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Abstract

For a rank-1 matrix A = a ® b? over max algebra, we define the
perimeter of A as the number of nonzero entries in both a and b. We
characterize the linear operators which preserve the rank and perimeter
of rank-1 matrices over max algebra. That is, a linear operator T
preserves the rank and perimeter of rank-1 matrices if and only if it
has the form T(A) =U®@ A®V ,or T(A) = U ® A' ® V with some

monomial matrices U and V.
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1. INTRODUCTION AND PRELIMINARIES

There are many papers on the study of linear operators that preserve rank
of matrices over several semirings. Beasley and Pullman ([3]) obtained char-
acterizations of rank-preserving operators of Boolean matrices. Bapat, Pati
and Song ([2]) obtained characterizations of linear operators that preserve
the rank of matrices over max algebra. They did not find necessary and
sufficient conditions for an operator to preserve the rank of rank-1 matrices
over max algebra. We consider characterizations of the linear operator that
preserve the rank of the rank-1 matrices over max algebra.
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The maz algebra consists of the set Ryax, where Ry is the set of non-
negative real numbers, equipped with two binary operations, which we call
addition (@) and multiplication (). The operations are defined as a &b =
max{a,b} and a-b = ab. That is, their sum is the maximum of a and b and
their product is the usual product in the reals. There has been a great deal
of interest in recent years in this max algebra. This system allows us to
express some nonlinear phenomena in the conventional algebra in a linear

fashion ([1]).

Let My, n(Rmax) denote the set of all m x n matrices with entries in
Rmax- The (7, j)th entry of a matrix A is denoted by a;;. If A = [a;;] and
B = [bij] are m X n matrices over Ry,.x, then the sum of A and B is denoted
by A @ B, which is the m x n matrix with a;; ® b;; as its (¢, j)th entry. If
¢ € Ryax, then cA is the matrix [ca;;]. If A is an m X n matrix and B is an
n X p matrix, then their product is denoted by A ® B, which is the m x p
matrix with max{a;b,j|r =1,---,n} as its (¢, j)th entry. The zero matrix
is denoted by O. The identity matrix of an appropriate order is denoted by
I. And the transpose of A = [a;j], denoted by A?, is defined in the usual
way. That is, the (i, j)th entry of A’ is aj; for all i and j. Throughout this
paper, we shall adopt the convention that m < n unless otherwise specified.

The rank or factor rank, r(A), of a nonzero matrix A € My, n(Rpax) is
defined as the least integer k for which there exist m x k and k x n matrices
B and C with A = B ® C. The rank of a zero matrix is zero. It is well
known that r(A) is the least k such that A is the sum of k matrices of rank
1 (see [5], [4]).

Let Appn = {(4,5)]1 <i <m,1 < j <n}, and E;; be the m x n matrix
whose (7, j)th entry is 1 and whose other entries are all 0, and E,,,, =
{Ei;|(i,7) € Amn}. We call Ejj a cell.

A square matrix A over Ryax is called monomial if it has exactly one
nonzero element in each row and column. Since M,, ,,(Rpax) is a semiring,
we can consider the invertible matrices under multiplication. The monomial
matrices are precisely invertible matrices over Rpax (see [2]).

If A and B are in My, »(Rmax), we say A dominates B (written B < A
or A > B) if a;; = 0 implies b;; = 0 for all 4, j.

For example, if
2 4 4 2
AP e s

then we have A < B and B < A, but A # B.
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Also lowercase, boldface letters will represent column vectors, all vectors u
are column vectors (u’ is a row vector) for u € Ryax [= My 1(Rmax)]-

It is easy to verify that the rank of A € My, »(Rmax) is 1 if and only if
there exist nonzero vectors a € My, 1(Rmax) and b € M, 1(Rpax) such that
A =a®Db!. We call a the left factor, and b the right factor of A. But these
vectors a and b are not uniquely determined by A.

o o= lol a=]o| 2=

For any vector u € My, 1(Rpax), we define |u| to be the number of
nonzero entries in u. Let A = [a;;] be any matrix in M, ,(Rpnax). Then we
define A* = [a;;*] to be the m x n (0,1)-matrix whose (7,j)th entry is 1 if
and only if a;; # 0 for A = [a;;].

It follows from the definition that

For example,

(1.1) (A B)*=A"®B* and (BaC)*=B"&C*

for all A € My, n(Rmax) and all B,C € M, (Rpyax). Also we can easily
obtain that A > B if and only if A® B = A for any m x n (0,1)-matrix A
and B.

Lemma 1.1. For any factorization a® b’ of an m x n rank-1 matriz A,
la] and |b| are uniquely determined by A.

Proof. Consider the m x n (0,1)-matrix A* = [a;;*] whose (4, j)th entry
is 1 if and only if a;; # 0. By (1.1), A* = a* ® (b*)! is the rank-1 matrix.
Since A* is the (0, 1) matrix, it is easy to show that |a*| and |b*| are uniquely
determined by A*. Therefore, |a| and |b| are uniquely determined by A. m

Let A be any rank-1 matrix in My, ,,(Rmax). We define the perimeter of A,
P(A), as |a| + |b| for arbitrary factorization A = a @ b’. Even though the
factorizations of A are not unique, Lemma 1.1 shows that the perimeter of
A is unique, and that P(A) = P(A*).
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Proposition 1.2. If A, B and A® B are rank-1 matrices in My, n(Rmax),
then P(A® B) < P(A) + P(B).

Proof.Let A =a®x!,B=b®y' and A® B = c®z’ be any factorizations
of A, B and A @ B. Then we have for all 4, j

(1.2) a;X ® by = ¢z
and
(1.3) xja@yjb = zjC.

If B< A, we have (A® B)* = A* @ B* = A*. Thus we obtain that
P(A¢B)=P((A® B)") = P(A*) = P(A) < P(A) + P(B)

because P(B) # 0, as required.

The similar argument shows that if A < B, then P(A & B) < P(A) +
P(B). So we can assume that A £ B and B £ A. We consider the three
cases.

Case 1. a £ b and b € a. The equation (1.2) implies that a;x = ¢;z and
bjy = c;z for some nonzero scalars a;, ¢;, bj,c; € Ryax. Thus we have the
following

P(A@B)ZP(<cia@?b) ®zt) -

< (la + |z[) + (o[ + |=])

Saw cjb‘ + |z|
473 bj

= (la[ + [x[) + (Ib| + |y[) = P(A) + P(B),

as required.

Case 2. a < b. Then x £ y( and so x* £ y*). Also the equation (1.3)
becomes

(1.4) zj*a" @ y;"b* = z;"c”.

Thus we have x;*a* = z;"c* for some nonzero scalars ;,z; € Ryax. Since
z;* = z;* = 1, we have a* = ¢*. But b* < ¢* from (1.4). Therefore,
a* = b* = ¢* and we have
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P(A®B)=P((A&B)") =P (c*® (x*dy")") =|c*| + [x* By
< ([ 4+ x*[) + (I + [y*]) = (la™| + x*[) + (b + [y*])
= (la] + [x]) + (|b[ + |y]) = P(A) + P(B),

as required.
Case 3. b < a. It is similar to the Case 2. [}

A mapping T' : My, n(Rmax) = Mupmn(Rmax) is called a linear operator if
T has the following two properties:

(1) T(0) =0 and

(2) T(aA® B) = aT(A) @ BT (B) for all A, B € My, n(Rmax) and for all
a7 16 6 Rmax’

A linear operator T : My, 5 (Rmax) — Mpmn(Rmax) is invertible if T' is
injective and surjective. As with vector space over fields, the inverse, 771,
of a linear operator T is also linear.

Bapat, Pati and Song obtain the following:

Lemma 1.3. ([2]) If T is a linear operator on My, n(Rmax), then T is
invertible if and only if T permutes E,, ,, with some nonzero scalar multipli-
cation. [

In this paper, we characterize the linear operators that preserve the rank
and the perimeter of every rank-1 matrix over max algebra. These are
motivated by analogous results for the linear operator which preserves all
ranks in My, »(Rmax). However, we obtain results and proofs in the view of
the perimeter analog.

2. RANK AND PERIMETER PRESERVERS OF RANK-1 MATRICES OVER
MAX ALGEBRA

In this section, we will characterize the linear operators that preserve the
rank and the perimeter of every rank-1 matrix in My, »(Rmax)-
Suppose T' is a linear operator on My, »(Rmax). Then:
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(1) T isa (U, V)-operator if there exist monomials U € My, 1 (Rpax) and
V € My n(Rimax) such that T'(A) = URA®V for all Ain My, n(Rmax),
orm=nand T(A) =U® A'®V for all A in M, »(Rmax);

(2) T preserve rank 1 if 7(T(A)) = 1 whenever r(A) = 1 for all A €
Mm,n(Rmax);

(3) T preserve perimeter k of rank-1 matrices if P(T'(A)) = k whenever
P(A) =k for all A € My, n(Rpmax) with 7(A4) = 1.

Proposition 2.1. If T is a (U,V)-operator on My, n(Rmax), then T
preserves both rank and perimeter of rank-1 matrices.

Proof. Since T'is a (U, V')-operator, there exist monomials U € M, ym(Rmax)
and V. € M, n(Rmax) such that either T(A) = U® A®V or m = n,
T(A) = U A" @V for all A in My n(Rmax). Let A be a matrix in
Mo (Rpax) with 7(A) = 1 and A = a ® b’ be any factorization of A
with P(A) = |a| + |b|. For the case T(A) =U® ARV,

TA)=U®AV=Ua)e b eV)=Uca) e (V' @b).
Thus we have

r(T(A)=r(Uea) e (V'eb)) =1,
and
P(T(A))=|U®al+|V!@b| = l|a| + |b| = P(A).

For the case T(A) = U ® A' @ V, we can show that r (T(A4)) = 1 and
P (T(A)) = |a| + |b| by the similar method as above.

Hence (U, V)-operator preserves rank and perimeter of every rank-1
matrix. [

We note that an m x n matrix has perimeter 2 if and only if it is a cell with
nonzero scalar multiplication. Thus, we have the following Lemma:

Lemma 2.2. Let T be a linear operator on My, n(Rmax). If T' preserves
rank 1 and perimeter 2 of rank-1 matrices, then the following statements

hold:
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(1) T maps a cell into a cell with nonzero scalar multiplication;

maps a row (or a column) of a matriz into a row or a column
2) T l triz int !
(if m = n) with scalar multiplication.

Proof. (1): It follows from the property that T" preserves perimeter 2.
(2): If not, then there exists two distinct cells E;;, Ej;, in some i-th row
such that T'(E;;) and T'(E;p,) lie in two different rows and different columns.
Then the rank of E;; & E;p, is 1 but that of T' (E;; @ Ejp) = T(Eij) @ T(Eqp)
is 2. Therefore, T" does not preserve rank 1, a contradiction. [

The following is an example of a linear operator that preserves rank 1 and
perimeter 2 of rank-1 matrices, but the operator does not preserve perimeter
3 and is not a (U, V)-operator.

Example 2.3. Let T : M3 2(Rpax) — M2 2(Rmax) be defined by
a b 0 0
T([c d])(a@b@c@d)[l 0]

Then it is easy to verify that T is a linear operator and preserve rank 1

and perimeter 2. But 7" does not preserve perimeter 3: For, A = [; 8} =

B] ® [1 0] has rank 1 and perimeter 3: but T(A) = B 8] = [g] ® [1 0]

has rank 1 and perimeter 2. Moreover, T is not a (U, V')-operator: For, let
1 2 1 2 0 0

X = [3 4] € Myo(Rpax). Then T'(X) = T([S 4}) = [4 O} So, we

cannot find monomials U,V € My 2(Rpax) such that T'(X) =U® X @ V.

This shows that 7" is not a (U, V)-operator.

and C = {C}|1 < j < n}. For a linear operator T on M, ,,(Rmax), define
T*(A) = [T(A)]* for all A in My, n(Rmax). Let T*(R;) = {T*(E;j)[1 <
j <mn}foralli=1---,mand T%(C;) = {T*(E;;)]1 < i < m} for all
j=1,--,n.
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Lemma 2.4. Let T be a linear operator on My, n(Rmax). Suppose that T
preserves rank 1 and perimeters 2 and p (> 3) of rank-1 matrices. Then:

(1) T maps two distinct cells in a row(or a column) into two distinct cells
m a row or in a column with nonzero scalar multiplication;

(2) For the case m = n, if T maps a row of a matriz A into a row with
nonzero scalar multiplication, then T maps each row of A into a row
of T(A) with nonzero scalar multiplication. Similarly, if T maps a
column of a matriz A into a column with nonzero scalar multiplication,
then T maps each column of A into a column of T(A) with nonzero
scalar multiplication.

Proof. (1): Suppose T'(E;j) = aE, and T(E;,) = BE,; for some distinct
pairs (7, 7) # (i, h) and some nonzero scalars «, 5 € Rpax. Then T maps the
ith row of a matrix A into rth row or Ith column with scalar multiplication
by Lemma 2.2. Without loss of generality, we assume the former. Thus for
any rank-1 matrix A with perimeter p (> 3) which dominates E;; @ E;p,, we
can show that T(A) has perimeter at most p — 1, a contradiction. Thus
T maps two distinct cells in a row into two distinct cells in a row or in a
column with nonzero scalar multiplication.

(2): If not, then there exist rows R; and R; such that T*(R;) C R, and
T*(R;) C Cs for some r, s. Consider a rank-1 matrix D = E;, ® Eiq ® Ejp ®
Ej, with p # ¢. Then we have

T(D) = T<Eip ©® Eiq) ©® T(Ejp @ qu)
= (a1Ery @ By ) ® (B1Eprs ® BaEqrs)

for some p’ # ¢’ and p” # ¢” and some nonzero scalars «;, 3; € Ryax by (1).
Therefore, r (T(D)) # 1 and T does not preserve rank 1, a contradiction.
Hence T maps each row of A into a row (or a column) of T'(A) with nonzero
scalar multiplication. Similarly, 7" maps each column of A into a column
(or a row) of T'(A) with nonzero scalar multiplication. |

Now we have an interesting example:
Example 2.5. Consider a linear operator 7" on M, ,(Rmax), with m > 3

and n > 4, such that
T(A) = B = [bjj],
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where A = [a; ;] in My 5 (Rimax), bij = 0if @ > 2 and b; ; = &, a;, with
r=i+(j—1) (mod n) and 1 <r < n. Then T maps each row and each
column into the first row with some scalar multiplication. And T preserves
both rank and perimeters 2,3 and n+ 1 of rank-1 matrices. But 7' does not
preserve perimeters k (k > 4 and k # n + 1) of rank-1 matrices:

For if 4 < k < n, then we can choose a 2 x (k — 2) submatrix with
perimeter k& which is mapped to distinct k position in the first row of B
under T'. Then this 1 x k submatrix has perimeter k + 1. Therefore T" does
not preserve perimeter k of rank-1 matrices. [

For a linear operator 7' on M, ,(Rmax) preserving rank 1 and perimeter 2
of rank-1 matrices, we define the corresponding mapping 7" : A, ,, — Ay,
by T'(i,7) = (k,1) whenever T'(E;;) = b;; Ex for some nonzero scalar b;; €
Rpax. Then T” is well-defined by Lemma 2.2 (1).

Lemma 2.6. Let T be a linear operator preserving both rank and perimeters
2 and k(k > 4,k # n+ 1) of rank-1 matrices. Then T’ is a bijection on
Apn.

Proof. By Lemma 2.2, T'(E;;) = b;jE,; for some (r,l) € A, and some
nonzero scalar b;; € Ryax. Without loss of generality, we may assume that T’
maps the ith row of a matrix into the rth row with nonzero scalar multiplica-
tion. Suppose T"(4,j) = T'(p, q) for some distinct pairs (4, ), (p,q) € Amp-
By the definition of 7", we have T'(E;;) = b;jjEy and T(Epq) = cpgEr for
some nonzero scalars b;j,cpg € Rpax. If ¢ = p or j = ¢, then we have
contradictions by Lemma 2.4. So let i # p and j # q.
If k=n+k >n+2, consider the matrix

D =& Eis + EB1?:1Ep25 + @12:12 @Zzl Epg

with rank 1 and perimeter n + k' = k. Then T maps the ith and pth row of
D into the rth row with nonzero scalar multiplication by Lemma 2.4. Thus
the perimeter of T'(D) is less than n + k' = k, a contradiction.

If 4 < k < n, we will show that we can choose a 2 x (k — 2) submatrix
from the ith and pth row whose image under 7" has 1 x k submatrix in the
rth row as follows: Since T'(E;;) = bij; By and T'(Epq) = cpgEr, T maps
the ith row and the pth row into the rth row. But T maps distinct cells
in each row (or column) to distinct cells by Lemma 2.4. Now, choose Ej;,
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E,; but do not choose Ej4, E,q. Since there is a cell Eyy, (h # j,q) in the
pth row such that T"(p, h) = T'(i,q) but T'(i, h) # T'(p, j), we choose 2 x 2
submatrix F;; ® E;, ® Epj @ Ep, whose image under T is 1 x 4 submatrix in
the rth row. And we can choose a cell Eps (s # q, j, h) such that 7"(i, s) #
T'(p,7),T'(p,q),T"(p, h). Then we have 2 x 3 submatrix E;; & E;j, ® Ejs ©
E,; ® E,, © E,s whose image under 7" is 1 x 5 submatrix in the rth row.
Similarly, we can choose a 2 x (k — 2) submatrix whose image under 7' is a
1 X k submatrix in the rth row. This shows that T does not preserve the
perimeter k£ of a rank-1 matrix, a contradiction.

Hence T(i,7) # T'(p, q) for any two distinct pairs (i, ), (p,q) € Amn-
Therefore, T is a bijection. |

We obtain the following characterization theorem for linear operators pre-
serving the rank and the perimeter of rank-1 matrices over max algebra.

Theorem 2.7. Let T be a linear operator on My, p(Rmax). Then the
following are equivalent:

(1) T is a (U,V)-operator;
(2) T preserves both rank and perimeter of rank-1 matrices;

(3) T preserves both rank and perimeters 2 and k(k > 4,k # n+ 1) of
rank-1 matrices.

Proof. (1) implies (2) by Proposition 2.1. It is obvious that (2) implies
(3). We now show that (3) implies (1). Assume (3). Then the corresponding
mapping 7" : Ay, , — Ay, is a bijection by Lemma 2.6.

By Lemma 2.4, there are two cases; (a) T* maps R onto R and maps C
onto C or (b) T maps R onto C and C onto R.

Case a): We note that T*(R;) = Ry(;) and T*(C;) = C,; for all i, j, where
o and 7 are permutations of {1,--- ,m} and {1,--- ,n}, respectively. Let P
and () be the permutation matrices corresponding to o and 7, respectively.
Then for any E;; € Ep, , we can write T'(Eyj) = bij Ey(i)r(;) for some nonzero
scalar b;; € Rpax. Now we claim that for all 4,{ € {1,---,m} and all
jvr S {17 7n}7

bij

b;
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Consider a matrix F = F;; ® E;, ® Ej; © Ej, with rank 1. Then we have

T(E) = bijEsyr(j) ® birEoiyr(r) © bijEg)r(5) © bik Lo )r(r)-

Since T'(F) has rank 1, it follows that = I;ij . Let C € My m(Rmax)
and D € M,, ,,(Ryax) be diagonal matrlces such that c11 = 1, di1 = b1,
Cii = ill,and djj —blj for all i = 2,--- ,m and j = 2,--- ,n. Then

bij = ciid;j for alli € {1,--- ;m} and j € {1,--- ,n}.
Let A = [a;;] be any m x n matrix in My, n(Rmax). Then we have

TA) =T Y > aiEy; | =YY ayT(E

i=1 j=1 i=1 j=1
= ZZ%”MEG(Z )7(5) ZZC”% djj
i=1 j=1 =1 j=1
=CPRA®Q®D.

Since C ® P = U is an m X m monomial and Q ® D = V isan n xn
monomial, it follows that T" is a (U, V')-operator.

Case b): We note that m = n and T*(R;) = Cy(;y and T*(C;) = R, for all

i,j, where o and 7 are permutations of {1,--- ,m}. By the similar argument
of case a), we obtain that T'(A) is of the form T(A) =C® PR A'®@ Q ® D.
Thus T is a (U, V)-operator. |

Even though T is an invertible operator on M, »(Rmax), 7" may not preserve

rank 1. For example, let T': Mg 2(Rpmax) — Ma22(Rmax) by T ([Z Z]) =

[Z lc)] Then T is clearly invertible, but does not preserve rank 1 since

T <B 8]) = [(1) g} However all (U, V)-operator is invertible and its
inverse is (U1, V~1)-operator. Here, U~! and V! are monomials since U

and V are monomials.
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Corollary 2.8. Let T be a linear operator on My, n(Rmax) that preserves
both rank and perimeter of rank-1 matrices. Then T is invertible. [

We say that a linear operator T' on M, »(Rmax) strongly preserves perimeter
k of rank-1 matrices if P (T'(A)) = k if and only if P(A) = k.
Consider a linear operator T on My 2(Rpax) defined by

T<[i ZD —(a®b®cdd) [8 [ﬂ

Then T preserves both rank and perimeter 2 of rank-1 matrices but does not

. . 1 2 0 4| . 1 2
strongly preserve perimeter 2, since T' ( {2 4] > = {O O] with P < {2 4] >

0 4]\

0 0 =2

~ 1 p|

Theorem 2.9. Let T be a linear operator on My, n(Rmax). Then T pre-
serves both rank and perimeter of rank-1 matrices if and only if it preserves
perimeter 3 and strongly preserves perimeter 2 of rank-1 matrices.

Proof. Suppose T preserves perimeter 3 and strongly preserves perimeter 2
of rank-1 matrices. Then T" maps each row of a matrix into a row or a column
(if m = n) with nonzero scalar multiplication. Since T' strongly preserves
perimeter 2, T" maps each cell onto a cell with nonzero scalar multiplication.
This means that the corresponding mapping 7" is a bijection. Thus, by the
similar method as in the proof of Theorem 2.7, T preserves both rank and
perimeter of rank-1 matrices.

The converse is immediate. ]

Theorem 2.10. Let T be a linear operator on My, n(Rmax) that preserves
the rank of rank-1 matrices. Then T preserves perimeter of rank-1 matrices
if and only if it strongly preserves perimeter 2 of rank-1 matrices.

Proof. Suppose T strongly preserves perimeter 2 of rank-1 matrices. Then
T maps each cell onto a cell with nonzero scalar multiplication. Thus 7" is
a bijection. Since T preserves rank 1, it maps a row of a matrix into a row
or a column (if m = n). Thus, by the similar method as in the proof of
Theorem 2.7, T preserves both rank and perimeter of rank-1 matrices.

The converse is immediate. ]
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Thus we have characterizations of the linear operators that preserve both
rank and perimeter of rank-1 matrices over max algebra.

[1]
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