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Abstract

A (usual) hypersubstitution of type 7 is a function which takes
each operation symbol of the type to a term of the type, of the same
arity. The set of all hypersubstitutions of a fixed type 7 forms a monoid
under composition, and semigroup properties of this monoid have been
studied by a number of authors. In particular, idempotent and regular
elements, and the Green’s relations, have been studied for type (n) by
S.L. Wismath.

A generalized hypersubstitution of type 7 = (n) is a mapping o
which takes the n-ary operation symbol f to a term o(f) which does
not necessarily preserve the arity. Any such o can be inductively ex-
tended to a map & on the set of all terms of type 7 = (n), and any
two such extensions can be composed in a natural way. Thus, the set
Hypa(n) of all generalized hypersubstitutions of type 7 = (n) forms
amonoid. In this paper we study the semigroup properties of Hypg(n).
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In particular, we characterize the idempotent and regular generalized
hypersubstitutions, and describe some classes under Green’s relations
of this monoid.

Keywords: monoid, regular elements, idempotent elements, Green’s
relations, generalized hypersubstitution.
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1. Introduction

Identities are used to classify algebras into collections called wvarieties. Hy-
peridentities are used to classify varieties into collections called hypervari-
eties. The concepts of hyperidentities and hypervarieties were introduced
by W. Taylor in 1981 [7]. Hyperidentities in a variety V are identities which
have the property that, after replacing the operation symbols which occur
in these identities by any terms of the same arity, the resulting equation
is still satisfied in the variety. The main tool to study hyperidentities is
the concept of a hypersubstitution, which was introduced by K. Denecke, D.
Lau, R. Poschel and D. Schweigert in 1991 [1]. Let 7 = (n;);es be a type and
let W,-(X) be the set of all terms of type 7 built up by operation symbols
from {f;|i € I} where f; is n;-ary and variables from a countably infinite
alphabet X := {x1,x9,...}. A hypersubstitution of type 7 is a mapping
o:{fili € I} — W,(X) which maps n;-ary operation symbols to n;-ary
terms. Let Hyp(7) be the set of all hypersubstitutions of type 7. For every
o € Hyp(r) induces a mapping ¢ : W (X) — W (X) as follows: for any
t € W, (X), o[t] is defined inductively by

(i) o[z] :=2x € X,

(ii) olfi(t1,... tn,)] == o(fi)(6[t1],...,0]tn,]), for any n;-ary operation
symbol f;.

It turns out that (Hyp(7);op,04q) is @ monoid where o1 oy, 09 := 61 0 09 and
oid(fi) = fi(x1,...,xy,) is the identity element.

In 2000, S. Leeratanavalee and K. Denecke generalized the concept of a
hypersubstitution to a generalized hypersubstitution [2]. S. Leeratanavalee
and K. Denecke used generalized hypersubstitutions as the tools to study
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strong hyperidentities and used strong hyperidentities to classify varieties
into collections called strong hypervarieties. Varieties whose identities are
closed under arbitrary application of generalized hypersubstitutions are
called strongly solid.

A generalized hypersubstitution of type 7, or for short simply a gener-
alized hypersubstitution, is a mapping ¢ which maps each n;-ary operation
symbol of type 7 to a term of this type in W, (X) which does not necessarily
preserve the arity. We denoted the set of all generalized hypersubstitutions
of type 7 by Hypa (7). First, we define inductively the concept of generalized
superposition of terms S™ : W,(X)™T! — W, (X) by the following steps:

(i) ft=x;,1<j <m, then S™(xj,t1,...,tm) = t;.
(ii) If t = 25,m < j € IN, then S™(zj,t1,...,tm) = ;.

(iii) If t = fi(s1,...,8n,), then
Sm(t,tl, e ,tm) = fi(Sm(Sl,tl, e ,tm), e ,Sm(sni,tl, e ,tm)).

To define a binary operation on Hypg(T), we extend a generalized hyper-
substitution ¢ to a mapping & : W-(X) — W,(X) inductively defined as
follows:

(i) o[z] :=2x € X,

(11) a-[fz(tla s 7tnz)] = Snz(o-(fl)v 6[t1]7 cee 76-[tnz])7 for any n;-ary opera-
tion symbol f;.

Then we define a binary operation oz on Hypg(7) by 01 oG 09 := 01 0 09
where o denotes the usual composition of mappings and o1,02 € Hypg(7).
Let 0,4 be the hypersubstitution which maps each n;-ary operation symbol
fi to the term fi(z1,...,2y,). S. Leeratanavalee and K. Denecke proved the
following propositions.

Proposition 1.1 ([2]). For arbitrary terms t,t1,...,t, € W (X) and for
arbitrary generalized hypersubstitutions o,o01,09 we have

(i) S™(a[t],o(t1],...,0[tn]) = G[S™(t, t1,...,tn)],

(11) ((5’1 OO'Q)A: (5’1 0(3'2.
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Proposition 1.2 ([2]). Hypg(T) = (Hypa(7);0G,0i4) is a monoid, with
oiqd as the identity element, and the set of all hypersubstitutions of type T
forms a submonoid of Hypg(T).

Many properties of the monoid of hypersubstitutions of type 7 = (n) were
described by S.L. Wismath [8]. In this paper we extend the results from [8]
to the case of Hypg(n).

2. Projection and dual generalized
hypersubstitutions of type 7 = (n)

We assume that from now on the type 7 = (n), for some n € IV, i.e. we have
only one n-ary operation symbol, say f. By o; we denote the generalized
hypersubstitution which maps f to the term ¢ in W, (X). A generalized
hypersubstitution oy is called a projection generalized hypersubstitution if t
is a variable [3]. We denoted the set of all projection generalized hypersub-
stitutions of type 7 = (n) by Pg(n), i.e. Pg(n) = {og|z: € X}.

Lemma 2.1. For any o € Hypa(n) and o5, € Pg(n), we have
(i) ot o 0g; = 0y,

(ii) oy, oq ot € Pg(n).

Proof. (i) We have (0; o¢ 04;)(f) = (61 0 02,)(f) = Gtlow;(f)] = o1lai] =
x; = 04,(f). So 0 0G 04, = 0g;.

(i1) We will proceed by induction on the complexity of the term t. If ¢ €
X, then by (i) we get 05, 0q0r = 0¢ € Pg(n). Assume that t = f(u1,...,uy,)
and 0y, oG Ouy, ..., 0z, 0G Ou, € Pa(n). Thus 64, ui],..., 04 us] € X. We
have (03, o¢ 01)(f) = (0a, °c Uf(uh...,un))(f) = S™(@;, 6a,[wn], - .., O, [un]).
If x; € X, where X,, = {z1,...,x,}, then (04, og 01)(f) = 64, [ui] € X. If
i > n, then (o, og 01)(f) = z; € X. So 04, og o1 € Pg(n).

Corollary 2.2.
(i) Pg(n) U {oiq} is a submonoid of Hypa(n) and Pg(n) is the small-

est two-sided ideal of Hypa(n), called the kernel of Hypa(n). Thus,
Hypg(n) is not simple.
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(ii) Pg(n) is the set of all right-zero elements of Hypa(n), so that Pg(n)
itself is a right-zero band.

(ili) Hypg(n) contains no left-zero elements.

Proof. These follow immediately from Lemma 2.1.

Another special kind of generalized hypersubstitutions in Hypg(n) are
dual generalized hypersubstitutions, which are defined using permutations
of the set J := {1,...,n}. For any such permutation m, we let o, =
O f @1y () We let Dg be the set of all such dual generalized hyper-
substitutions. [

Lemma 2.3.
(i) For any two permutations m and p, 0, 0G Ox = Orop.

(ii) For any permutation 7 with the inverse permutation 7=, the general-
ized hypersubstitutions o, and o.-1 are inverse of each other.

Proof. (1) We have (O-POGO-W)(f) = a-P[f(xw(l)v s 7x7r(n))] :Sn(f(xp(l)y sy
Tpm))s Ta(1)s -+ s Ta(n)) = F(Tr(p1))s -+ > Tr(p(n))) = Tmop(f)-
(i) This follows from (i). |

Lemma 2.4. If 0 og p € Dg, then both o and p are in Dg.

Proof. Let o(f) = f(uy,...,u,) and p(f) = f(v1,...,v,). Since
o og p € D¢, thus there exists a permutation 7 such that (o og p)(f) =
f(ww(1)7 s 7x7r(n))' So f(xﬂ'(l)7 s 7ww(n)) = (U °G p)(f) = Sn(f(u17 s 7un)7
dvi],...,0[vy]). Since 7 is a permutation, thus this forces all the u;’s to be
distinct variables in X,,, and all the v;’s to be distinct variables in X,,. It
follows that both ¢ and p are in Dg. [

Corollary 2.5. D¢ is a submonoid of Hypg(n) which forms a group, and
no other elements of Hypg(n) have inverses in Hypg(n). Thus, Dg is the
largest subgroup of Hypg(n).



178 W. PUNINAGOOL AND S. LEERATANAVALEE

Lemma 2.6. Let F' be the set of generalized hypersubstitutions of the form
O f(ziyay) JOr 1 € IN. Let M = Pg(n)UDgUF. Then M is a submonoid of
Hypa(n).

Proof. It is straightforward to check that any product of two elements in
M is also in M.

3. Idempotent and regular elements in Hypg(n)

All idempotent elements of the monoid of all generalized hypersubstitutions
of type 7 = (2) were studied by W. Puninagool and S. Leeratanavalee [6]
and all regular elements of the monoid of all generalized hypersubstitutions
of type 7 = (2) were studied by W. Puninagool and S. Leeratanavalee [4].
In this section, we characterize the idempotent and regular generalized hy-
persubstitutions of type 7 = (n).

We know from Corollary 2.2 (ii) that every projection generalized hy-
persubstitution is idempotent. We let G(n) := {o¢|t ¢ X,var(t) N X,, = 0}
where var(t) denotes the set of all variables occurring in ¢.

Lemma 3.1. If o, € G(n) and 05 € Hypg(n) \ Pa(n), then o 0q 05 = oy,
i.e. G(n) itself is a left zero band.

Proof. Let s = f(v,...,v,). We have (o, og 0s)(f) = S"(¢t,6¢[v1], ...,
dt[vn]) = t since there is nothing to substitute in the term t. So oy oG o
= 0¢. |

Then we consider only the case o, € Hypg(n) \ Pa(n) and var(t) N X, # 0.

Theorem 3.2. Let t = f(t1,...,tn) € W,y(X) and 0 # var(t) N X,, =
{xi,..., 2, }. Then oy is idempotent if and only t;, = x;, for all k €
{1,...,m}.

Proof. Assume that oy, 4, is idempotent. Then S"(f(t1,...,tn),
6f(t1,...,tn) [t1],... 75-f(t1,...,tn) [tn]) = J?‘(th...,tn) (f) = O f(t1,entn) (f) =
f(t1,...,tn). Suppose that there exists k € {1,...,m} such that t;, # z;,.
If tzk € X7 then a-f(tl,...,tn)[tik] = tlk ;é Ly, So Sn(f(t17 B 7tn)a6f(t1,...,tn)
[t1]s - 30,y tnl)  #  f(t1,...,tn) and we have a contradiction.
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If t;, ¢ X, then &f(t17~~~7tn)[tik] ¢ X. We obtain op(t) = op(S™(f(t1,...,tn),
G F(t1,etn) [t1]7---76'f(t17___7tn)[tn])) > op(t) where op(t) denotes the number
of all operation symbols occurring in ¢. This is a contradiction. [ |

The proof of the converse direction is straightforward.

Now, we characterize the regular generalized hypersubstitutions of type 7 =
(n). At first we want to recall the definition of the regular element.

Definition 3.3. An element a of a semigroup S is called regular if there
exists ¢ € S such that axa = a. The semigroup S is called regular if all its
elements are regular.

Lemma 3.4. Let t € W, (X) and 0 # var(t) N X, = {zi,..., 2, }
and let a = f(ay,...,an) € Wiy (X). If 6¢la] = t, then ay = z; for all

L=i1,...0m.

Proof. Assume that 64[a] = t. Then t = 6¢[a] = S™(¢t,6¢[a1], ..., d¢[an)]).
We will show that a; = a7 for all | = 4y,...,%,. Suppose that there
exists j° € {i1,...,in} such that ay # zy. If ay = x € X where
xp # xj, then 6ifajy] = xp. It follows that t # S™(t,6¢[ai],. .., 6¢[an]).
This is a contradiction. If ay ¢ X, then 6¢ay] ¢ X. It follows that
op(t) = op(6¢[a)) = S™(t,6¢[ai],...,d¢{an]) > op(t) and we have a contra-
diction. ]

Theorem 3.5. Let t = f(t1,...,tn) € W,y (X) and 0 # var(t) N X,, =
{iy,... i, }. Then oy is regular if and only if there exist ji,...,jm €
{1,...,n} such that t; = x;,...,t;, =x;

m °

Proof. Assume that o, is regular. Then there exists o; € Hypg(n)
such that o; og 05 og 0y = 0. Since t ¢ X, thus s ¢ X. Then s =

f(s1,...,8,) for some s1,..., s, € W, (X). From ot oG 050G o1 = o, thus
Gi|os[t]] = t. By Lemma 3.4, 64[t] = f(ui,...,up) for some uy,...,u, €
Wiy (X) where uy, = ziy, ..., U, = i, From 64[t] = f(u1,...,uy), thus
S™(f(s1y---y8n),0s[t1], .., 0s[tn]) = f(u1,...,uy). Since u;, = 4, ..., u;,
= x;, thus s;,...,s;, € X,. Let s; = z;,...,s, = xj,. Hence
tjy, = Xiyye oy by, = T4y, - ]
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Conversely, assume the condition holds. Let s = f(s1,...,5,) € W) (X)
where s1,...,8, € W,y (X) such that s;, = zj,,...,58, =j,.

Then (0¢ oG 05 og 0¢)(f) = 6¢[6s[t]] = 6¢[S™(f(s1,-..,8n),0s[t1],-- -,
Gsltn])] = o¢[f(k1,. .. kn)|(where ki, = miy, ... ki, = xy,,) = S™(t, 6¢[k1],

e ,6t[kzn]) =t. Hence 0t OG 05 O Ot = O¢.

4. Term properties of the composition operation

We need to know more about the result of the composing two generalized
hypersubstitutions in Hypg(n). In particular, we want to know how long
the term corresponding to o5 og o; is and what variables it uses, compared
to the lengths of the terms s and t and the variables they use. We begin
with the necessary definitions.

Definition 4.1. Let t € W(,)(X). We define the length of ¢ inductively by:

(i) The length of ¢ is 1 if ¢ is a variable.

(ii) If t is a compound term f(¢y,...,t,), then the length of ¢ is the sum
of the lengths of the terms tq,...,%,.

(iii) This length counts the total number of variable occurences in the
term ¢, and will be denoted by vb(t).

Definition 4.2 ([8]). Lett € W,)(X). We define some new terms, related
to t, as follows. Recall that J := {1,... ,n}.

(i) Let a be any function from J to J. C,t] is the term formed from ¢ by
replacing each occurrence in t of a variable x; € X,, by the variable

wa(i) i.e, Ca [t] = Sn(t, wa(l), cee ,wa(n)).

(ii) Let m be any permutation of J. m[t] is the term defined induc-
tively by m[x;] = x; for any variable z;, and =«[f(uy,...,u,)] =
F(Tlur@yls - - Trm)])-

The previous length results for the type 7 = (2) were found by W. Puni-
nagool and S. Leeratanavalee in [6] and S.L. Wismath in [8]. The next two
lemmas show how these results can be generalized to the type 7 = (n).
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Lemma 4.3. Let n € N with n > 1. Let 0y, . un) OG Tf(vr,on) = Tw-
Then w is a longer term than f(ui,...,u,), unless the terms f(uy,...,uy)
and f(v1,...,v,) satisfy the following condition (Q):

(Q) If a variable x; € X, is used anywhere in the term f(uy,...,uy), then
the entry v; in f(vi,...,vy,) is a variable.

Proof. Ifvar(f(uy,...,up))NX, =0, then f(uy,...,u,) and f(vy,...,v,)
satisfy the condition (Q). Let var(f(ui,...,u,)) N Xy = {xi, ...,z }
If v;; € X for all j € {1,...,k}, then f(ui,...,u,) and f(v1,...,vp)
satisfy the condition (Q). If there exists j € {1,...,k} where v;; ¢ X,
then Grey,, unlvi;] ¢ X. Since n > 1 and 6y, . u,lvi;] ¢ X, thus
Ub(&f(ul,...,un)[vij]) > 1. So Ub(w) = Ub(Sn(f(uh 7un)76f(u1,...,un)
[Ul]v s 76f(u1,...,un)[vn])) > Ub(f(ulv s ’un)) u

Lemma 4.4. Let oy € Hypg(n) wheret ¢ X and x1,...,x, € var(t). Then
for any s € W, (X),vb(G¢[s]) > vb(s).

Proof. We will proceed by induction on the complexity of the term s. If s €
X, then vb(6¢[s]) = vb(s). Assume that s = f(ui,...,uy,) and vb(6¢[u;]) >
vb(u;) for all 1 < i < n. Then vb(6¢[s]) = vb(S™(t,b¢[u1],...,0¢[un])) >
vb(f(u1,...,u,)) since x1,...,z, € var(t) and vb(6¢[u;]) > vb(u;) for all
1< <n. [ |

Lemma 4.5. Let 0 ¢y, u,) 9GO f(vy,....00) = Tw where ob(f(u1,...,uy)) > n.
Ifzq,...,zy €var(f(uy,...,uy)), thenw is a longer term than f(vy,...,v,).

Proof. We write 0 = 0y, un)- FrOM Oy, un) OG Of(vr,.vn) = Ows
thus we get w = S"™(f(u1,...,uy),0[v1],...,0[vy]). Since z1,...,2z, €
var(f(u,...,uy,)), thus 6[v;] is used in w for all 1 <i < n. We will proceed
by induction on the complexity of the term f(vy,...,v,). Ifvy,...,v, € X,
then vb(w) = vb(f(u1,...,un)) > n = vb(f(v1,...,v)). Assume that the
claim holds for any term of length not less than n but less than k, and
f(vi,...,vy,) has length k. Since vb(f(v1,...,v,)) = k > n, thus there exists
i € {1,...,n} such that vb(v;) > n. By induction, we get vb(d[v;]) > vb(v;).
By Lemma 4.4, any other v; has vb(6[v;]) > vb(v;). Since all the 6[v;] are
used in w for all 1 < ¢ <n, thus w is longer than f(vy,...,v,). |
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Lemma 4.6. Let 05,01 € Hypg(n).
(i) var((os oc o¢)(f)) N X, Covar(t) N X,.

(ii) If s uses only one variable, then the term for os oG oy uses only one
variable (not necessarily the same variable as s).

Proof. We will proceed by induction on the complexity of the term t.

(i) If t € X, then (o50¢0:)(f) =t. Sovar((gscgor)(f))NX, Cvar(t)N
X,,. Assume that t = f(t1,...,t,) and var(6s[t;]) N X,, C var(t;)NX, for all
1 <i<n. Sovar((osoqao)(f))NX, =var(S™(s,b5(t1],...,05[tn])) N Xy C
Ul (var(6s(ti])) N X, = Ul (var(osti]) N Xy) € UL (var(t;) N X,) =
Ul var(t;) N X, = var(t) N X,.

(i) If t € X, then (0sogoy)(f) = t. So the term for o505 0, uses only one
variable. Assume that ¢t = f(¢1,...,t,) and 64[t;] uses only one variable for
all 1 <i <mn. So (os0a0)(f) = 85"(s,05[t1],-..,05[tn]). If var(s) = {x;}
for some z; € X, then var(os og o¢)(f) = var(6s[t;]). If var(s) = {x;}
where ¢ > n, then var(os og o) (f) = var(s). ]

We conclude this section by extending the results from [8] to the case of
Hypg(n) on properties of the composition operation with a lemma describ-
ing the special role of the terms «[t] and C,) from Definition 4.2.

Lemma 4.7. Fort € W, (X).

(i) Let m be any permutation on J. Then o og 0y = orfy-

(ii) Let « be any function on J. Define the generalized hypersubstitu-
tion o by mapping the fundemental f to the term f(xo(1),- - - Ta(n))-
Then op o 0o = OCopy-

Proof. (i) We will proceed by induction on the complexity of the term

t. If t € X, then by Lemma 2.1(i), o, og 0 = 0y = O Assume that

t = f(t1,...,tn) and 6,[t;] = 7[t;] for all 1 < i < n. So (o og or)(f) =

Sn(f(xﬂ'(l)7 aww(n))a&w[t1]7--- 7&W[tn]) = f(&w[tw(l)]7'-- 7&W[tw(n)])

= f(ﬂ-[tn(l)]’ e ’W[tw(n)]) = 7T[f(tla T ytn)] = W[t]'

(ii) We have (010G oa)(f) = S™(t, Za1)s - - - > Tam)) = Calt]- Sootogoa =

Uca[t]' | |
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5. Green’s ralations on Hypg(n)

Let S be a semigroup and 1 ¢ S. We extend the binary operation from S
to S U {1} by define 21 = 1z = x for all z € SU{1}. Then SU {1} is a
semigroup with identity 1.

Let S be a semigroup. Then we define,

S if S has an identity,
St =
SU{l} otherwise.

Let S be a semigroup and ) # A C S. We now set
(A); = N{LI|L is a left ideal of S containing A}
(A), = N{R|R is a right ideal of S containing A}
(A); = N{I|I is an ideal of S containing A}.

Then (A);,(A), and (A); are left ideal, right ideal and ideal of S, respectively.
And we call (A); ((A)y, (A);) the left ideal (right ideal, ideal) of S generated
by A.

It is easy to see that

(A), = S'A=54U4
(A), = AST =AU SA

(A); = STAS' = SASUSAUAS U A.

For aj,aq,...,a, € S, we write (a1,as,...,ay); instead of ({a1,az,...,an});
and call it the left ideal of S generated by ai1,as,...,a,. Similarly, we can
define (aq,a9,...,a,), and (aj,ag,...,a,);. If A is a left ideal of S and
A = (a); for some a € S, we then call A the principal left ideal generated
by a. We can define principal right ideal and principal ideal in the same
manner.

Let S be a semigroup. We define the relations £,R,H,D and J on S
as follow:
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alb < (a) = (b),
aRb < (a)r = (b),
" = LNR
D = LoR
aJb < (a); = (b);.

Then we have, for all a,b € S

alb < SaU{a}=SbuU{b}
< Sla=5"
& a=zband b= ya for some z,y € S*
aRb < aSU{a} =0bSU{b}
& aS' =bs"
& a=bz and b= ay for some z,y € S*
aHb & alband aRb
aDb < (a,c) € L and (c,b) € R for some c € §
aJb < SaSUSaUaSU{a} =5b5USbUbLSU{b}
& S'as' =SS!
& a=axby and b = zau for some z,y,z,u € S'.

Remark 5.1. Let S be a semigroup. Then the following statements hold.
1. L,R,H,D and J are equivalent relations.

2 HCLCDCJand HCRCDCJ.
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We call the relations £, R, H,D and J the Green’s relations on S. For each
a € S, we denote L-class, R-class, H-class, D-class and J-class containing
a by Lg, Re, Hy, D, and J,, respectively.

Green’s relations on Hyp(n) have been studied by S.L. Wismath [8],
and Green’s relations on Hypg(2) were study by W. Puninagool and S.
Leeratanavalee [5]. In this section, we describe some classes of the monoid
of generalized hypersubstitutions of type 7 = (n) with n > 1.

Theorem 5.2. Any o,, € Pg(n) is L-related only to itself, but is R-related,
D-related and J-related to all elements of Pg(n), and not related to any
other generalized hypersubstitutions. Moerover, the set Pg(n) forms a com-

plete R-, D- and J-class.

Proof. By Lemma 2.1(i), for any o,, € Pg(n), o og 05, = 04, for all
o € Hypg(n). This shows that any o,, € Pg(n) can be L-related only to
itself. Since o4, og Oz, = O, for all o,,, Oz; € Pg(n), so any two elements
in Pg(n) are R-related. From R C D C 7, we see that any two elements in
Pg(n) are D- and J-related. Moreover by Lemma 2.1, 05060060+ € Pg(n)
for all 05,04 € Hypa(n), and o4, € Pg(n). This implies if o ¢ Pg(n), then
o cannot be J-related to every element in Pg(n). So Pg(n) is the J-class
of its elements. Since any two elements in Pg(n) are R- and D-related,
R C J,D C J and Pg(n) is the J-class of its elements, and thus Pg(n)
forms a complete R-, D-class. u

Theorem 5.3. Any oy € G(n) is R-related only to itself, but is L-related,
D-related and J -related to all elements of G(n), and not related to any other

generalized hypersubstitutions. Moreover, the set G(n) forms a complete L-,
D- and J-class.

Proof. Let o, € G(n). Assume that o, € Hypg(n) where osRoy. By
Theorem 5.2, s ¢ X. Then there exists 0, € Hypg(n) such that o, =
ot og 0p. Since s ¢ X and 05 = 0y oG 0y, thus by Lemma 2.1(ii), p ¢ X.
Since oy € G(n) and p ¢ X, thus by Lemma 3.1, ot og 0, = 0¢. So 05 = 0%.
Thus o; is R-related only to itself.

Let og,04 € G(n). By Lemma 3.1, 05060t = 05 and 0,005 = 0y. Thus
osLoy. So any two elements in G(n) are L-related. Since £ C D C 7, thus
any two elements in G(n) are D- and J-related. Assume that oy € G(n)
and o5 € Hypg(n) where o3J0;. By Theorem 5.2, s ¢ X. Then there
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exist 0,,04, € Hypg(n) such that o, og 04 og 04 = 05. Since s ¢ X and
op 0G 0t oG 0q = 05, thus by Lemma 2.1, p,q ¢ X. Since 0y € G(n) and
q ¢ X, thus by Lemma 3.1, 0y og 0, = o0y. Since z1,...,z, ¢ var(t),
thus by Lemma 4.6 (i), x1,...,x, are not variables occurring in the term
(op oc o) (f) = (op oG 0t oG 0¢)(f). Thus z1,...,z, ¢ var(s) and so o5 €
G(n). So G(n) is the J-class of its elements. Since any two elements in
G(n) are L- and D- related, £L C J,D C J and G(n) is the J-class of its
elements, and thus G(n) forms a complete £-, D-class. [ |

Lemma 5.4. Let 05,0, € Hypg(n) \ (Pa(n) UG(n)). Then osRoy if and
only if s = Cypy for some bijection o on J.

Proof. Assume that s = C,) for some bijection a on J. So 0, and 0,1
are inverse generalized hypersubstitutions. So by Lemma 4.7(ii), oy og 04 =
OCu = Os and o5 og 0,-1 = 0¢. Thus 0,Roy. Conversely, assume that
osRot. Then there exist p,q € W,)(X) \ X such that o5 og 0 = 0y and
oroqog=o0s. Let p= f(p1,...,pn) and ¢ = f(q1,...,qn). So we have two
equations

(1) S™(s,65[p1, - Gs[pn]) = t

(2) S™(t, &1, - .., Gelan]) = 5.

Now, if neither of these equations satisfies the condition (Q) of Lemma 4.3,
we would have the length of the term ¢ is longer than the length of the term
s and also the length of s is longer than the length of ¢, which is clearly
impossible. Thus, at least one of two equations must fit the condition (Q).
But if one equation fits the condition (Q), Lemma 4.3 tells us that s and
t have the same length, and therefore, the second equation also fits the
condition (Q). By Lemma 4.3, if z; € var(t) N X,,, then ¢; € X. If such
qi ¢ Xp, then from (2) we get ¢; € var(s). So S"(s,d5[p1],...,0s[pn]) # 1t
which contradicts to (1). Thus such ¢; € X,,. Let a(i) = j if z; € var(t)NX,
and ¢; = xj. This defines a partial function on J. It is clear that « is
injective. Extending this map to a bijection on J, which we shall also call
a. So s = Cyyy- [
Lemma 5.5. Let t € W,)(X) and w be a permutation on J. Then w !
[w[t]] = t.
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Proof. We will proceed by induction on the complexity of the term ¢. If
t € X then 7 l[x[t]] = 77 [t] = t. Assume that t = f(t1,...,t,) and
a n[t;]] = t; for all 1 < i < n. So w7 [x[t]] = 7 r[f(tr,...,tn)]] =
T f (@ ltr)s - T lmm)))] = fE wltrmrapll - 7 T 1 ayp]]) =

frtnaltd], ..., 7 rta]]) = f(t1, ... tn) =t [ ]

Lemma 5.6. Let 0, € Hypg(n) \ Pg(n). Then, for any permutation m on
J, ot is L-related to the generalized hypersubstitution o).

Proof. We know from Lemma 4.7(i) that oy og 0y = 0r[. From Lemma
4.7() and Lemma 5.4, 0,1 0G 0z = Op—1[z[g] = Ot S0 0tLOg - [ ]

Lemma 5.7. Two idempotents o5 and o, in Hypg(n) \ Pa(n) are L-related
if and only if var(s) N X,, = var(t) N X,.

Proof. Assume that osLo;. Then there exist u,v € W, (X) such that
040601 = 05 and 0,005 = 0. By Lemma 4.6(i), var(s)NX, Cvar(t)NX,
and var(t) N X, C var(s) N X,. So var(s)N X, = var(t) N X,. Conversely,
we use the fact that for any two idempotents e and f in any semigroup, eL f
if and only if ef = e and fe = f. Since var(s) N X,, = var(t) N X, by
Theorem 3.2 we can prove that o, oq 05 = 0y and o, og 04 = 0. [ ]

Theorem 5.8. Let oy be an idempotent in Hypg(n)\ (Pa(n)UG(n)). Then
Lo, = {Oxjw)|™ is a permutation of J,w ¢ X,var(w)NX, =var(t)NX, and
ow is an idempotent}.

Proof. Let 01, € Hypg(n) where 7 is a permutation of J,w ¢ X, var(w)N
X, = wvar(t) N X, and o, is an idempotent. By Lemma 5.7, o, Lo;.
By Lemma 5.6, 04,L0y). S0 0qploy. Let t = f(ug,...,uy) and s =
f(v1,...,vn) with 0sLoy. Then there exists f(by,...,bn) € Wy,)(X) such
that O f(by,bn) OG Of(v1,vn) = Of(uq,..;un)- We write o = O f(by,..bn) - From
Tf(byrbn) OG Of(uiywn) =  Of(utrmun), W€ get  ST(f(b1,...,bn),
alvi],...,0lvn]) = flur,...,uy). If & € var(t) N X,, then u; = z; since
oy is an idempotent. So b; = x; for some x; € X,,. This implies 6[v;] = ;
and then v; = x;. Let § be a partial function on J defined by (i) = j if
x; € var(t) N X, and v; = z;. If (i) = B(k) = j, then v; = 2; = x. So
i = k and 8 is injective. So S can be extended to a permutation « on J.
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Let w = f(p1,...,pn) Where p; = z; if z; € var(t) N X, and p; = afv,g)]
if x; ¢ var(t) N X,. We will show that var(w) N X,, = var(t) N X,, 0y is
an idempotent and s = f(v1,...,v,) = 7w[w] where w = a~!. We show
first that var(w) N X,, = var(t) N X,. Since o,L0¢, thus by Lemma 5.7,
var(s)NX,, = var(t)NX,,. Let z; € var(w)NX,,. Then z; € var(p;) for some
i€ Jandx; € X, If p; = x; where x; € var(t)NX,, then z; = x; € var(t).
If pi = afvayl, then x5 € var(p;) = var(afvam)l) = var(vae) € var(s).
But var(s) N X,, = var(t) N Xy, so x; € var(t). Let x; € var(t) N X,. Then
p; = z; and so z; € var(s) N X,. Next we show that o,, is an idempotent.
Let x; € var(w) N X,. Then z; € var(t) N X,,. So p; = x;. Thus o, is an
idempotent. Finally we show that s = f(vy,...,v,) = w[w] where 7 = o~ 1.
To do this we will show that for all 1 < k <n, v = W[pﬂ(k)]. Let 1 < k<n.
If there exists i € J such that 3(i) = k, then a(i) = k and 7(k) = a~ (k) =
i. So p; = z; = vp. Thus 7lpr)] = 7[pi] = 7lx;)] = z; = v, If no such
index 4 exists, then 7[pru)] = 7la[vaqrk)l] = TlVa@—1 @)l = Tlafvi]] =
a~alv]] = v ]

Corollary 5.9. Let o; be an idempotent in Hypa(n)\ (Pg(n)UG(n)). Then
Dy, = {ow|lw = Cyrlg) for some a bijection on J, 7 a permutation on
J,s ¢ X, and o5 an idempotent with var(s) N X,, = var(t) N X,}.

Theorem 5.10. Let oy be an idempotent in Hypa(n)\ (Pa(n)UG(n)). Then
its J -class is equal to its D-class.

Proof. Let t = f(uq,...,u,) and let ¢ be the number of distinct variables
in X, which occur in ¢. Let s = f(vy,...,v,) with 05 J0y. Then there exist

f(a’la s ’an)af(bla s 7bn)’f(p1" .. ’pn)’f(rla s ,Tn) € W(n)(X) such that

(1) O f(1yeean) OG O f(v1,100) OC O f(b1obn) = O f(usyeeun)

(2) T f(p1yepn) OG O f(ur,oiun) OCG Of(r1,.rn) = Of(v1,.vm)-

Let f(q1,...,qn) be the term for e, . v, OG O f(b,bn)- We write 0 =
Of(a1,....an) From (1)? we get Sn(f(a’la s aa’n)’ U[ql]a s ,U[qn]):f(ul, s aun)‘
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If z;, € var(t) N X, then u, = xj, since o, is an idempotent. So aj = z;
for some x; € X,,. This implies 6[g;] = z} and then g; = x. Let a be a
function from J(t) to J defined by a(k) = j if z, € var(t)N X, and a;, = z;
where J(t) = {k € J|xp € var(t)}. So a can be extended to a permutation
on J.

We write 01 =0f(y,,....0,)- Since f(qi, ..., qn) is the term for 4, 4, 06
Tf(by,bn)s thus S™(f(vi,...,vn),61[01],...,01[bn]) = f(q1,...,qn). For
each k € J(t),qak) = Tk S0 Vo, = 7 for some z; € X,,. So 61[b] = zy,
and then b, = zx. Let 8 : a(J(t)) — J defined by B(a(k)) = [ where
k € J(t) and vap) = 7. So B can be extended to a permutation on J.
Since a and 3 are injective, thus at least ¢ distinct variables in X,, occur
as v; in entries of s = f(v1...,v,). We claim that the only variables in
X, which occur in s are those ¢ variables. Let f(cy,...,c,) be the term for
O f(utyeun) OG O f(r1,..rn)"

We write 09 = 0f(p, ... p,)- From (2), we get S"(f(p1,...,pn),G2lc1], -,
dalcn]) = f(vy,...,vy,). Since at least ¢ distinct variables in X, occur as v;
in entries s = f(vy...,v,), thus at least ¢ distinct variables in X,, occur as
p; in entries s = f(p1...,pn) and then at least ¢ distinct variables in X,
occur as ¢; in entries f(cy...,¢y).

We write 03 =0 f(y, ... .u,)- Since f(c1,...,¢,) is the term for o4y, . oG
T f(r1yrn), tHUS SU(f(ur, ... un), 63[r1],...,63[m]) = fler,...,cn). But
f(ui,...,uy) has only ¢ distinct variables in X,,. Thus all the 7“5»3 used
in the composition in (2) are variables in X,,. So the number of distinct
variables in X, which occur in f(vy,...,v,) is at most ¢. Thus the number
of distinct variables in X,, which occur in f(v1,...,v,) is ¢ and every variable
in X, which occurs in it occurs as a v;. Let w1 = Cigoq)-1[f(v1,...,vn)].
So var(wy) N X, = var(t) N X,. From Lemma 5.4, we get oy, Ros. Let
wy = «afwi]. From Lemma 5.4, o,,L0,,. We will show that o,, is an
idempotent. Let wy = Cigoqy-1[f(v1,---,vn)] = f(d1,...,dyn). For each
T € var(t) N Xn, Vo) = Ta(a(k)): SO0 dak) = Tk- From we = afwq], we
get wy = aff(di,...,dn)] = flaldym)];---,aldym]) and var(wz) N X, =
var(t) N Xy. Let z; € var(wa) N Xp,. Then z; € var(t) N X,. So aldy;] =
alz;] = xj. So oy, is an idempotent. By Lemma 5.7, 0y, Lot. So oy, Loy
Thus o4Doy.

|

Corollary 5.11. Let 0,04 be idempotents in Hypg(n) \ (Pa(n) U G(n)).
Then os and op are J- or D-related if and only if the number of distinct
variables in X, which occur in s and t are equal.
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Proof. One direction follows immediately from Corollary 5.9. Conversely,
let s = f(uy,...,up),t = f(v1,...,05),var(s) N X,, = {xg,,...,zr, } and
var(t) N Xp = {x1,..., 7. }. Since 05,04 are idempotents, thus ug; = xy,
and vy, = xp; for all 1 < j < c. Let 8’ = f(ul,...,up),t" = f(vi,...,vp)
where u%j = 7, and vl’j =1y, for all 1 < j < ¢ and other u; = xkl,fug =xy.
By Lemma 5.7, 0,Loy and oyLoy. Let m(l;) = k; for all 1 < j < c. Then
7 is injective. So 7 can be extended to a permutation on J, which we will
also call 7. So 7[s'] = f(p1,...,pn) where p;; =y, for all 1 < j < c and
other p; = xp,. Let a(k;) = [; for all 1 < j < c. So a can be extended
to a bijection on J, which we will also call . So Cyrjsq = t’. Thus
osJosJoc, .=t Tt u

ar[s!
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