al), a{?),
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( (0) (0) (0)) = ( 1 (1) (1)) = ( 2 (2 (2))

ag’, a3, ag ay’,ay ", ay ay a5’ ,ag

—
S
~

(15)

(b) (a((]O)v agl) ) a§2)) = (ag())v az(ll) ) a?)) = (a((SO)v agl) ) ag))'
Now any solution is determined by a word (string) over the alphabetic {a, b}
with length 3. For example let us consider the string aba. Then we use
equations a from (13), b from (14) and a from (15).
Then we obtain

(0) (0) (0) (0) (0) (1) (2)

g =0y =Gg" =0 =0y =043 =y
aél) _ ag) _ ag) _ a:()}) _ aél) _ ai())()) _ aéz)
WD = D D D _ O _ 0 _ )
Hence
2
f= @ a(()z) [28.2% @ 2t u® (29, 23) ® 2 uD (21, 22)],
i=0

i.e. f is as the function presented by (10) where the variables xo and x3 are
permuted.
In this way we might generate 23 = 8 linear systems for the coefficients.
The remaining seven cases of strings, might be checked in the same way.
We will summarize the results. The functions in the form (9) are generated
by the string aaa; (10) — by aba, baa and aab; (11) — by abb, bba and bab
and (12) — by bbb. ]

Proposition 5.1. |G%’73| < 139968.

Proof. Clearly, each of the functions in equations (9)—(12) can be written
as follows

2
f= @aél).g(i)(m,m,xs) @ p3(z1, 22, 13),
=0
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where p3 are the functions defined in (4) when k& = 3. The number of the
functions ps(x1, 2o, x3) is equal to 33" = 729.

The functions ¢ from the equations (9) and (12) are totally symmetric,
but these from (10) and (11) are symmetric with respect to two of their
arguments, only. Thus if the coefficients a(()z) are fixed then there exist one
function

2
P a9 (@1, 22, 25)
=0

determined by (9), one — by (12), three functions are determined by (10) and
three — by (11). So, there are 8 such functions. The triples (a((]o), a((]l),a(()2))
can be chosen in 3% —3 = 24 ways (the triples (0,0,0), (1,1,1) and (2,2, 2) are
forbidden). Hence there are 8.24 = 192 functions @?:0 a(()i).g(i) (1,2, 23)
which satisfied (9)-(12). Hence |G3 3] < 192.729 = 139968. |

Proposition 5.2. |G;’k| < 8.k(§)3!.(kzk — k).

Proof. Without any difficulties, excluding the more complex calculations,
we might generalize results from G%?) to G%k for arbitrary k, k& > 3.
In this case we obtain the same conjunctio’n of three disjunctions to
determine the functions from G; - The difference is that in the equations
(13)—(15) participate k tuples of k coefficients and a function belongs to
G%Jg if and only if it can be represented as in (9)—(12) as the sums are
extended up to k — 1 instead of 2 in the case G%B. All other arguments
work, here also. ]
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