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Abstract

It is well-known that the composition of two functors between cat-
egories yields a functor again, whenever it exists. The same is true
for functors which preserve in a certain sense the structure of sym-
metric monoidal categories. Considering small symmetric monoidal
categories with an additional structure as objects and the structure
preserving functors between them as morphisms one obtains different
kinds of functor categories, which are even dt-symmetric categories.
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1. Introduction

Categories of ”partial morphisms” have become a subject of stronger in-
terest by several authors more than 25 years ago, since such categories are
of importance in different branches of mathematics and computer science.
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Hoehnke ([8]) introduced already in 1976 the basic concept of a ”Hoehnke
category”, by himself named ”diagonal-halfterminal-symmetric category”,
as a symmetric monoidal category in the sense of Eilenberg-Kelly ([4]) with
additional properties.

It is easy to see that other approaches, given e.g. in [1], [2], [3], [13], [15],
or [16], respectively, are more or less related to the concept of Hoehnke. More
precisely, the concept of a Hoehnke category comprises the other concepts
mentioned above and reflects best the properties of the category Par of all
partial functions between arbitrary sets. A Hoehnke category K, endowed
with a morphism family V = (V4 € K[A® A, A] | A € |K]|) characterized
by two conditions, allows a category-theoretical characterization of Par (cf.
[19], [9]). This observation leads to the introduction of dht-symmetric cate-
gories endowed with so called diagonal inversions V, see [22].

A symmetric monoidal category in the sense of Eilenberg-Kelly ([4]) is
a sequence

K*®*=(K,®,I,a,11,s)

consisting of a category K, a bifunctor ® : K x K — K, a distinguished
object I € |K|, and families a = (aapc € K[A® (B®(C),(A® B)®
Cl| AB,C € |[K|),r = (ra € KIAILA | A € |K|),l = (lx €
K[I® AAl | Ae |K|),s=(sap € K[A® B, B® A] | A,B € |K|)
of isomorphisms in K (associativity, right-identity, left-identity, symmetry)
such that the following conditions are fulfilled:

Bifunctor conditions:

(F1)  Vp,p’ € K (dom (p® p') = dom p ® dom p'),

(F2) Vp,p' € K (cod (p® p') = cod p ® cod p'),

(F3) VA,Be€|K| (lagp =14 ®@1p),

(F4) VA, B,C, A, B, C' € |K|Vpe K[A,B],0 € K[B,C],

pe K[A,B'],0' e KIB',C'| (p®p)(oc®d)=pocpd),
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Conditions of monoidality:

(M1) VA,B,C,D ¢ |K]|

(aa,Bcopaass.cp = (14 ®apc,p)aapsc,p(assc ®1p)),
(M2) VA,Be |K| (aarB(ra®1p)=14®Ip),
(M3) VA,B,C€|K| (aaB,csasB,cac,a,p=14a®spc)aac,p(5a,c®1p),
(M4) VA, B € |K| (sapsp.a = lasn),
(M5) VA€ |K| (sarla=ra),
(M6) VA,B,C,A"B',C" € |[K|Vpe K[A,A'l,0 € K|B,B'|,7 € K|C,("]

(aaBo((p®o)®@7)=(p® (0 @ T))aw,p ),

(MT7) VA A" € |K[Vpe K[A A (rap=(p@11)ra),
(M8) VA,B e |K|VpeK[A A,0€K[B,B'|(sap(0c®p)=(p®0)sa p).

The defining conditions of a symmetric monoidal category determine a lot of
properties (see for example [22] or [26]), especially concerning the so-called
”middle-exchange isomorphism”

bapep € K[(A®B)®(C®D),(A®C)® (B® D)]

defined for arbitrary A, B,C, D € |K| by

—1 —1
(Bl) bap.cp = asescD <aA,B,C(1A ® sp,claac,s ® 1D) Up0,B,D

for instance:
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(M15) VA,B,C,D,A',B,C",D' ¢ |K|
Vpe K[A,A'| Vo € K[B,B'| VA € K[C,C'| Vu € K[D, D'
(basep((p@A) @ (0@ p) = ((p®0o)® (A pu))bar g crpr)-
(M19) VA,Be€ |K| (barre=1lagr ® ligB),

Let K*® be a symmetric monoidal category as above. A sequence (K*®;d)
is called diagonal-symmetric monoidal category or shortly, ds-category (in
[7] considered in the strict case as a special Kronecker-category, in [22]
”diagonal-symmetrische Kategorie”) if d = (dg € K[A,A® A] | A € |K]|) is
a family of morphisms of K such that the

Conditions of diagonality:

(D1) VA, A" € |K| Vp € K[A, A'] (pdiar = dalp @ ¢)),
(D2) VA€ |K| (da(da ®14) = da(la ®da)aa.a,a),
(D3) VA € |K| (dasa,a =da),

(D4) VA,B € |K| ((da ® d)ba,a.B,B = dasB)

are fulfilled, where ba g c,p is the middle exchange isomorphism defined as
above.

(K*,d,t) is called diagonal-terminal-symmetric monoidal category
or dts-category (cf. [7]) if (K*,d) is a ds-category containing a family
t = (ta | A € |K|) of terminal morphisms t4 € K][A,I] such that
the conditions

(T1) VA, A € |K|Vpe K[A A] (pta =t4) and
(DTR) VA € ‘K’ (dA(lA ®tA)’I“A = 1A)

are right.
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(K*;d,t) will be called diagonal-halfterminal-symmetric monoidal
category or, shortly, dhts-category (cf. [8], [18]), if K*® is a symmetric
monoidal category endowed with morphism families d and ¢ as above, such
that

(D1) VA A € |K|Vp € K[A,A] (da(p ® ¢) = pdar),
(DTR) VA€ |K| (da(la®@ta)ra = 1a),
(DTL) VA€ |K| (da(ta ® 1a)la = 14),
(DTRL) VAy, Ay € |K (da;@a, (14, ®F4,)r4,@(t4,814,)14,) =14104,)),
(TT) VA, Be€|K| (tag = (ta ®@ tp)tiar)
are fulfilled. (K*;d,V) is called diagonal-diagonalinversional-symmetric
monoidal category or dVs-category (cf. [22]) if (K*®;d) is a ds-category such

that there is a family V= (V4: A® A — A | A € |K]|) of morphisms in K
(so-called diagonal inversions) fulfilling the conditions

(D) VA€ |K|(daVa=14),
(D3) VA€ [K| (Vadadawa = daga(Vada ® 1aga)),
(D?;) VA € |K]| (VAdAI(1A®dA)aA’A7A(VA®1A)),
(D2) VA€ |K| (Vada = (dA ©1a)azYy 414 ® VA)> , and
(V1) VA A € |K|Vp e K[A,A] (p®¢)Va = Vap).
Let (K*,d) be a ds-category.
Then (K°®,d,V) is called diagonal-halfdiagonalinversional-symmetric
monoidal category or dhVs-category (cf. [22]) if V= (Va4 € K[A® A, 4] |

A € |K|) is a family of morphisms of K (diagonal inversions) such that (D7),
(D3), (D3), (D3), and

(VV)  VA€|K| ((Va®V4)Va=VagaVa)
hold.
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A diagonal-halfterminal-halfdiagonalinversional-symmetric  monoidal
category, for short dhthVs-category, is a sequence (K°®;d,t,V) such that
(K*®;d,t) is a dhts-category and V = (V4 : A A — A | A€ |K]|)is a
family of morphisms in K with the properties (D7) and (D3).

Example. The category consisting of one object I and one morphism 1;
forms the simplest model of the axioms above, where I ® I = I, arr; =
1y, rp =1l = 811 = ljer = 15,d; = 11,4y = 11,V = 17,171 = 11,11 ®
17 = 1;. This symmetric monoidal category will be denoted by €.
(K*;d,t,0) is called Hoehnke category (in [8], [18], and [22] named dhts-
category), if (K°®;d,t) is a dhts-category as above endowed with a distin-
guished object O and a distinguished morphism o € K[I, O] such that

(01) VA€ |K| (A®O=0® A=0),

(ol) VA € |K|Vy € K[A,O] (tso = @), and

(02) VA€ [K| VY € K[O,A] (1a®lo)ra=1)
are valid.

Finally, a di-Hoehnke category or Hoehnke category with half-
diagonalinversions (in  [22] denoted as dhtV-symmetric category)
(K*;d,t,V,o0) is defined by the conditions that (K°®;d,t,0) is a Hoehnke
category and (K*;d,t,V) is a dhthV s-category.

Example. A simple model of a Hoehnke category (di-Hoehnke category),

denoted by I, is given as follows:
There are exactly 2 objects and 5 morphisms:

T|= {1,041}, and T =T[0,0]UT[O,1]UT[I,0]UT[I,1],
where
F[an] = {10}7 F[O’I] = {tO}v F[Iv O] = {0}7 F[LI] = {11701,1 7& 11}7

the ®-operation for the objects is defined by
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OR0=1I10=0RI1=0;1Ix1=1,
the composition of morphisms by
lplp =10, 0lp = 0= 170 = 01 j0, otp = o1 1, too = 10,
to =tol; = loto =toor,1, ljor 1 = o5l = o1y, 1717 =1y,
the distinguished morphisms are
arr=rr =1l =sr; =1y,
axyz=rx =lx =sxy=10if X=0VY=0VZ=0,
di=t;=Vy=1;, do=to=Vo =lo,
and the ®-operation for morphisms is defined by
Voel (lo®p=p®lo=1o),
o®Ro=o0,t0Rto=10,0Rto =to ®o =10,
1l ®o=0®1r=0®orr =051 ®0 =0,
1, @orr =011 ®1r =011 ®o011 =017,
1r®1; =1;.

It is easy to show that a dhts-category is a ds-category and each
dts-category is a dhts-category too. Moreover, every Hoehnke category
is a dhts-category, every dVs-category is a dhVs-category and each di-
Hoehnke category is a dhthVs-category. Altogether, there are the inclu-
sions between the classes s-C of symmetric monoidal categories, ds-C of
ds-categories, dhts-C of dhts-categories, dhVs-C of dhV s-categories, dts-C
of dts-categories, dVs-C of dV s-categories, dhthVs-C of dhthV s-categories,
Hoe-C of Hoehnke categories, and di-Hoe-C of di-Hoehnke categories,
respectively, as described in Figure 1.
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s-C
ds-C
dhts-C dhVs-C
dts-C dhthVs-C dVs-C
Hoe-C
di-Hoe-C
Figure 1.

Of importance is the fact that the relation <, defined by
p<v:=3JABe|K| (o€ K[A B] N da(p®1) = ¢dp)

is a nontrivial partial order relation in each dhts-category as well as in each
dhV s-category K ([18], [22]). Morphisms ¢ fulfilling ¢ < ¢ A ¢ # ¢ for
any ¢ € K are partial morphisms. In each Hoehnke category there exists the
so-called zero morphism oy ; € K|[I, I], which is, because of 17 # or < 1y,
a proper partial morphism. Several important subcategories exist in every
dhts-category K as follows (cf. [8], [18]):
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M‘[ig, the dts-category generated by the families a, r, [, s, d, and ¢ in K,

Iso?&t, the dts-category generated by all isomorphisms and the families d
and t in K,

Cort,, the dts-category generated by all coretractions and the family ¢
in K,

Totx = {p € K | ¢teody = tdomy}, the dts-category of all "total mor-
phisms” in K, such that

M?&t C Iso?&t - Cor’}( C Totg.

The classes Ceng of all morphisms generated by the unit, associativity,
right- and left-identity isomorphisms, and all their inverses in K (”central
morphisms”), Isox of all isomorphisms of K, and Corg of all coretractions
of K form always symmetric monoidal subcategories of K. Moreover, Cor g
is even a ds-category since all diagonal morphisms d4 are coretractions by
(DTR).

Furthermore, of interest are functors between symmetric monoidal cat-
egories which preserve this structure in a certain sense ([24]). Such functors
between dt-, dht-, dV-, dhV-, and dhthV-symmetric categories, respectively,
together with different kinds of ”pseudonatural” transformations form cer-
tain symmetric monoidal categories (]24]).

Monoidal functors between different kinds of symmetric strictly monoidal
categories K*® and L® and their properties were investigated in [24], but the
investigation is easely extendable to the general case.

If there is no danger of confusion, we will omit the index at the symbols
@) and @), respectively, in the sequel.

A monoidal functor F' from K*® into L® is characterized by a family
(ﬁ<A, B): AF® BF — (A@ B)F | A,B ¢ |K\)

of morphisms in L and a morphism ir : (&) — [5)F € [ such that the
following conditions are fulfilled.
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(F~) VA, B € |K| (ﬁ<A, B) e IsoL>,
(FI) ip € Isoy,
(FA) VA,B,C ¢ |K]| ((1%} ® F(B, 0)) F(A,B®C) <a§f;,CF) _
= aEﬁXLF)‘,BF,CF (ﬁ(A, B) @ 12}%) F(A® B, C>>,
(FR) VA € K| (F(A,10) (r"{9F) = (15 e i) i),
(FS) ¥A,B e |K| (F(A,B) (s{%F) = s prF (B, 4)),
(FM) VA, A',B,B' € |K| Yy € K[A, A V4 € K[B, B

((oF @ wF) F(4', B) = F(A, B) (p 2 %) F).

A monoidal functor F between ds-categories is called d-monoidal if in
addition the condition

(FD) VA e |K| (d{7F = d{F(A, 4))

is valid. (F, F, i) is called strongly monoidal (strongly d-monoidal) functor
if (F,F,ip) is a monoidal (d-monoidal) functor having the properties

VA Be K| (F(AB) =10 50) and ip=1{0).

Hoehnke proved in [8] the following fact:
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Let K and L be at least dhts-categories and let pf’B = (1( ) ® tEB, )) (K)
p’24’B (ty 30 & 1(K))l( ). be the so-called canonical projections in K. Then

each functor F: K — L defines in a natural manner in L the morphism
family

F* i (F(A,B) = Ay, g (17 F 0 97 F)
L[(A® B)F,AF © BF] | A,B € |Ky),
satisfying the identities
(FA*) VA, B,C € |K] ((agfgch) F*(A® B,C) <F*<A B)® 1(“)
= F(A.B@C) (15 © F(B.0)) af) prer).
(FS*) VA, Be€ |K]| (< )F> F*(B, A) = F*<A,B>sff}BF)
(FD*) VA€ |K] (( K)F) F*(A, A) = d(AL})
(FMT*) VA, A, B,B € |K|Vyp € Totg|A, A'| ¥ € Totg|B, B
(F*(A, B)(pF @ F) = (¢ @ ) FF* (A", B')),
(WFR*) VA € |K| (F*<A,1>( 15 @tg;) P < 7{{%),

(WFL*) VA € |K]| (F*<I,A> (t§;®1< ))z< ) <1Pp )
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(wFM*) VA, A'.B,B ¢ |K| Vo € K[A, A’] Yy € K[B,B’]

((p @) FF*(A, B') < F*(A, B)(pF @ ¢F)).

Moreover, there is the morphism t§<l)<)p € LI F, 1)), In the case that F

is a d-monoidal functor with respect to Fand i F, one obtains

VA, B € |K]| (F*(A, B) = (F(4, B>)_1> ,

L
t((I)()F (ZF) 17

and

(FT) VA€ |K]| (tA P t(L))

Conversely, let F' be a functor between dhts-categories K and L such that

all morphisms F*(A, B) and t(( 1)<> - are isomorphisms in L and the condition

(FM*) VA, A, B,B' € |K|Vyp € K[A, A'| Vi € K[B, B/]

(g @Y)FF* (A, B') = F*(A, B)(¢F @ Y F))
is true.

Then (F, (F*)~L, (5, )1 K —

Lo L is a d-monoidal functor ([8]), [24]).

Moreover, let F' be a functor fulfilling (FM*) such that

L
(sFILx) t(I(I)OF =

are satified. Then (F, (1EA®B r | A Be|K]), I(L)) is a strongly d-monoidal
functor.



CATEGORIES OF FUNCTORS BETWEEN CATEGORIES WITH ... 51

Example. A simple example of a monoidal functor between symmetric
monoidal categories K*® and L°® is given by (E,E,i ) with the properties
VA € |K| (AE = 1), Yy e K (¢E = 1)), YA, B € |K| (E(A,B) =
Py e =110
1w/ w

Let K and L be dhts-categories. Then the functor £ : K — L is even
d-monoidal, since:

VA, B € |K]| (E*<A, By =d") (pf’BE ®p’24’BE) —d'h) e IsoL>,

(D)

_ (D)
1 p =1t

— 1@
o =1

VA, A", B,B' € |K|Vyp € K[A, A'] V¢ € K[B, B']

(e v)BE (A, BY) =100 d\E)

L) (4 L .
= dfr(L)> (157@)) ® 15@))) =E*(A, B)(pE ® ¢E))~

Remark. Hoehnke introduced in [8] the concept of a dht-symmetric functor
between Hoehnke categories. This concept differs from that of a d-monoidal
functor presented here as follows:

Instead of (FM) Hoehnke demands the weaker condition
(FMT) VA, A, B, B' € |K| Yo € Tot[A, A'] Vi) € Totg|B, B']

((eF @ vF)F(A',B') = F(A, B)(¢ 0 ¥)F)

and instead of (FI) the fact A N 1%;) for a suitable morphism F! in L.

1K) F
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A Hoehnke functor F : K — L is, by definition, a d-monoidal functor which
preserves the zero object, i.e. OU)F = OW)_ or it is one of the functors U
(VA € |K| (AU =00, Ype K (oU = 1(OL<)L))) or E as above. |

Functors between symmetric monoidal categories which preserve the whole
symmetric monoidal structure directly are of importance for the further
considerations.

Lemma 1.1 (cf. [24]). Let F : K®* — L® be an arbitrary functor between
the symmetric monoidal categories K® and L® possessing the properties

(sFI) I p =1F)

(sFA) VA, B,C € |K]| (affz)a,cF = afclLF),BF,CF)
(FR) VA€ k| (r{OF=r{),
(SFS) VA, B e K| (s{}F = sff},BF),
(sFM) VA, A, B, B € |K| Yy € K[A, A V¢ € K[B, B']
(PF@YF) = (p @ Y)F).
Then (F, (1%}®BF | A, B € |K|), 1%&) is a strongly monoidal functor and

(SFL) VA € |K]| (ng)F: zﬁf})

18 right.

If in addition K and L are ds-categories and F' has the property
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(sFD) VA € |K]| ( dOF = dfw’)

then (F' (154F®BF | A, B € |K|), I(L)) is a strongly d-monoidal functor.

Proof. First, for all A, B € |K],

L) ) g (100 o 1O
1) o 1A®BF—< ® 14 )
=19 F 0199 Fr =10} 015) =1{) sr

by the properties of symmetric monoidal categories and the usual functor
properties, hence

VA,B € |K| ((A® B)F = AF ® BF).

All unit morphisms are isomorphism, therefore (F~) is true for F(A, B) :=
1(}®BF and there is the morphism ip = 1((2> e LIV 1FF]. With
respect to the suitable unit morphisms, the conditions (FI), (FA), (FR),
(FS), and (FM) are fulfilled via (sFI), (sFA), (sFR), (sFS), and (sFM),
respectively.

Let K and L be ds-categories. Then (FD) is a trivial consequence
of (sFD). |

Corollary 1.2. Let F be a functor between dhVs-categories which has the
properties (sFI), (sFA), (sFR), (sFS), (sFM), and (sFD). Then F has the
property

(SFV) VA€ |K]| (vA = V(A})

Proof. For an arbitrary object A in K, the equations

K K K K K) (K K K
AT A0 ama D, (VA & 100,) = VP,



54 H.-J. VOGEL

are valid, hence

L KF lKVK P IKFVKF lL VKF
and

L K L L
dféxF)’®AF ((vz(ax )F)df4}2‘ ® 1541~2®AF> =

= (dioar) (V47F) (427F) & (165F)) =

(by (sFD))
(500 (50 (4 1)) -

(by (sFM))
- (TO,) -

(by (sFD))

K L) (L
= (VAOF) dipdear

Since there is at most one morphism family in any dhVs-category which
fulfils both identities with respect to the diagonal morphisms (cf. [18]), one
receives the claim. [ |

Lemma 1.3 ([24]). Let K and L be at least dhts-categories and let F :

K — L be a functor between the underlying categories fulfilling the condi-
tions (sFM) and

(sFT) VA e |K| #F =+F)).

Then

(Fx) VA B e|K| (F*(A B) =d, , -(p{""F @ p3"" F) € Isoy) and
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(L) (L) _ (L)
(SFL)  thiop =ty = Ly
are right, where the properties (sF1*) and (sFI) are equivalent.

Moreover, the functor F' possesses in addition even the properties (sFx),
(sFA), (sFR), (sFL), and (sFS), whenever F' fulfils beside (sFT) and (sFM)
the condition (sFD).

In other words, (F, (1E4LF)®BF | A,B € |K|),1 I ) is a strongly d-monoidal
functor between dhts-categories, whenever (SFM), (sFT), and (sFD) are
right.

Proof. Putting A = I¥) in (sFT), one obtains 1B =) p = tgf;))F =

IEF 1K)
t(LI)<> , hence I F = codom(L)(l(I(}l) ) = codom®) (¢ 5(2()17) = IB), thus
AL @) (@)
IEF (L) -

The equivalence of (sFI) and (sFI*) is obvious.

As already proved, VA,B € |K| (A® B)F = AF @ BF) (cf. Lemma
1.1), therefore via (sFT),

F{A,B)=d)epr (15201570 )@ (K0 e152)) (M FeiGOF) e Tsor,

. L L L L L L L
since  dYpopp((157 © th0) @ (t47 @ 15 @ 150) = 1 ess

and 1"1(4K)F and ZJ(BK)F are isomorphisms too.

Assuming the validity of (sFD), one receives

F (A, B) = d{o e (11et) ) @ (41 215))) (1O PetfOF)

<df4}®d( )) bEﬁXZﬁ)“AF,BF,BF <( 1ot ))®(t%}®1g13“))( P ol K)F) =
(by (D4) i
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— ({820d) (211N i i (L FEIOF) =
(by (M15) in L)

— (&) (1ot ) (1) 8 (O FUOF) =
(by (sFI))

= (a5 (1 ed D) edg) ((5e15)) (1w el 4p) (4 PO F) =
(by (M19) in L)

— (48 (18t i Feodt) (o180 F) =

=(a{F (1Pt (OF) O Fedi R (1 P10 F) i F) =
(by (sFT), (sFD))

— (9 (19068) 1) Po () (£90180) 19 F) -

(by (sFM))
= (199F2159F) =1 s
Since t¥). = 1) is an isomor hism, all F*(A, B) = 15 are iso-
IR = S p AF®BF

morphisms and (sFM) is expected, (F (1%F®BF | A,B € |KJ), I(L)) is

a d-monoidal functor between the dhts-categories K and L, therefore the
conditions (sFA), (sFR), (sFL), and (sFS) are fulfilled. |

Example. Let K°® be a symmetric monoidal category. Then O : K —
defined by (A +— I, ¢+ 1j), is a strongly monoidal (d-monoidal) functor
with respect to O (Og(A,B):=1;) and g, =1;.
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2. The cartesian product of categories

It is well-known that two categories K and L determine a new category
K x L, the so-called cartesian product, consisting of objects (A, B), A € |K|,
B € |L| and morphisms (¢,), ¢ € K, 1 € L, where the structure of
K x L is defined via the components in the ordered pairs by the structure
in K and L, respectively.

The cartesian product (K x L)® of symmetric monoidal categories K*®
and L*® is a symmetric monoidal category too. More precisely:

Proposition 2.1. Let K® and L® be symmetric monoidal categories. Then
all ordered pairs (A, B) of objects A € |K| and B € |L| together with all
ordered pairs (v, ) of morphisms ¢ € K and 1 € L form in a natural man-

ner a symmetric monoidal category (K x L)®, where the monoidal structure
1s defined componentuise:

(A1, B1) ® (A2, B2) := (A1 ®k Az, B ® Ba),

(1,91) @ (p2,92) := (p1 @K P2,P1 ®L ¥2),

K L
I:= (I(K)’I(L))’ ((A1,A2),(B1,B2),(C1,C2) *= <af417)31701’a542)732702>’

K L K L
T(Ay,A) i= (rgl),rg;) l(Al,Az) = (l;l),lfﬁ)),

K L
8(A1,A2),(B1,B2) *— (31(41,)31’ Si‘Q),B2)'

Moreover, if two symmetric monoidal categories possess additional proper-
ties concerning the monoidal structure, then the cartesian product (K x L)®
has the same properties, especially:

Defining in addition

K L K L
d(A17A2) = (d;l),dg;), t(A17A2) = ( 541)’tf42)>’
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VA, 40) 1= ( ff)av(f@),
0= (O(K),O(L)), 0:= (o(K),o(L)), respectively,

one obtains a ds-, dts-, dhts-, dVs-, dhVs-, dhthVs-category, Hoehnke
category, and di-Hoehnke category K X L, respectively, whenever K and L
are ds-, dts-, dhts-, dVs-, dhVs-, dhthV s-categories, Hoehnke categories,
and di-Hoehnke categories.

The necessary proofs of all the presented assertions are easy to do and will
be left to the reader.

3. Composition of functors

Besides the ®-operation for functors between symmetric monoidal cate-
gories, investigated in [24] and already introduced in [8] by A(F ® G) :=
AF QR AG, ¢o(F®G) = oF ®pG, there is the usual composition of functors
F:K®*— L*and G:L*— P°.

Lemma 3.1 (cf. [8]). Let (F,F,ip): K*—M®* and (G,G,ig) : M®*— P*
be monoidal functors between symmetric monoidal categories. Then
FG : K — P, defined by the usual functor composition, is a monoidal
functor with respect to

FG = (Fém, B) = G(AF, BFY(F(A,B)G) | A,B € |Ky)
and irg = ig(irQG).

(FGLF/’\C/},Z'Fg) is a strongly monoidal functor whenever both (F,F,ip)
and (G, G,ig) are strongly monoidal functors.

Finally, 1{K)F = F = F1(M) for all monoidal functors F, where 1{K)
1s the identical functor of K.

Proof. Each morphism of the kind G(AF,BF)(F(A, B)G) is an isomor-
phism in P, since VA', B' € |[M| (G(A', B") € Isop), VA, B € |K| (F(A,B) €
Isoys), and every functor preserves isomorphisms. For the same reason,
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ic €Isop A ip €Isoy = irg =ic(ipG) € Isop N PIY) I(FG)).

To prove the conditions (FA), (FR), (FS), and (FM) for (FG, Fé,ipg)
one uses in a natural manner the properties of functors, the properties of
symmetric monoidal categories, and the properties of the monoidal functors
(F, F, ir) and (G, G, iG), respectively, as follows, where A, B, C, D are arbi-
trary objects of K:

Ad (FA):
Using the validity of the condition (FA) for the functors F' and G one obtains

(1{0rg) ® FG(B,C)) FG(A, B & C)a{T), ((FG) =

_ (1%(;) © G(BF,CF) (ﬁ<B, C)) G) G(AF,(B® C)F)

(Fa,B2C) G (alf)oF) G =

— (10 @ GBR.CP) ((14%) G © (F(B,0) G) GlAF, (B® C)F)

A(FG)

(Fa,B2C) G (alhoF) G =

- (15@0) ® G(BF, CF>) G(AF,BF ® CF)

(159 @ F(B,0)) 6) (Fla,Bo ) G (a5} o F) G =

- (12’2,(;) ® G(BF, C’F)) G(AF, BF @ CF)

(15 @ FiB,)) (Fia, B ) o) oF)) G =
P ©G(BF, CF>) G(AF, BF @ CF)

= (1E4(FG)

(e srer (F(AB) 2 101)) FlA® B,C)) G =
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= (1re) © G(BF,CF)) G(AF, BF @ CF) (a{{)ppcr ) G
((F“<A B)® 1<M>) F(A® B, c>) G =

— P ~ 1(P) =~
= a6 G CR)G (G<AF, BF)® (CF)G) G(AF ® BF,CF)

((ﬁm, B)® 18‘?) F(A® B, o>) G =

— 4P

(P)
= Q(4F)a,(BF)G,(CF)G <G<AF BF)®1 )

(CF)G
G(AF ® BF,CF) (i<A, B) & 1'CF) G (15<A ® B, c>) G =

_( ~ (P)
= Q(4F)G,(BF)G,(CF)G (G<AF7 BF) @ 1(C’F)G)

(ﬁ<A, B>) G® (1%)) GG((A® B)F,CF) (ﬁ<A ® B, C>) G =

P ~ o P
= a6 smacme (GHAF. BF) (F(A,B) G210 )
G((A® B)F,CF) (F“<A ® B, c>) G =

— ) e (P) ==
A (FG(A, B)® 1(CF)G> FG(A® B,C).

Ad (FR):
Since F' and G both fulfil (FR), the following is true:

FG(A, 15O (FG) =
GLAF, TIOF) (F(A, 100G ) (F) G =
) (F

GIAF, IV FY (F(A, 10Oy )G:

GAR TR (1P 0iz )rid ) o=
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= G(AF 10 F) (190 @it ) Grii 6 =

1006 @ip'G) GAF 100)r (G =

(14
(1 e ® (irG) 1) (1&%, ® 151) e =
(1 FG) (ic( ZFG)) 7“1(4}26,) (15412:@ ® (Z'FG)fl) Tf()sz)'

Ad (FS):
The functor F'G has this property since

FG(A, B)s s 3(FG) = G(AF, BF) (ﬁ(A, B>3A,BF) G =

= G(AF, BF) (s\{0) 0 F(B, 4)) G=G(AF, BF) ({150 G ) (F(B, 4)) G =

_ P ~ = (P ==
= sk C(BE AF) (F(B, 4)) G = s{) p(pey FG(B, A)
via the definition of FG and the validity of (FS) for F' and G.

Ad (FM):
Let ¢ € K[A,C], ¥ € K[B, D] be arbitrary morphisms of K. Then

FG(A, B)(p © ¥)(FG) = G{AF, BF) (F(A, B)) G((p ® ) F)G =

— G(AF, BF) ((ﬁm, B>) (0 ® ) F) G =

G(AF, BF) ((goF ® YF) F(C, D>> G =
— G(AF, BF)(oF @ ¥ F)G (ﬁ<0, D>) G =
— ((¢F)G @ (WF)G) G(CF, DF) (F(C, D)) G =

= (p(FG) ® $(FG))FG(C, D).
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Now let (F, F,i r) and (G, G, i) be strongly monoidal functors. Then

~ M =~ P
VA B e K| (FlAB) =100, 50) AVXY € M| (GXY) =10000).
therefore

O —_ 1) (M) _
VA, B € |K]| <FG(A, B) = Lamesrc (1AF®BF> G =

—1® 1(2) -1 )
(AF)G®(BF)G~ (AF®BF)G A(FG)®B(FG) )"

P

. (M) . ) .
Because of ip =1, and ig = 1, one obtains

) . P M P
irc =ic(ir)G = 15(1% (1§<M)>>G = 1303)

Obviously, the validity of (sFA), (sFR), (sFS), and (sFM) is transmitted
from F' and G to the functor F'G. |

Theorem 3.2. The class [MON]| of all small symmetric monoidal cate-
gories together with the monoidal functors between them forms a category
MON.

All strongly monoidal functors establish a subcategory sMON of MON.

Proof. There is the identical functor 1(K) to each symmetric monoidal
category K*® and 1(K) is a monoidal functor with respect to

A K . K
1K) = {150p | A, B e K|} and iy =106

Because of Lemma, 3.1, the composition of two monoidal funtors is a monoidal
functor too and

(1(K>, 1/(\/K>,i1<K>>(F, F, zF) - (Fﬁ zF> - (F ﬁ,z’F)<1<M>,ﬂJT4/>,z’1<M>)

for every monoidal functor (F, ﬁ, ip): K® — M®*, since
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—_— —_—

I(K)F(4, B) = (K)(A, B) (F(A, B)) 1(K) = F(4, B) =

—~— —_——

= F(,B) ((M)(A, B)) F = FL{M)(A, B)
and
ke = ir (i) F = (ir) (1%2)) F= Z’Fl%f)) =ip =

= 160 (0)LM) = i an) (i) LM) = i an.

The usual functor composition is associative, i.e. F(GH) = (FG)H. More-
over, for all objects A and B of K the following is true:

F(GH)(A, B) = GH(AF, BF) (F(A, B)) (GH) =

H{(AF)G, (BF)G) (é<AF, BF>) H ((ﬁ<A, B>) G) H=

H(A(FG), B(FG)) (é<AF, BF) (ﬁ<A, B)) G> H=

= H{A(FG), B(FG)) (f’ém, B>) H=

e~

= (FG)H(A, B).

—_~—

Therefore, F(GH) = (FG)H.

The assertion concerning strongly monoidal functors is obvious. [

Corollary 3.3. There are the following subcategories of MON. The class
e |dMON| of all small ds-categories together with the d-monoidal functors
between them forms a category dMON,

o |dhtMON| of all small dhts-categories together with the d-monoidal
functors between them forms a category dhtMON,
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e |HOE)| of all small Hoehnke categories together with the Hoehnke functors
between them forms a category HOE,

e |dhVMON)| of all small dhVs-categories together with the d-monoidal
functors between them forms a category dhVMON,

o |dtMON| of all small dts-categories together with the d-monoidal functors
between them forms a category dtMON,

o |dhthVMON| of all small dhthV s-categories together with the d-monoidal
functors between them forms a category dhthVIMON,

e |di-HOE)| of all small di-Hoehnke categories together with the Hoehnke
functors between them forms a category di — HOE,

e [IVNMON| of all small dV s-categories together with the d-monoidal func-
tors between them forms a category dAVMON.

Proof. By Theorem 3.2, it remains to show that the composition of two
d-monoidal functors is d-monoidal too. This is true because of

19 re)=((a17) F) = (aiP Fia a)) 6= (diR6) (Fla,4)) 6=

P ~ ot P T
— (@) GAF,AR)) (F(A, 4)) G = (), G FG(A, A).

One has for strongly monoidal functors F' and G immediately:
K K M P P
) = ((a17) F) 6 = (d7) 6 = diim e = dyre. .

The diagram in Figure 2 illustrates the mutual inclusions in the general case.

Similarly, one has the subcategories sdMON, sdhtMON, sHOE,
sdhVMON, sdhthVMON, sdi-HOE, sdtMON, and sdVMON of
sMON in the case of strongly monoidal functors, i.e. a similar diagram
for the subcategories of all strongly monoidal functors.
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MON
dMON
/ \
dhtMON dhVMON
dtMON dhthVMON dVMON
HOE
di-HOE
Figure 2.

Hoehnke proved in [8] (Theorem 6.1) that “the composition FG : K — K"
of two dht-symmetric functors F : K — K/, G : K' — K" is again
dht-symmetric ...”. In addition to this result one receives:

Lemma 3.4. Let K, M, P be dhts-categories and let F : K — M,
G : M — P be functors. Then FG satisfies

(FC*) VA, B € |K| (FG)*(A, B) = (F*(A, B))GG*(AF, BF))
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and
VA,B € |K| (FG)*(A, B) € Isop),
whenever
VA, B € |K| (F*(A,B) € Isoy) and VXY € | M| (G*(X,Y) € Isop).
Moreover, let F' and G fulfil (FT). Then FG also has the property (FT).
Proof. Ad (FC*):

(FGY* (A, B) = () 1 ey (1™F) (FG) @ (py™P)(FG)) =

- dEQ@B)F)G (m*P) F) G ((p*P) F)G) =
(by functor property)

= (432 p)r) GG (A © BYF. (A2 B)F)(n*P)F)G & ((n2*P)F)G) =
(by (FD*) for G)

= (40305 r) GUnAB)F @ (") F)GG™ (AF, BF) =

(by (FMT*) for G)

- ((dg;}B) FF*(A®B,A® B>) G((mAP)F @ (p2P)F)GG*(AF, BF) =
(by (FD*) for F)

- ( (dg;gB) F) G((m™B @ pYBYF)(F*(A, B))GG*(AF, BF) =
(by (FMT*) for F')

= (@455 (1P @psP)) F) G(F*(A, B))GG*(AF, BF) =
(by functor property)

= (F*(A, B))GG*(AF, BF)
(by (DTRL) in K).
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The claim about the isomorphism property follows immediately by (FC*)
and the fact that each functor maps isomorphisms onto isomorphisms.

Because of functor properties and the property (FT) for F' and G, we have

(K) +P) (K) (P) _ (K) (M) (P)
(FGIS sy = (tA F) Gt s = ((tA F) GtI(K)F) Gt =
(K) 1 (M) (P) (M) (P) Py _ (P
(tA Ftan) Gtiong = (tAF G) tiang = tamae = tara) n

Proposition 3.5. Let ' : K — M and G : M — P be functors between
dhts-categories K, M, P, such that both fulfil the conditions (Fx), (FI*),
and (FM*). Then the composition yields a functor FG : K — P between
the dhts-categories K and P fulfilling (Fx), (FI*), and (FM*) too. If both
are even Hoehnke functors between Hoehnke categories, then F'G is also a
Hoehnke functor.

Moreover, if both functors have the property
(FZ) O F =0M A VX € |K| (XF=0M = x =0K),

then the functor F'G has the same property.
Finally, let F and G be strongly d-monoidal functors between
dhts-categories. Then FG is a strongly d-monoidal functor from K into P.

Proof. Ad (F*):
The assertion is true because of

(FG)™(4, B) = dEAé@B)(FG) ( re) e (FG)> =

- e (°8) 05 (47) ) -

= (40 )G) G*{(A@ B)F, (A B)F) (s F) G @ (v F) G) =

(because G is a d-monoidal functor by the assumptions)
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= (325, rG) ((»1°F) @ (5" F) ) GG (AP, BF) =
(by (FM*) for G)

- (42 (75) o 75)) o ar
(since F' and G fulfil (Fx))

= (F*(A, B))GG*(AF, BF) € Isop.

Ad (FT¥):
Because of t(M)

KR

(P)

€ Isoy and ¢y

€ Isop one observes

t(P) = (t(M) )Gt(P) € Isop.

1K) (FG) IR 1M @G

Ad (FM*):
Let ¢ € K[A, B], ¥ € K[C,D]. Then

(» @ ) (FG)(FG) (B, D)=((¢ @ Y)F)G(F*(B, D))GG*(BF, DF) =
(by (FC¥))

= ((p@yY)FF*(B,D))GG*(BF,DF) =
(by (FM*) for F)

= (F*(A,C)(pF @y F))GG*(BF,DF) =

= (F*(A,0)G((¢F) @ (VF))GG*(AF,CF) =
(by (FM*) for G)

= (F*(A,C))GG*(AF,CF)((pF)G ® (yF)G) =
(by (FCY))
= (FGQ)(A, ON(p(FG) @ Y (FG).

Now let F' # U and G # U be even O-preserving functors between
Hoehnke categories. Then the functor FG is an O-preserving functor
between Hoehnke categories since
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OFN(FG) = (0B F)G =0M¢G =00,
Moreover, if F' and G both fulfil the condition (FZ), then
OWF) = A(FG) = (AF)G = AF = 0M) = A = 05
shows that (F'G) has the property (FZ) too.
If one of the functors F' or G is the functor U, then obviously FFG = U.

The functor F'G satisfies the conditions (sFM), (sFT), and (sFD), since
F and G have these properties.

Ad (sFM):

() (FG) = ((p2¢) F)G = (pFy F)G = (o F)GO(WF)G = p(FG)&p (FG).

Ad (sFT):

K K M P
S (Fa)= (t(A )F> G=t4p G =1

Ad (sFD):

K K M P P
dB(FG) = (d(A )F) G=dipc =dl) . =d{ e

Therefore, F'G is a strongly d-monoidal functor. [ ]

4. The cartesian product of monoidal functors

Furthermore, it will be of interest to investigate the ”cartesian product”
of functors between symmetric monoidal categories. In such a way one
constructs functor categories with a symmetric monoidal structure.

Lemma 4.1. Let (F,ﬁ,’ip) : K* — M*® and (G,é,ig) : P* — Q° be
monoidal functors (strongly monoidal functors) between the symmetric
monoidal categories K® and M*®, P* and Q°, respectively.
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Then (F x G, m,ipxa) (K x P)* — (M xQ)* is a monoidal
functor (strongly monoidal functor) defined by

(A, X)(F x G) := (AF, XG), (9, 9)(F x G) := (pF,¢G),

FXGAX),(B.Y) = (F(A4 B)). GUX,Y)),

irxg = (ir,iq)-

Moreover, if the considered categories are ds-categories and F and G are
d-monoidal functors (strongly d-monoidal functors), then F x G is a
d-monoidal functor (strongly d-monoidal functor) too.

Finally, if the considered categories are even Hoehnke categories and F
as well as G fulfil the condition (FO) or (FZ), then F' x G satisfies the same
condition.

Proof. All conditions for the fact that (F x G, m, iFxG) is a monoidal
functor follow from the relevant properties of the monoidal functors (F, F',ir)
and (G,G,ig) via the definition above as well as the composition and
®-operation are defined componentwise. Altogether, one has to show the
usual functor conditions and the validity of (F~), (FI), (FA), (FR), (FS),
and (FM) for F' x G.

The functor properties are easy to verify, for instance:
((p1,91) - (p2,92))(F X G) = (@1 - 2,1 - o) (F X G) =
= (1 - p2) F, (Y1 - ¥2)G) =
= (1 F) - (p2F), (11G) - (¥2G)) =
= ((p1F), (011G)) - ((p2) F, (12G)) =

= (o1, Y1) (F' X G) - (g2, 92) (F X G).

Ad (F~):
The isomorphisms of M x @) are pairs of isomorphisms of M and @), respec-
tively, hence F' x G((A,X), (B,Y)) is an isomorphism in all cases.
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Ad (FI):
iFx ¢ 1s an isomorphism since i and ig are isomorphisms.

Ad (FA), (FR), (FS), and (FM):
By definition, all wished properties of F' x G are immediate consequences of
the relevant properties of F' and G, for instance:

(F % G){(Ar X1). (A2, X2)) (91,11) @ (2. ) )(F x G) =
= (F(A1, 42), X1, X)) (91 @ @2) F. (11 @ 42)G) =
= (F{An, A2) (01 @ 02) F,G(X1, Xa) (1 ©42)G ) =
= ((@1F @ aP)F(B1, Ba), (11 G © 156G, Y2) ) =
= (91F ® p2F), (141G ©2G)) (F(B1, Bo), G(11, Vo)) =

= (1 F10) © (2P 2G) (F(By Ba). G(¥1.2)) =

= ((p1, L) (F X G) @ (g2, 92) (F' x G))(F x G){(B1, Y1), (B2, Y2)).

Now let K, M, P, @ be ds-categories. Then one has in addition:

Ay (F x @) = (df.d) (F x @) =

(a1 F.d6) = (d5 F(a, 4),d@6x, X)) =

(R, &) (Fia,4),G(x,x)) =

M —_
= dIOLF X GUAX), (A, X)),
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i.e. F'x G is a d-monoidal functor.
Ad (FO) and (FZ):
OWMxQ) — (OM) O@)) = (AF, XG) = (A, X)(F x G)
SO0M = AF N 0Q =XGe 0 =4 A OP) =X
& (A,B) = (0), 0P)) = o(KxP),

If F and G both are strongly d-monoidal functors, then the functor F' x G
satisfies the conditions (sFM), (sFT), (sFD), since F' and G both have this
properties, e.g.

((p1,91) ® (P2, ¥2))(F x G) = (1 @ 2,91 ® ¥2)(F' x G)
= ((p1 @ P2) F, (Y1 @ ¥2)G) = (1 " @ p2F), (1 G ® 12G))

= (1 F,01G) ® (p2F,102G) = (01,91)(F X G) @ (p2,¢2)(F x G). =

Lemma 4.2. Let K, M, P be arbitrary symmetric monoidal categories.
Then one receives the strongly d-monoidal functors

Agmp: K x (M x P)— (K xM)xP,

((4,(B,C)) = ((4, B), C), (0, (¥, p)) = ((#:9),0))

(associativity functor);
R :KxQ—K, (AI)— A, (p,11) — o)
(right-identity functor);

Lg:QOxK— K, (I,LA)— A, (11,¢) — ¢)
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(left-identity functor);
Sk K xM—MXxK, ((AB)—(B,A), (¢,¢) — (¢,9))
(symmetry functor);
Di: K= KxK, (A= (4,4), ¢ (p¢))
(diagonality functor);
O :K—Q, (A—1I, p—1y) (terminality functor).

If K, M, P are even Hoehnke categories, then the functors Ax m,p, Rk,
Ly, Sk,m, Dk are strong Hoehnke functors.

Proof. At first one has to prove the functor conditions for all the
mappings defined above. Some selected examples shall demonstrate the
argumentations.

Afx m,p preserves the domains:
domFM>XP) (o, (4, p)) A ar,p) = domFMP) (0, 4), p)) =
= ((dom™ (ip), dom™ (v)), dom!")(p)) =
= ((dom™) (i), (dom™) (), dom! ") (p)) Axc pr,p =
= (domF*MPN (o (4p))) A v, p-
Ry preserves the codomains:

cod™)((p,11)Rrc) = cod ™) () =

= (cod(K)(go), COd(Q)(].[))RK = (cod(KXQ)(go, 17)Rk.
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Sk, v preserves the units:
K.M K) (M

D is compatible with the composition:

(M) {(K)\ _{(MxK) (MxK)
g1y )_1(B,A) =L14,8) S

(p192) D = (1902, p1902) = (1, 1) (02, 2) = (1 D) (2 D).
The proof of the missing facts concerning the functor properties is left to

the reader.
In a next step one has to verify the properties (sFI), (sFA), (sFR), (sFS),

(sFM), and (sFD) for the functors introduced above. Several examples shall
demonstrate the proofs.

Ak i p satisfies (sFI), since

TEXADE) Age vy p o= (10O (10D TP)) Age vr p =
= (I, (M) [(P)y = J(EXxM)xP),

Ry fulfils (sFA) as follows:

(K xQ) _ (&) (@) _
A 1),(B.1) (. T = (aA,B,C7aI,I,I> Ry =

_ ( (K) Q) _ ) _ (K)
= (aA,B,C7 1; ) Rk =aypc= YA Rk,(B,I)Ry,(C.I)Ry"

(SFS) for SK,M:

(K M) _((E) (M) _
S(a,),(B.y) SKM = (S(A,B)’ S(X,Y)) Sk.M =

= (500, 59,)) = sfter = ser)
B (X’Y)7 (AvB) - (XvA)v(YvB)_ (AvX)SK,]Vlu(Bﬂy)SK,]W.
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(sFM) for Dg:

(1 ® p2) D = (1@ 2, 91®@ p2) = (01, 91)® (2, p2) = (p1DK)® (92D ).
(sFD) for Lg:

Qx K Q K Q K K K
0 = (4 ) = (1 ) = 0 =,

(sFT) for Ag a p:

((KxM)xP)

Kx(MxP K) (M P B M)xP
t( X(Mx ))AK,M,P: ((t( )7t( ))’t( )) :t(( ; »)X = (A(B,C)Ak,m,p’

(A,(B,C)) A

~~

Obviously, all mentioned functors excluding © fulfil the condition (FZ) by
definition.

The corresponding morphisms to the d-monoidal functors above are the
following;:

~ KxM)xP
A m,p((Ar, (B, Ch)), (A2, Ba), (1)) = 1&,4129,41?(31)@@32)701@02) =

= (194,199 5,) 18,

. KxM)xP K M P
and YAk mp T 15(((K>§<Mg>><<P))) = ((15(13)7 15(1\/1))) >1§(3)> ;

5 K .
R((A1, 1), (A2, D)) =100 and g, = 105);

Li((I, A1), (I, A2)) =15, and g, = 10505
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g 1 (ExM) (M) (K)
Sk,m((Ar, By), (A2, Ba)) : 1(BIX®BZ7A1®A2) = (1BI®32,1A1®A2)

. MxK M K
and LSkm = 15(]\/;;1(3 = (1E~(M))a 15~(K))) ;
D . 1(KxK) _ (1K) (K)
DK<A1’A2> T 1(A1®A2,A1®A2) - <1A1®A2’ 1A1®A2)

. KxK K) (K
and  ip, := 1§(KxxK)) = (1§ ),1§ )> ;

@K<A, B> =17 and i@K =1y. |

The different classes of distinguished functors will be denoted by A (asso-
ciativity functors), R (right-identity functors), £ (left-identity functors), S
(symmetry functors), D (diagonality functors), and © (terminal functors),
respectively.

The categories concidered in Corollary 3.3 have the following structure
concerning the cartesian product:

Theorem 4.3. All small symmetric monoidal categories as objects and all
monoidal functors between them form a dts-category

MON = (MON; x,Q, AR, L,S,D,0).

There are the dts-subcategories of MON :

The dts-category of all d-monoidal functors between ds-categories
dMON = (dMON; x,Q, A, R,L,S,D,0),

the dts-category of all d-monoidal functors between dhts-categories
dhtMON = (dhtMON; x,Q, A, R, L,S,D,0),

the dts-category of all d-monoidal functors between dhV s-categories



CATEGORIES OF FUNCTORS BETWEEN CATEGORIES WITH ... 77

dhVMON = (dhVMON; x,Q, A, R, L,S,D,0),

the dts-category of all d-monoidal functors between dts-categories
dtMON = (dtMON; x,Q, A, R, L,S,D,0),

the dts-category of all d-monoidal functors between dhthV s-categories
dhthVMON = (dhthVMON; x,Q, A, R, L,S,D,0),

the dts-category of all d-monoidal functors between dV s-categories

dVMON = (dVMON; x,Q, A, R, L,S, D, ©).

Proof. Since small categories and functors between them form functor
categories, it remains to prove that the composition of monoidal functors
(d-monoidal functors) yields a monoidal functor (d-monoidal functor). That
was done in 3.1. Because of Lemma 4.1, F' x G is a monoidal functor (d-
monoidal functor), whenever F' and G are monoidal (d-monoidal).

As already mentioned, € is a dhthVs-category. The mapping ” x” for
objects and morphisms (dhts-categories and d-monoidal functors, respec-
tively) defines a bifunctor from (MON x MON) into MON since

dom(F x G) = domF x domG,
cod(F x G) = codF x codG,

{F x G) = 1{F) x 1{G),

(F1 x G1)(Fa x G2) = F1Fy x G1Go

by the definition above.



78 H.-J. VOGEL

The families of the functors Ax v, p, Rk, Lk, Sk, are obviously fami-
lies of functor isomorphisms and the properties for a symmetric monoidal
category are easy to verify by the following considerations. Note that two
mappings are equal, if their immages coincide for all arguments, and it is
sufficient to concider morphisms only in the computation.

Ad (M1):

(05 (4 (P 0))) Ak b, Px QAR x M, P.Q =

= ((,9), (p, ) Axxar,pq = (0, 9), p),0) =

= (¢, (¥, 0), o) (Ax p,p x 1Q)) =

= (¢, (¥, ), 0)) Ar, M PQ(Ar, P X 1(Q)) =

= (¢, (1, (p, o)) (UE) x App,pq) Ax mxpo(Arp x 1(Q)),
e < O

(A m.prxQArxmpo = (1K) x Ay p)Armxro(Ar,mp X 1{Q))),

Ad (M2):
(o, (I, ) Axom(Ri x (M) = ((¢, 11), ¥)(Rx x (M) = (p,9) =

= (¢, (11,¥))(1(K) x Lk),

hence

VK*®,M* € [IMON| (Ag0um(Rk x 1{M)) = (I{K) x Lk)),



CATEGORIES OF FUNCTORS BETWEEN CATEGORIES WITH ... 79
Ad (M3):

(@, (0, p))Ar M, PSEx M, PAP KM = ((0,0), p)SKx M, PAPK M =

= (p, (e, V) Ap ks = ((p, 0),¥) =

= ((¢,0),¥)(Sk,p x L(M)) = (¢, (p,¥)) Ak, pM (Sk,p x L(M)) =

= (¢, (¢, ) (LK) x Sar,p) Ak, pm (Sk,p X 1{M)),

hence

VK*,M*, P* € [MON|
(A v pSkxm,pApr v = (1K) x Sy.p)Ak,pav(Sk,p x 1{(M))),
Ad (M4):

(Spaw)SK,MSM,K = (wvgo)SM,K = (@71/}) = (¢7¢)1<K X M>7

hence

VK®, M*® € |MON| (SK,MSM,K = 1<K X M>),

Ad (M>5):

(0, 11)Sk oLk = (11,¢)Lx = ¢ = (¢, 11) Rk,
hence

VK*® € IMON| (Sk.qLx = Rx),

Ad (M6):
(907 (va))AKl,Ml,Pl((F X G) X H) =

= (¢, ), p)((F' x G) x H)=((pF,¢G), pH) =
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= ((pF, (¥G, pH))AK2,M27P2 = (‘Pa (¥, p))(F' X (G X H))AKz,Mz,Pw

hence

VK?, M}, PP, K3, M3, P € [MON]
VF € (MON)[K?, K3] VG € (MON)[M?, MJ] VH € (MON)[P}, P3]

(AK17M17P1((F X G) X H) - (F X (G X H))AKQ,MQ,Pz)v

Ad (MT7):

(907 1I)RK1F = (PF = ((pF, 1I)RK2 = (‘Pv 11)(F X 1<Q>)RK27
hence

VK?, K3 € [MON| VF € (MON)[K?, K3] (R, F = (F x 1{Q))Rx,),

Ad (M8):

(¢>¢)SK1,M1 (GXF) = (va (PF) = (‘PF> wG)SKz,Mz = (@vw)(FXG)SKmMQ’

hence

VKI,K;,M{,M; S ’MON‘ VF € (MON)[KI,KQ'] VG € (MON)[M{,M;]
(SK17M1 (G X F) = (F X G)SK2,M2)'

(Dk | K* € |MON)]) is a |MON]|-indexed family of monoidal functors
fulfilling the necessary conditions, namely:
Ad (D1):

()ODK1(F X F) = ((,OF,QOF) = QOFDsz
hence

VK?, K3 € [MON| VF € (MON)[K?, K3] (Dk, (F x F) = FDg,),
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Ad (D2):

= (o, (9, ¥))Ax .k =D (1(K) x Dg) Ak K K
hence
VK*® € |MON| (DK(DK X 1<K>) = DK(1<K> X DK)AK,K,K)a

Ad (D3):

DSk, = (p,0)Sk.xk = (¢,¢) = Dk,
hence

VK* € [IMON| (DkSk x = Dk),

Ad (D4):
(0, ¥)(Dk % Dy )Br kv =

= ((907 90)7 (¢7¢))BK,K,M,M = ((%w): (%W) = (901 77b>l)1('><K7

where

Brmp@ = Axxim,pQ (AESM,p (1<K ) X Su,pAR,PM X 1<Q>>)A;(1><P,M,Q7
hence

VK*, M*® € |MON‘ ((DK X DM)BK,K,M,M = -DKXK)'

Finally, (B | K* € [MON]|) is a family of monoidal functors which is
indexed by the class of all symmetric monoidal categories and, because of

0(FOK,)) = (pF)Ok, = 11 = pOk,

= VK? K3 € [MON| VF : K| — Ky (FOg, = Ox,),
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p(Dr(1(K) X Ok)RK) = (¢, 11) R = ¢ = ¢1(K)
= VK* € [MON| (Dg(1(K) x Ox)Rk) = 1{K)),

p(Dr (O x K))Lk) = (11, 9)Lx = ¢ = p1(K)
= VK* € [MON| (D (O x 1(K))Lx = 1(K)),

(2, ) (Drosenr ((EK) x Onr) Rie X (O x 1{M)) L
= (b, 1) Rk, (11, 9) Lar) = (p,9) = (@, ¥)HEK x M)
= VK®*, M* € IMON|(Dgxnm((1{K) x Op)Ri x (O x 1{M))Ly) =
= 1(K x M)),

the conditions (T1), (DTR), (DTL), (DTRL) are satisfied. |

Corollary 4.4. All strongly monoidal functors between symmetric monoidal
categories establish a dts-subcategory sMION of MON. All strongly
d-monoidal functors between small ds-categories (small dhts-categories, small
dhVs-categories, small dts-categories, small dhthV s-categories, small
dV s-categories) establish a dts-subcategory

sdMON (sdhtMON, sdhVMON, sdtMON, sdhthVMON, sdVMON)
of sdMON. [

The mutual inclusions of the considered dts-categories are illustrated in the
diagram in Figure 3, where M shortly stands for MON.

Hoehnke proved in [8] (Theorem 6.1) that all ”dht-symmetric categories (as
objects) and the dht-symmetric functors between them (as morphisms) form
an illegitime category, denoted by dht-Sym”.

The statements presented in the theorem above are connected with the
result of Hoehnke, but there are differences in the following aspects:
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1. Each O-preserving nontrivial d-monoidal functor bewteen dhts-
categories is a dht-symmetric functor in the sense of Hoehnke, but not
conversely, since a dht-symmetric functor need not have the property

2. All the considered categories possess an additional structure which is
not mentioned in the paper by Hoehnke.

3. The objects of the categories in this volume are small monoidal cat-
egories such that there are not necessary distinguished zero objects,
whereas the objects of dht-Sym are Hoehnke categories only.

4. The distinguished dhthVs-category 2 is not a Hoehnke category and
the d-monoidal functor F does not preserve the zero object O.

M
sM dM
dhtM sdM dhVM
dtM sdhtM dhthVM sdhVM  dVM
sdtM sdhthVM sdVM

Figure 3.
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Specific dhts-categories are of particular interest, namely dhts-theories,
defined as follows.

A dhts-category T is called J-sorted dhts-theory, iff there exists a set
J € |T| such that I ¢ J and (|T];®,1) is a free algebra of type (2,0) freely
generated by J.

By this definition, T is a small category since |T'| is a set. The algebra
(|IT]; ®,I) contains a subalgebra < I > of the same type consting of all
possible ®-products of I with itself in arbitrary brackets. J-sorted dts-
theories and J-sorted dhthV s-theories will be defined in the same manner.

A Hoehnke category (di-Hoehnke category) T is called J-sorted
Hoehnke theory (J-sorted di-Hoehnke theory), iff there is a set J € |T)|
such that JN{O, I} =0 and (|T]; ®I,O) is the free algebra of type (2,0,0)
freely generated by J in the variety of type (2,0,0) defined by the identity
X0=0=0X.

It is well-known that each class of objects of a given category determines
together with all possible morphisms between them a subcategory and the
defined J-sorted theories are objects of the related functor categories.

Unfortunately, the cartesian product of a Ji-sorted theory 77 and a
Ja-sorted theory T5 is not necessary a (Ji x Jo)-sorted theory, because of

Al,AQ eJi N BeJ,= |T1| X |T2| ) (A1®A2,B) ¢< J1 X Jo >,

that means, that objects of the form (A; ® Ag, B) are not generated by
elements of J; x Jo. Therefore, the J-sorted theories do not form sym-
metric monoidal subcategories of the suitable symmetric monoidal functor
categories.

Corollary 4.5. All dhts-theories (dts-theories, dhthV s-theories, Hoehnke
theories, di-Hoehnke theories) together with all d-monoidal functors (Hoehnke
functors) between them in a natural manner form a subcategory dhtTh of
dhtMon (dtTh of dtMon, dhthVTh of dhthVMon, HoeTh of HOE,
di-HoeTh of di-HOE). |

The mutual inclusions of the subcategories mentioned above are
presented in Figure 4.
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dhtM

AN / \ HOE
dhtT dht7/\\
+Th

d HoeTh di-HOE

dhthV'Th

di-HoeTh
Figure 4.
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